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Local Evolution Decoupling Paradigm for Neural Network
Constitutive Models of History-Dependent Materials: Theory,
Architecture, and Applications to shape memory polymers
ABSTRACT

The mechanical response of history-dependent materials depends strongly on loading
paths and thermomechanical histories, making neural network constitutive modeling
inherently challenging. Most existing approaches emphasize fitting complete historical
sequences, resulting in excessive parameters, limited generalization, and an inability to
initiate predictions from arbitrary intermediate states or variable time steps. This study
theoretically demonstrates that for compressible history-dependent materials (CHDMs), the
evolution of internal variables exhibits Markovian behavior, revealing structural redundancy
in conventional sequence-based neural networks. Accordingly, a Local Decoupling Evolution
Operator Network (LDEONet) is proposed, which explicitly decouples internal variable
evolution into direction and intensity components. Shape memory polymers (SMPs) are
employed as a representative case study. Experimental results show that LDEONet requires
only approximately 10! parameters and achieves high accuracy using just 1/175 of the training
samples required by long short-term memory networks (LSTM). Crucially, LDEONet enables
both path and discretization generalization, allowing predictions from arbitrary intermediate
states while maintaining numerical stability under constant, random, sinusoidal, and stepwise
discretization schemes. Failure boundaries under cross-modal thermomechanical transitions
are also examined. LDEONet thus provides a lightweight, high-generalization paradigm for
history-dependent material modeling based on local evolution principles.

Keywords: History-dependent materials, Neural network, Constitutive modeling, Shape

memory polymers
1. Introduction

Shape memory polymers (SMPs), as a representative class of history-dependent materials,
are capable of recovering from a deformed temporary shape to a pre-programmed permanent
shape under external stimuli [1, 2]. Their high recoverable strain, low density, tunable glass
transition temperature, favorable biocompatibility, and excellent processability render them

promising candidates for cutting-edge applications in soft robotics, biomedical devices,
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space-deployable structures, and four-dimensional (4D) printing [1, 3, 4]. With ongoing
technological advances, these application domains impose increasingly stringent requirements
on constitutive models capable of describing material behavior under complex loading paths
and thermomechanical histories [5, 6].

The intrinsic shape memory mechanism of SMPs originates from the temperature-driven
reversible transition between rubbery and glassy states [7]. At elevated temperatures, the
material exhibits entropic elasticity, characterized by high mobility of flexible chain
segments. As the temperature decreases below the glass transition temperature, molecular
segmental motion becomes frozen, and the material enters a glassy state dominated by
energetic elasticity [8]. This transition process manifests as the evolution of internal state
variables: the stored strain records and freezes the macroscopic deformation experienced
during cooling and is gradually released upon reheating above the transition temperature,
thereby enabling shape recovery [9, 10].

Extensive research efforts have been devoted to developing constitutive models that
describe such thermomechanical behavior. Tobushi et al. first proposed a linear viscoelastic
theory to characterize the shape memory effect of SMPs and investigated the
thermomechanical response of polyurethane SMPs [11]. Subsequently, linear viscoelastic
theory has been progressively refined and extended. Established constitutive models for SMPs
can be broadly categorized into viscoelastic models [11], phase transition models [12], and
hybrid formulations [13]. Chen and Lagoudas [10] introduced a transformation gradient to
establish the relationship between the deformation gradients of the rubbery and glassy phases.
Volk et al. [14, 15] experimentally validated and further advanced the finite deformation
constitutive theory for SMPs based on comprehensive shape memory characterization of
polyurethane. Although these physics-based models offer theoretical rigor and predictive
capability, they often rely on cumbersome derivations and involve a large number of material
parameters requiring extensive calibration [13]. With the rapid development of SMPs and
their associated composites, an increasing variety of physical stimuli and material
hybridization strategies are being employed in practical engineering applications [16], further

amplifying the complexity of constitutive modeling.
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Consequently, the thermomechanical behavior of SMPs, which inherently depends on the
entire loading history, has emerged as both a focal point and a significant challenge in
constitutive modeling [17]. Unlike conventional materials, the stress response of
history-dependent materials depends not only on the instantaneous strain but also on the entire
preceding loading history [18]. Constitutive descriptions of such materials often necessitate
the introduction of numerous internal variables to capture their complex evolution laws,
which not only complicates the solution procedure but also leads to low computational
efficiency, particularly when confronting nonlinearities such as finite deformations and
multi-field coupling [19, 20, 21, 22].

To overcome the limitations inherent in traditional modeling paradigms, neural
network-based constitutive models have emerged as a promising alternative for
history-dependent materials [23, 24, 25]. Among these, recurrent neural networks (RNNs) and
their variants, by virtue of their innate sequence-processing capabilities, can automatically
encode historical information through hidden states, thereby accurately capturing material
memory effects without explicitly defining internal variables [26, 27, 28]. This characteristic
has enabled RNN-based models to demonstrate potential exceeding that of exact solutions to
traditional differential equations in modeling time-dependent phenomena such as the
long-term creep of synthetic concrete [29, 30, 31, 32]. Currently, modeling frameworks based
on RNNs [33], long short-term memory networks (LSTM) [34], and gated recurrent units
(GRUs) [35] have become mainstream approaches for developing neural network constitutive
models for history-dependent materials. Despite their notable successes, these approaches
exhibit certain limitations. First, RNN inputs inherently rely on historical sequence data,
rendering them incapable of discretization generalization [36]. Second, RNNs exhibit strong
sensitivity to the initial hidden state, requiring simulations to commence from a trained
reference state; predictions fail when initiated from arbitrary pre-loaded states [37, 38].

To address the limited generalization capabilities of RNNs in material constitutive
modeling, researchers have begun exploring paradigms with enhanced physical
interpretability. A prominent direction involves incorporating neural ordinary differential

equations (NODESs) into the theoretical framework of material evolution. This approach
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parameterizes the instantaneous terms of dynamical systems and reconstructs material
evolution trajectories through numerical integration [39]. Jones et al. proposed the internal
state variable neural ODE (ISV-NODE), which implicitly embeds internal variables within
the NODE framework, achieving discretization-invariant predictions for viscoelastic and
elastoplastic materials [40]. More recently, He and Semnani introduced the incremental neural
controlled differential equation (INCDE), which further incorporates stabilization
mechanisms and a piecewise formulation to enhance robustness under complex loading paths
[41].

In parallel with the aforementioned paradigms, another line of research focuses on
directly embedding thermodynamic principles into network architectures by introducing
physics-informed constraints to enhance both generalization capability and interpretability.
Examples include thermodynamics-based artificial neural networks (TANNS), which enforce
thermodynamic consistency [42, 43], and input-convex neural networks, which constrain the
convexity of the free energy to ensure the physical validity and stability of the constitutive
model [44, 45].

Deep operator networks (DeepONets) and Fourier neural operators (FNOs), as emerging
techniques, have achieved substantial progress in scientific artificial intelligence and operator
approximation [46, 47], offering new avenues for constitutive modeling of history-dependent
materials. Guo et al. proposed the history-aware neural operator (HANO) based on the FNO
framework, which constructs an autoregressive formulation to infer future stress directly from
stress-strain data within a short-term historical window [48]. By eliminating hidden state
propagation and conditioning predictions on recent historical segments, HANO
simultaneously mitigates discretization dependence and initial state sensitivity [48]. As an
emerging computational paradigm, HANO exhibits considerable potential for practical
applications, yet several issues warrant further investigation. For instance, enhancing the
physical interpretability of the model with respect to the underlying thermomechanical
mechanisms and improving its generalization to unseen loading conditions remain important
directions for future research.

These successful cases provide a foundation for developing neural network constitutive
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models for SMPs. The defining characteristic distinguishing SMPs from conventional
materials is the history dependence introduced by the shape memory effect, implying that a
constitutive model must be capable of understanding and representing the complex evolution
laws embedded within long-range thermomechanical loading histories. Recognizing such
laws typically necessitates relatively complex models, which partly accounts for the
comparatively slow progress of neural network approaches in SMP constitutive modeling. To
date, early exploratory studies have achieved significant advances in this direction. Deng et al.
employed an LSTM network to construct a neural network constitutive model for SMPs,
demonstrating the capability of LSTM to capture the nonlinear thermomechanical evolution
paths of the material [49]. That model contained approximately 1.4X 103 parameters and
achieved a mean squared error (MSE) on the order of 1.4x10- [49]. Diverging from the
aforementioned paradigm, Yan et al. developed a physics-driven constitutive model based on
physics-informed neural networks (PINNs) combined with experimental data, enabling direct
mapping from strain and temperature fields to the stress response [50]. This model contained
only 273 parameters and, after 2.2X10° iterations, converged to an MSE on the order of
3.0x10* [50]. Nevertheless, both the models trained by Deng et al. and Yan et al. are not
explicitly designed to support path generalization; consequently, initiating predictions from
arbitrary initial path conditions remains challenging, which may limit their direct applicability
in certain practical computational scenarios.

A crucial theoretical observation provides a new perspective for this work and prompts a
re-examination of the limitations inherent in existing methods. A review of the
aforementioned studies reveals that prevailing approaches predominantly focus on employing
neural networks to approximate a complex memory system [37, 38, 48], to fit global physical
laws [42, 43], or to simulate global recurrent states [39, 40, 41]. Such models rely on latent
variables to store path sequence information and are inherently dependent on global path data.
It is worth noting that although SMPs exhibit pronounced history dependence during
macroscopic evolution, the evolution of the material's internal state variables obeys localized
equations. This implies that the complex loading history is already fully encoded within the

current internal state. This locality property suggests that the instantaneous evolution of the
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system depends solely on the current state, rather than on explicit reliance on the historical
path. Consequently, the modeling emphasis can be shifted from fitting complex long-range
memory effects toward learning local evolution laws, thereby mitigating model dependence
on specific paths and discretization schemes while simultaneously reducing model
complexity.

Following this line of reasoning, this paper first revisits the internal variable evolution
equations for SMPs, subsequently elucidates the Markovian property inherent in these
equations, and demonstrates the structural redundancy of conventional sequence-based
models in predicting compressible history-dependent materials (CHDMs). Building upon this
theoretical foundation, a Local Decoupling Evolution Operator Network (LDEONet) is
proposed, which theoretically achieves both path generalization and discretization
generalization capabilities. By emulating the local evolution laws of internal variables,
LDEONet explicitly decouples the evolution direction from the evolution intensity, thereby
reducing both sample requirements and model complexity. Subsequently, the performance of
the proposed model is trained and evaluated using shape memory polymers as a representative
case study. Finally, a comprehensive suite of generalization experiments is designed to

validate the generalization capability of LDEONet.

2. Internal Variable Evolution and Its Markovian Property
2.1 Internal Variable Evolution Model

Shape memory polymers, as a representative class of history-dependent materials, exhibit
macroscopic mechanical responses that depend not only on instantaneous loading but also on
the entire history of coupled thermomechanical loading. The macroscopic shape memory
effect originates microscopically from the cumulative manifestation of the time-dependent
evolution of the material's internal structure, i.e., the hindered motion and thermally activated
processes of polymer chain segments across various energy barriers. To describe the
deformation process, the macroscopic total strain tensor of SMPs, denoted by €, can be
decomposed into the sum of the elastic strain tensor €. induced by the instantaneous stress,

the thermal expansion strain tensor €7 induced by temperature variation, and the stored
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strain tensor €, characterizing the shape memory effect:

€:5e+ET+€s (2)

Here, the thermal strain €7 is obtained by integrating the coefficient of thermal

expansion « with respect to temperature 7':
T
Er :/ adT (3)
T,

Based on the series model derived from phenomenological theory, the deformation of
SMPs can be regarded as the combined response of the glassy phase and the rubbery phase
subjected to an identical stress state [S1]. Accordingly, the equivalent compliance tensor of
the material S (7'), can be expressed in terms of the compliance tensor of the glassy phase
S, , and that of the rubbery phase S, , as follows:

S(T)=¢,8,+(1—¢,)S., (4)
where ¢, denotes the volume fraction of the glassy phase. The equivalent stiffness tensor
C and the corresponding constitutive relation can be formulated as:
o=C:e.=(,8,+(1—¢,)8,) ‘e (5)

The physical admissibility of the foregoing kinematic description and constitutive model
must be rigorously constrained by the laws of thermodynamics. Based on the free energy
function and the Clausius-Duhem inequality, Liu et al. derived a thermodynamically

consistent local evolution law for the stored strain &€, [51]:

de, qug
= 8.T): (T)

(6)

where S.(T') =3NETI denotes the entropic compliance tensor, with N being the
crosslink density, k£ the Boltzmann constant, and I the fourth-order identity tensor. To
effectively utilize the experimental data reported by Li, Volk, and co-workers [14, 15, 16], the
present study approximates the entropic compliance tensor by the experimentally measured
compliance tensor of the rubbery phase. Consequently, the evolution law for the internal

variable €, adopted herein is expressed as:

de,
dT

=5,(T):0(T) Lt (7
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2.2 Markovian Property of the Evolution

Although the coupled thermomechanical evolution of SMPs is history-dependent, the
evolution law governing the internal variables is inherently history-independent. Substituting

Equation 4 into Equation 6 to eliminate the stress tensor o yields:

de,

s 48t 99
i =5:(8,8,+(1-4,)8) " ®)

©dT

Treating the glassy phase compliance S, and the rubbery phase compliance S, as
constants, the mapping relation & governing the internal variable evolution can be

summarized as follows:

(31; =9<ee,¢g,i¢;f> )

Examination of the variable composition in Equation 8 reveals that the mapping relation
& is defined exclusively by the instantaneous state of the material, namely €., ¢,,and
d¢,/dT . A system whose state update depends solely on the current instantaneous values,
irrespective of the past history by which that state was attained, is said to satisfy the
Markovian property. As illustrated in Figure 1, this observation does not negate the
history-dependent nature of the evolution of shape memory polymers; rather, it indicates that
the memory effects accumulated throughout the loading history are already completely and
physically encoded within the current internal state variables, obviating the need to explicitly

trace the complete loading history.

esl

I

’ ’ T
¢ < hd v - €s— / €m,nat d¢g de
T
TH T1 T2 T3 T4 ’

S S —

Figure 1: Evolution process of the internal variable
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Assuming that the evolution of the internal variable constitutes a dynamical system
X(T) defined over time, and in accordance with the mapping relation for the internal

variable, the dynamical system can be expressed as:

MT)=AT) (10)

According to the fundamental theorem of calculus, the future state of the internal variable

can be obtained by integrating the current dynamical system:

eS(T+AT)=eS(T)+/ X(t)dr (11)

If the dynamical system possesses the Markovian property, the evolution mapping
relation & must constitute a purely local algebraic function, devoid of any internal memory
integral kernels or hereditary functions that depend on the historical time ¢ € (—o00,7).
From the perspective of dynamical systems theory, this implies that the evolved state of the
system at time t + At, denoted by X, A,, can be uniquely determined by the instantaneous
characteristics X, attime t and the variation occurring within that time increment. The
future evolution trajectory of the system is independent of the specific historical loading path
{X,_aty-..,Xo} traversed prior to reaching the current state X, . Evidently, the mapping
relation & governing the internal variable evolution of shape memory polymers satisfies
this property and therefore exhibits the Markovian property. In fact, any material satisfying
this property is Markovian in nature. The relevant exposition can be extended to a broader
class of material systems termed Compressible History-Dependent Materials (CHDMs),
whose defining characteristic is that the material response can be described in closed form
using a finite-dimensional set of state variables.

Within the framework of material constitutive theory, many path-dependent materials are

often described using integral-type memory models, the general form of which is given by:
t
a(t)=/K(t—s)]—"(s(s),T(s))ds (12)
0

where K (t) denotes the memory kernel function, which characterizes the influence of

the historical loading on the current response. Models of this form exhibit an explicit
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dependence on the complete historical path and thus constitute a typical non-local temporal
description of material evolution.
However, for a class of memory kernel functions possessing a finite spectral expansion.

For instance, those representable as a superposition of exponential functions:

N
K(t)~ Zaie’t/ﬂ (13)
i—1

the corresponding hereditary integral representation can be equivalently transformed into

a set of evolution equations for a finite number of internal variables:

zi:%(}"(g,T)—zi), i=1,..,N (14)

This transformation recasts the model, which originally depended on the complete
loading history, into a local dynamical system that is closed in the state space. Under these
circumstances, the evolution of the material system satisfies the Markovian property: its
future response depends solely on the current state variables and no longer requires explicit

reference to the historical loading path.

2.3 Limitations of Existing Models

Path-dependent, data-driven models, represented by RNNs, LSTMs, and HANO, possess
inherent advantages in capturing the history dependence of materials by virtue of their
specialized memory mechanisms. Through deep learning on large volumes of data, these
models can circumvent cumbersome constitutive derivations and implicitly fit the nonlinear
coupled thermomechanical constitutive mapping relations. However, models trained on
sequential data tend to be influenced, from an architectural standpoint, by the path
dependence and discretization dependence present in the training data. Consequently,
achieving robust path and discretization generalization with such architectures remains
challenging. HANO systematically summarized the limitations of models such as RNNs and
LSTMs, establishing a predictive model that relies on sequential windows. This approach
alleviates the dependence on global sequence data and achieves a certain degree of path
generalization capability [48].

To overcome the intrinsic deficiencies of conventional models, Neural Ordinary
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Differential Equations (NODESs) and their variant, Internal State Variable Neural ODEs
(ISV-NODEs), embed neural networks into the right-hand side of differential equations,
thereby incorporating the instantaneous evolution of internal variables within a numerical
integration framework [39, 40, 41]. This formulation approximates the entire
thermomechanical loading history and thus attains discretization generalization capability.
Thermodynamics-based Artificial Neural Networks (TANNSs) integrate thermodynamic scalar
potentials and constraint equations into the model architecture, significantly enhancing the
thermodynamic consistency of the implicit internal variables [42]. Physics-Informed Neural
Networks (PINNs) employ evolution equations that satisfy thermodynamic consistency as
loss functions to directly train constitutive relations for SMPs [50]. Neural network models
such as PINNs, NODEs, and TANNSs perform notably well in scenarios characterized by
relatively sparse data availability. By leveraging physical constraints—including the laws of
thermodynamics, free energy dissipation mechanisms, or internal variable evolution
equations—these models are capable of rigorously preserving the physical consistency of
their predictions. Nevertheless, despite adopting local evolution laws and explicit physical
models in their mathematical formulation, the training process of these models typically
depends on full historical path data. This implicit reliance on global training data implies that
the models remain fundamentally constrained by the loading history.

The foregoing exposition concerning the locality of internal variable evolution has
demonstrated that the evolution of internal variables in CHDMs satisfies the Markovian
property. This implies that machine learning models developed for this class of material
systems need not model the historical path data explicitly and are inherently endowed with
both path generalization and discretization generalization capabilities. In fact, predicting the
subsequent evolution of such materials does not require revisiting the entire sequence of past
events that the material has undergone; rather, it suffices to concentrate solely on the
instantaneous physical state. However, existing models frequently adopt strategies that
contradict this fundamental physical nature [49, 50], thereby resulting in structural

redundancy within the model architecture.

3. Model, Sample Generation, and Training
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3.1 Local Decoupling Evolution Operator Network

In the field of operator learning, DeepONet achieves universal approximation of
nonlinear operators through a decoupled dual-network architecture comprising a branch
network and a trunk network [46]. This architectural philosophy of decomposing complex
laws into two independent information streams provides important inspiration for the present
work. By abstracting the complex evolution law of internal variables as an operator mapping
problem on the tangent bundle of the state space, and by explicitly decoupling the evolution
direction D from the evolution intensity M , the internal variable evolution equation for

SMPs can be formulated as:

de,
dr

9<se,¢g,((i£f)=D(s)lx1M(t)=D(€e,¢g)l><1M<((i§f> (15)

As illustrated in Figure 2, from the perspective of differential geometry, if the ensemble
of all possible physical states of the material (e.g., strain, phase fraction) is defined as a
high-dimensional state manifold £, then the loading history of the material can be
represented as a continuous curve on the manifold £ . Based on the local evolution nature
elucidated previously, the evolution direction O,I' of this curve at any point should be
entirely determined by the location of that point on the manifold, the instantaneous driving
intensity applied at that point, and the coupling mode. Accordingly, the Local Decoupling
Evolution Operator Network (LDEONet) is proposed and expressed as:

0, =LDEONet(p,q) =D (p)xM(q) (16)

where p and g denote the model prediction parameter vectors. Based on the obtained
instantaneous evolution rate, LDEONet is embedded within a temporal integration scheme,
enabling the determination of the stored strain at the subsequent temperature increment AT

as follows:

T+AT
ss(T-I-AT):es(T)-I-/ 8, (1) dr (17)

Subsequently, based on the stored strain, elastic strain, and thermal strain at the next step,

the corresponding stress can be determined as:
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o(T+AT)=C:(e(T+AT) —e,(T+AT) —e(T+AT)) (18)
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Figure 2: Schematic illustration of the LDEONet model architecture

Figure 2 illustrates the model architecture and the underlying modeling philosophy of
LDEONet, namely, utilizing a machine learning model to replace the core evolution model
within a complex physical process to achieve more generalizable and fundamental
predictions. LDEONet endows the purely data-driven model for the internal variable
evolution law of shape memory polymers with a distinct differential geometric interpretation.
Through the decoupling of evolution direction and evolution intensity, the physical
interpretability of the model is substantially enhanced. Consequently, LDEONet constitutes a
neural network model with an inherently physics-structured architecture, rather than merely
embedding physical models into the loss function. Furthermore, this architectural-level
decoupling imparts modular characteristics to the model: both the evolution direction and the
evolution intensity can be directly replaced or augmented by specific physical models

according to research requirements. This implies that LDEONet can transform established



344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363
364

365

knowledge into pluggable model modules, thereby unlocking the generalization potential of
data-driven approaches while preserving physical determinism.

3.2 Sample Generation

As a representative class of compressible history-dependent materials, SMPs exhibit
complex spatiotemporal evolution characteristics, making them an ideal testbed for evaluating
the path generalization and discretization generalization capabilities of LDEONet. Within the
shape memory cycle, the cooling and fixing stage essentially constitutes a nonlinear evolution
and storage process of the material's internal state variables, thereby epitomizing the
history-dependent nature of the material. Consequently, the uniaxial cooling and fixing
process is selected as the core research scenario in this study to validate the model's capacity
to capture complex state evolution. The finite difference method is employed to numerically
simulate the stored strain evolution equation of SMPs, thereby generating a one-dimensional
sample database. The numerical scheme is expressed as:

e;Hrl _ en

=" (19)

where €' denotes the stored strain tensor at the subsequent temperature increment. As a

purely data-driven framework, LDEONet can achieve higher predictive accuracy upon
acquiring more precise data. By incorporating the experimentally measured glassy phase

fraction curve, temperature-stress data under arbitrary pre-strain conditions can be obtained.
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Figure 3: Comparison between numerical simulation results and experiments: (a)
Comparison with experiments by Volk et al.; (b) Comparison with experiments by Li et al.

Figure 3 presents the temperature-stress variation trends derived from numerical
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simulation and experimental data. The two trends are largely consistent, with certain
discrepancies observed within the temperature interval characterized by more pronounced
phase transition, although the degree of deviation remains acceptable. Benefiting from the
explicit decoupling of the local evolution law, LDEONet can leverage physical models to
reduce model complexity. Specifically, the relationship between the glassy phase fraction and
temperature ¢, = ¢,(T") , has been experimentally determined, from which d¢,/dT can be
derived. Consequently, the evolution intensity M can be replaced by a physical model, and
LDEONet is specialized as:

de,
dT

—LDEONet(p.q) =D (p) = M(q) = D(..0,) 5! (20)

Therefore, during the practical implementation, only the evolution direction D of
LDEONet requires training. Considering the differences in orders of magnitude among the
various data, the sample data are normalized via scaling. By performing batch sample
expansion with a pre-strain increment of 0.01 within the range ¢,,.€[0,0.2], a total of 21
cooling and fixing process samples is acquired. Furthermore, the dataset is partitioned
according to a ratio of 8:1:1 for the training, validation, and testing of LDEONet, respectively.
Owing to the locality property of LDEONet, the continuous evolution path can be
decomposed into discrete state points. Each discrete point from the 21 process samples is
thereby transformed into a state-point sample, ultimately yielding 1440 training samples, 180
validation samples, and 180 test samples. Finally, the training samples are randomly shuffled
to eliminate any sequence-induced bias in the sample data, thereby compelling the model to
learn a path-independent mapping mechanism.

3.3 Training

To train and test LDEONet, an internally developed materials artificial intelligence
platform was utilized. This platform was developed based on reverse-mode automatic
differentiation and tape-recording techniques. The Mean Squared Error (MSE) function is

adopted as the loss function to quantify the discrepancy between predicted and actual values:

1 . \2
MSEzﬁZ(yi —4) 1)
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Model parameter optimization is performed using the Adam algorithm, with an initial
learning rate set to 10-3 and a decay rate set to 10-*. To enhance training accuracy and mitigate
oscillations, a piecewise learning rate decay strategy is employed, wherein the learning rate is
reduced by a factor of 1/10 every 5000 iterations. Considering the drastic numerical variation
of the glassy phase fraction during the phase transition process, conventional saturating
activation functions are prone to inducing vanishing gradients. Hence, the Rectified Linear
Unit (ReLU) is employed as the hidden layer activation function, leveraging its unbounded
positive region to prevent gradient vanishing, and is combined with a linear output layer to

ensure convergence of the model on the internal variable evolution law.
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Figure 4: Loss function convergence under different configurations: (a) LDEONet-A1; (b)
LDEONet-A2; (¢) LDEONet-A3; (d) LDEONet-A4

Following the decoupling of the local evolution law, the complex constitutive model is
reduced to a simple local evolution direction model, possessing only two inputs and a single
output. Consequently, a single hidden layer is adopted, and various configurations concerning

the number of hidden layer neurons are tested to examine the parameter requirements of
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LDEONet, as presented in Table 1. As illustrated in Figure 4, based on the training results,
the LDEONet-A 1 model comprises a total of 26 parameters; however, its MSE is on the order
of 102, with an R? value (coefficient of determination) of 0.9833. For the training results of
LDEONet-A2, LDEONet-A3, and LDEONet-A4, the R? values all exceed 0.999. Among
these, LDEONet-A4 attains an MSE on the order of 10 Thus, LDEONet-A1 appears to

possess a sufficient number of parameters and has learned the correct internal variable

evolution law.
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Figure 5: Comparison of predicted stress with experimental data from Li et al. under various
configurations: (a) LDEONet-A1; (b) LDEONet-A2; (¢) LDEONet-A3; (d) LDEONet-A4

To intuitively compare model performance and evaluate the practical predictive capability
for SMPs, a prediction performance test experiment is designed based on the shape memory
polymer model. Using experimentally validated numerical results as the benchmark,
LDEONet-Al, LDEONet-A2, LDEONet-A3, and LDEONet-A4 are each substituted for the
internal variable evolution equation component within the numerical simulation, and

predictions are initiated. The prediction starting point is 75 = 393 K, with a step size of
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AT =—1K, and the end point is 7} =303 K. The pre-strain values considered are

€pre —0.1,0.15,0.2, respectively. As shown in Figure 5, although LDEONet-A1 achieves
an R? value of 0.9833, the actual prediction results demonstrate satisfactory performance only
for the condition ¢,,. = 0.2, with predictions for other conditions deviating from the sample
curves. The performance test confirms that, in practical application, LDEONet-Al,
LDEONet-A2, LDEONet-A3, and LDEONet-A4 exhibit sufficient predictive capability,

among which LDEONet-A4 achieves the most favorable predictive performance.
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Figure 6: Error analysis of the LDEONet-A4 model: (a) Error distribution; (b) Direction
operator D; (c) Parity plot

To analyze the reliability of the LDEONet-A4 model, the error distribution, the learned
direction neural operator D, and a parity plot are presented in Figure 6. In Figure 6(a), the
error distribution of LDEONet-A4 is relatively concentrated, indicating that the predictive

deviation of the model is acceptable. Figure 6(b) reveals that the direction neural operator DD
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is largely consistent with the sample data, albeit with minor oscillations observed in the
vicinity of the glass transition temperature (7, = 343 K). These oscillations are attributable
to the strongly nonlinear evolution characteristics within this interval, and their magnitude
remains acceptable. Figure 6(c) presents the parity plot, demonstrating a good degree of fit
between the predictions and the sample values. Accordingly, LDEONet-A4 is designated as
the primary test subject in subsequent model evaluations. It is noteworthy that the
LDEONet-A4 model achieves relatively accurate predictive performance with merely 151
parameters, successfully learning the internal variable evolution law with a modest parameter

count.

4. Discussion on Generalization Performance

In this section, a series of experiments are designed to evaluate the path generalization
performance, discretization generalization performance, and mode generalization performance
of LDEONet. The generalization capability of LDEONet-A4 is systematically tested.
Subsequently, LDEONet-A4 is compared with existing models to elucidate its

generalizability, limitations, and applicable scope.

4.1 Path Generalization Performance

In practical numerical simulations and experimental investigations, neural network
models are required to possess predictive capability from arbitrary path points; therefore, path
generalization constitutes one of the critical generalization capabilities of the model. As
illustrated in Figure 7, conventional models such as RNNs and LSTMs rely on the matching
of global path data to produce reasonable predictions of the constitutive relations of
history-dependent materials. This implies that the model can only generate correct predictions
when the current loading conditions are entirely consistent with its stored global memory.
This limitation fundamentally originates from the recurrent architecture inherent to RNNs and
their variants. Consequently, models such as RNNs encounter considerable difficulty in
achieving genuine path generalization for materials. Certain more advanced models, such as
HANO, achieve enhanced path generalization by matching historical path windows to predict

the material system at the subsequent time step. In contrast to conventional models, LDEONet
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focuses exclusively on learning the local evolution law of internal variables. Owing to the
Markovian property of the internal variable evolution law of SMPs, LDEONet obviates the
need for window-based memory or global memory and is inherently endowed with the

capacity to initiate predictions from arbitrary states.
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Figure 7: Dependence on historical memory

To validate the path generalization capability of the LDEONet architecture, the
LDEONet-A4 model is employed as the object of analysis, and the phase transition states of
SMPs are designated as critical nodes in the coupled thermomechanical evolution process. A
path generalization performance experiment is accordingly designed. The experiment utilizes
the sample database as a benchmark to examine the model's ability to initiate predictions from
arbitrary path points and reasonably forecast the subsequent evolution process. Specifically,
the starting points of the experiment are set at different glassy phase volume fractions
($,=0.2,0.4,0.6,0.8), the prediction step size is taken as AT = —1 K, the terminal
temperature is 77 — 303 K, and the pre-strain conditions remain consistent with those

described previously.
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Figure 8: Path generalization performance

As shown in Figure 8, the LDEONet-A4 model successfully initiates predictions from
starting points corresponding to different glassy phase volume fractions
(¢,=0.2,0.4,0.6,0.8), and the subsequent prediction trajectories are largely consistent
with the benchmark samples. Despite having access solely to instantaneous state point data
and being unable to trace the heating and initial loading history of the material, the model
successfully executes predictions under all four phase transition states representing distinct
microstructural proportions. Observing the evolution curves reveals that, whether in the initial
stage dominated by the rubbery phase at elevated temperatures (¢, = 0.2) or in the final
stage characterized by a higher fraction of the glassy phase at lower temperatures (¢, = 0.8),
the stress evolution trajectories predicted by the LDEONet-A4 model remain consistent with
the benchmark data. No numerical oscillations or drift phenomena attributable to the absence
of historical sequences are observed. The slight oscillations appearing after prediction
initiation in the figure are consistent with the earlier analysis, exert a limited influence on
subsequent predictions, and the results are deemed acceptable. Ultimately, the predictions for
three pre-strain conditions across four critical path starting points substantiate that the

LDEONet-A4 model possesses robust path generalization capability. Furthermore, the
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prediction results corroborate the rationale behind decoupling the evolution direction from the
evolution intensity within the LDEONet architecture, demonstrating that training solely the
evolution direction enables the LDEONet-A4 model to learn a robust internal variable

evolution law.

4.2 Discretization Generalization Performance

In the core application scenarios of neural network models, discretization generalization
capability is a property of equal importance to path independence. In finite element analysis,
in addition to the diversity of initial conditions, the diversity of temporal discretization
schemes cannot be overlooked. Factors such as heating rate and time step size are critical
elements influencing both efficiency and convergence, and they are often adjusted
dynamically during the solution process. Owing to their inherent architectural limitations,
conventional models such as RNNs exhibit a strong coupling between the weight updates of
their recurrent units and the sampling interval of the training data during the training phase.
When the step size varies during the prediction phase, the local feature distribution of the
model input sequence deviates from the training distribution, leading to amplified cumulative
errors. To validate the discretization invariance of LDEONet, this subsection designs a
discretization generalization performance experiment based on various variable temperature
step size schemes, testing the sensitivity of the LDEONet-A4 model to discretization. During
practical implementation, except for the discretization conditions controlled by the
experimental scheme, all other experimental conditions remain identical to those described
previously. Four non-stationary discretization schemes are specifically devised, all of which
ensure AT <0 to guarantee the stability of the cooling and fixing process, as illustrated in
Figure 9.

Figure 9(a) presents the constant baseline discretization scheme, employing a uniform
step size of AT =—1.0 K, and serves as the reference case for the other discretization
schemes. Under this condition, the LDEONet-A4 model achieves favorable predictions of the
coupled thermomechanical process during cooling and fixing. Figure 9(b) illustrates the

random noise discretization scheme, wherein the step size obeys a uniform random
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distribution AT ~U(—2.0, -0.1)K, simulating high-frequency perturbations in the

temperature control system. The results demonstrate that the LDEONet-A4 model is virtually

unaffected by high-frequency perturbations and continues to yield satisfactory predictions.

Figure 9(c) depicts the sinusoidal fluctuation discretization scheme, where the absolute step

size varies periodically in a sinusoidal manner, AT = —|1.5sin( - )|, testing numerical

stability under continuously fluctuating step sizes. The LDEONet-A4 model maintains

excellent predictive capability and remains largely impervious to continuous fluctuations.

Figure 9(d) shows the stepwise variation discretization scheme, wherein the step size

discontinuously jumps between —0.1 K and -2.0 K, examining the transient response of

the model to abrupt step size changes. The LDEONet-A4 model still performs favorable

predictions, with virtually no discernible impact of the jumps on the prediction results. This

indicates that the model possesses strong robustness against step size variations and is capable

of maintaining consistent constitutive responses under these extreme tests.
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Figure 9: Discretization generalization performance: (a) Constant baseline; (b) Random noise;
(c) Sinusoidal fluctuation; (d) Stepwise variation
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The discretization generalization capability of LDEONet also implies another important
practical value: it can be seamlessly integrated with arbitrary numerical integration schemes
(e.g., Euler method, Runge-Kutta methods), and improvements in integration accuracy can be
directly achieved by refining the step size without necessitating model retraining. This
characteristic offers distinct advantages for embedding LDEONet within the adaptive solvers

of finite element software.

4.3 Mode Generalization Performance

Under typical service conditions, SMPs generally undergo complete coupled
thermomechanical cycles encompassing high-temperature loading, cooling and fixing,
isothermal unloading, and heating recovery. Having verified that LDEONet-A4 possesses
path generalization and discretization generalization capabilities, this subsection further
investigates the predictive capacity of LDEONet-A4 for unknown physical evolution stages
after being trained exclusively on a single evolution stage. This capacity is herein defined as
mode generalization, and assessing it is crucial for the engineering application of neural
network constitutive models under complex, non-stationary operating conditions.

To this end, a mode generalization performance experiment is designed, utilizing the
full-cycle evolution process of SMPs to examine the mode generalization performance of
LDEONet-A4. In the specific implementation, a pre-strain of 0.15 is initially applied and
maintained at an initial temperature of 7, = 393 K. Subsequently, the system is cooled at a
constant strain with a step size of AT =—1K to T; =303 K. Thereafter, complete
unloading is performed until the macroscopic stress reaches o = 0 MPa . Finally, continuous

heating is applied under unconstrained conditions to drive free strain recovery.
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572 Figure 10: Mode generalization performance: (a) Temperature--strain curve; (b)

573 Temperature--stress curve

574 As illustrated in Figure 10, the performance test results indicate that although LDEONet

575  achieves high predictive accuracy during the cooling and fixing stage, faithfully

576  reconstructing the evolution trajectories of strain with respect to temperature and stress, it
577  exhibits pronounced generalization failure during the heating recovery stage. The strain

578  predicted by the model does not decay to zero as the temperature increases. Instead, it

579  displays an anomalous sustained increasing trend, and its evolution trajectory fundamentally
580  deviates from the genuine physical process.

581 The physical origin of this failure lies in the thermomechanical path asymmetry inherent
582  in the internal variable evolution mechanism of SMPs. Specifically, during the cooling and
583  fixing stage, the material is subjected to a constrained loading state, and the accumulation of
584  stored strain is primarily driven by the partial freezing of elastic strain. The corresponding

585  physical evolution operator can be approximately expressed as:

586 Dcooling = ST o (22)

587 In this mode, the evolution direction exhibits a strong correlation with the elastic strain
588  €..Conversely, during the heating recovery stage, the macroscopic stress is completely

589  removed, and the system resides under free boundary conditions. Under these circumstances,
590  the release of stored strain is no longer driven by external stress but is instead governed by the
591  conformational entropy increase mechanism accompanying the transition from the glassy

592 phase to the rubbery phase. The dominant physical operator undergoes a modal switch and is

593 typically characterized as:
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This failure phenomenon reveals the limitations of the basic LDEONet architecture when
confronting switches in material evolution modes. Relying solely on the laws derived from a
single evolution mode renders it difficult to accommodate multi-mode history-dependent
materials such as SMPs. To overcome the generalization bottleneck imposed by mode
asymmetry, the LDEONet architecture may require the explicit introduction of a perception
mechanism capable of characterizing microstructural mechanism switches, or the
incorporation of cross-mode thermodynamic consistency penalties to guide the network

toward constructing a global physical operator applicable to the full-cycle path.

4.4 Model Comparison

To systematically evaluate the performance and characteristics of the LDEONet
architecture, this subsection first compares it with four representative model classes from the
perspective of history-dependent material modeling at both theoretical and architectural
levels. The comparison encompasses purely data-driven sequential models (RNNs, LSTM)
[49], deep learning models incorporating physical constraints (PINNs, TANNs) [50], Internal
State Variable Neural Ordinary Differential Equations (ISV-NODE) based on
continuous-time integration [40], and the History-Aware Neural Operator (HANO) oriented
toward operator learning [48].

From the architectural benchmark of model scale, the parameter count of LSTM typically
resides on the order of 105, HANO on the order of 104, ISV-NODE on the order of 103, and
PINNs on the order of 10, In contrast, LDEONet, through local operator decoupling,
compresses the parameter count to the order of 10!, demonstrating a pronounced lightweight
advantage. Regarding path generalization capability, LSTM, HANO, and ISV-NODE all rely
on complete or partial historical sequence features for training or prediction. Although
conventional PINN is equation-driven, its solution process often implicitly couples the global
evolution domain with specific initial conditions. These characteristics may limit the ability of

existing models to directly initiate predictions from arbitrary intermediate states without
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additional mechanisms such as state reconstruction or retraining. By comparison, LDEONet is
dedicated to approximating the local evolution law of internal variables and is thus inherently
endowed with path generalization capability. Concerning discretization generalization
capability, PINNs and ISV-NODE theoretically possess this capacity by virtue of their
continuous-time formulation. HANO exhibits partial adaptability to sampling windows.
LSTM is constrained by the strong coupling between recurrent weights and fixed sampling
intervals. LDEONet, owing to the explicit decoupling of evolution direction and evolution
intensity, restricts the network to mapping solely the evolution direction per unit phase
transition, while variations in the external discretization step size act exclusively upon the
numerical integrator. Consequently, discretization generalization capability is realized at the
architectural level. With respect to physical interpretability and training cost, PINN directly
embeds partial differential equations, affording the strongest interpretability but often
accompanied by convergence difficulties arising from non-convex optimization. LSTM and
HANO tend toward high-dimensional black-box mappings with weaker interpretability. The
design of LDEONet corresponds strictly to the structural decomposition of the internal
variable evolution equation, offering a clear physical interpretation. Moreover, owing to its
singular learning objective, the training process of LDEONet is stable and converges rapidly.
Focusing further on the cooling and fixing process of SMPs, which constitutes the central
theme of this study, the quantitative performance metrics of three representative models in
practical applications are compared in Table 2. For the constitutive prediction of SMPs,
existing models exhibit distinctly different modeling philosophies in terms of accuracy, data
requirements, and generalization flexibility. LSTM, leveraging its deep sequential memory
mechanism, achieves a comparatively low mean squared error (on the order of 10).
However, this representational capacity is predicated on a massive parameter scale and the
training cost associated with extensive long-sequence samples (3680 curves), while
sacrificing generalization flexibility for complex loading scenarios. The PINN framework
achieves a mean squared error on the order of 10* with an extremely small sample size (2.7
curves), demonstrating the powerful constraining capability of physical priors. Nonetheless,

constrained by its characteristic end-to-end learning of the temperature--stress relationship, it
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still lacks path generalization capability.

In comparison, LDEONet, under test conditions utilizing only 21 curves and with a
substantially reduced parameter count, stably converges to an accuracy level comparable to
that of PINN at a relatively low iteration cost (~10* iterations). Owing to the advantages
conferred by its theoretical architecture, LDEONet stands as the sole model among the three
capable of initiating continuous predictions from arbitrary state points with arbitrary time step

sizes in practical engineering simulations without requiring retraining.

5. Conclusion

This study addresses the common challenge wherein existing neural network constitutive
models for history-dependent materials exhibit excessive reliance on global loading
sequences, and re-examines the physical essence of internal variable evolution. Through
derivation and extension, this work elucidates that the internal variable evolution law of
CHDMs, exemplified by SMPs, possesses the Markovian property. Building upon this
theoretical foundation, LDEONet is innovatively proposed, and the generalization
performance of the LDEONet-A4 model is rigorously tested and validated through
comprehensive generalization experiments. The principal conclusions and contributions of
this study are summarized as follows:

(a) Revelation of the Markovian property of the evolution process.

This study theoretically demonstrates that, for CHDMs, the macroscopic
history-dependent memory effects are completely encoded and stored within the current
finite-dimensional internal state variables. The thermomechanical evolution of the material
inherently obeys a local internal variable evolution law, rather than exhibiting explicit
dependence on long-range loading paths. Consequently, existing neural network models that
rely on historical sequential features—such as RNNs, LSTMs, and HANO—exhibit structural
redundancy when applied to such local evolution problems.

(b) Proposal of the LDEONet architecture and theoretical advances in sample
efficiency.

Based on the internal variable evolution law, this study proposes the Local Decoupling
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Evolution Operator Network. This framework explicitly decouples the complex material
evolution law into a local evolution direction and an evolution intensity. The investigation
confirms that LDEONet achieves high-accuracy convergence with only a minimal number of
samples while compressing the model parameter count to the order of 10!, thereby
demonstrating progress in both sample efficiency and lightweight modeling.

(c) Validation of model generalization capability and exploration of model
limitations.

Through the design of multi-dimensional generalization performance tests, this study
verifies that LDEONet is capable of initiating continuous predictions from arbitrary
intermediate states with arbitrary discrete time steps, simultaneously attaining both path
generalization and discretization generalization capabilities. Furthermore, this study
thoroughly examines the generalization failure encountered by the model when the evolution
mechanism undergoes a modal switch, delineates the boundaries of the generalization
capability of LDEONet, and articulates its key limitations.

In summary, the research presented herein not only furnishes a constitutive prediction tool
for history-dependent materials that reconciles lightweight architecture with high
generalization capability, but more importantly, establishes a novel paradigm for neural
network constitutive modeling of history-dependent materials—namely, leveraging the
underlying local evolution mechanisms of the material to construct more generalizable
models. Although LDEONet exhibits generalization failure when confronting cross-modal
transitions, this framework substantiates the considerable research value of aligning model
architecture with fundamental physical laws. Future investigations will concentrate on
extending LDEONet to finite deformation frameworks in three-dimensional settings and on its
deep integration with finite element solution frameworks, thereby advancing the application

of neural network constitutive models to high-performance nonlinear numerical simulations.
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Table 1: Training results under different hidden layer configurations

Model Configuration MSE R?
LDEONet-A1l 1 hidden layer, 5 neurons 1.5747%107? 0.9833
LDEONet-A2 1 hidden layer, 10 neurons 1.0708x 103 0.9993
LDEONet-A3 1 hidden layer, 20 neurons 1.1158%1073 0.9991
LDEONet-A4 1 hidden layer, 30 neurons 7.3167x104 0.9997

Table 2: Comprehensive performance comparison of neural network constitutive models for

shape memory polymers

Metric LSTM PINN LDEONet (This Work)
Parameter scale ~10° ~10? ~10!
Training sample size 3680 curves 2.7 curves 21 curves
Convergence accuracy (MSE) ~107 ~10 ~10*
Optimization iterations ~500 ~108 ~104
Path generalization Not supported  Not supported Supported
Discretization generalization =~ Not supported  Not supported Supported
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