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A B S T R A C T   

Shape memory polymer composites (SMPCs) are emerging as an attractive material for space deployable 
structures due to their variable stiffness, programmable deformation, high packing ratio, and controllable 
deployment. However, the research on the deformation behaviors and damage mechanisms of SMPC was scarce. 
The buckling behaviors and damage mechanisms of out-of-plane buckling and in-plane buckling of fiber- 
reinforced SMPC were investigated in this study. The expression and evolution law of strain energy and key 
parameters of fiber buckling were studied. The effects of material parameters and size parameters on damage 
mode and critical damage curvature were analyzed quantitatively. It was found that in-plane buckling was more 
likely to occur without external constraints. The damage modes of in-plane buckling are classified as delami-
nation, matrix cracking and fiber tensile fracture. Out-of-plane buckling is more susceptible to damage and has 
one more fiber buckling fracture damage mode than in-plane buckling. When the fiber volume content is below a 
certain value, only fiber tensile fracture damage mode will appear, regardless of the thickness. Delamination is 
more likely to occur in cases of out-of-plane buckling, and matrix cracking is more frequent in cases of in-plane 
buckling. Subsequently, the correctness of the theoretical analysis was verified by the bending test. The theo-
retical analysis in this study provides a theoretical foundation for SMPCs-based structural design.   

1. Introduction 

As one of the research hotspots in the field of smart materials, shape 
memory polymers (SMPs) can conduct shape programming under 
external stimulation. After removing the stimulation, they can keep the 
temporary shape (Boudjellal et al., 2020; Luo et al., 2021; Melly et al., 
2021; Patel and Purohit, 2018; Shojaei et al., 2015; Xie, 2011). Once 
they are activated again, they can recover to their permanent shape. 
Otherwise, they will remain stable. SMPs can be triggered by thermal, 
light, electrical, magnetic and solution (Glock et al., 2015; Gu et al., 
2019; Leng et al., 2009; Lu et al., 2015; Wang et al., 2015). The devel-
opment and application of SMPs are currently advancing rapidly, with 
applications in aerospace engineering, biomedicine, flexible electronics 
and soft robots (Liu et al., 2018; Luo et al., 2022; Shin et al., 2019; Xia 
et al., 2021; Zhang et al., 2019). 

Shape memory polymers have the characteristics of variable stiff-
ness, programmable shape, large deformation and facile preparation. 

However, they are difficult to be directly used as structural materials 
because of their low stiffness, strength and recovery force (Garces and 
Ayranci, 2021; Melly et al., 2020; Xin et al., 2019). To make up for 
inherent shortcomings and expand application range, reinforcements 
are added inside SMPs, such as particles (Das et al., 2009; Shaffer and 
Windle, 1999; Thostenson and Chou, 2002; Yoonessi et al., 2012), 
nanofibers (Dong et al., 2014; Dong and Ni, 2015), short fibers (Leng 
et al., 2007, 2008) and long fibers (Gall et al., 2000; Li et al., 2020; Wei 
et al., 1998). Fiber-reinforced shape memory polymer composites 
(SMPCs) are often employed in space deployable structures due to their 
excellent mechanical properties (Liu et al., 2014). SMPCs as a driving 
structure need to be bent or crimped to obtain a high storage ratio. For 
thermo-responsive fiber-reinforced SMPCs, when the external temper-
ature gradually increases to the glass transition temperature (Tg), the 
matrix modulus gradually decreases. At this time, when the shear 
modulus in the compressing region is not enough to resist the transverse 
deformation of the fibers during bending, the fibers will buckle, which is 
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also the large deformation mechanism of unidirectional fiber-reinforced 
SMPCs (Lan et al., 2014). 

Currently, there have been some studies on the buckling mechanism 
and theory of unidirectional fiber-reinforced SMPCs (Guo et al., 2017; 
Zhang et al., 2018). Based on summarizing the previous micro-buckling 
solutions of SMPCs, Francis et al. (2007) proposed a new set of 
micro-buckling analytical solutions. In this work, the expressions of the 
neutral surface position and half-wavelength were solved from the 
perspective of strain energy. This model provides a great basis for the 
prediction of SMPC. Lan et al. (2014) considered the compressing and 
non-buckling region and developed a strain energy expression of the 
SMPC thermodynamic system. At the same time, the damage 
morphology was observed. In addition, Gall et al. (2016) observed the 
morphology of fabric-reinforced SMPC after bending through a scanning 
electron microscope. It was found that the fiber occurred out-of-plane 
buckling, resulting in matrix cracking, while the diffuse in-plane buck-
ling was elastic and non-destructive. However, there are still some gaps 
in the current research, such as there is no detailed comparison between 
in-plane buckling and out-of-plane buckling for SMPC; the damage 
mechanism and damage limit were not analyzed theoretically. Hence, it 
is difficult to meet the needs of structural design. 

The micromechanical analysis of out-of-plane and in-plane buckling 
of unidirectional fiber-reinforced SMPC was carried out in this study. 
The strain energy of in-plane and out-of-plane buckling systems was 
calculated. Simultaneously, the key parameters of the two systems were 
derived and compared by using the minimum energy principle. The 
stress state of the matrix and fiber of in-plane and out-of-plane buckling 
were analyzed, and the damage modes and critical damage curvature 
were obtained. Finally, the bending test was performed to verify the 
correctness of the theoretical analysis. 

2. Out-of-plane buckling analysis 

According to the buckling direction of the fiber, there are two 
buckling modes: out-of-plane buckling and in-plane buckling (Xiong 

et al., 2014). The out-of-plane buckling refers to fiber buckling in the 
thickness direction, while in-plane buckling refers to fiber buckling in 
the width direction. It was found that the buckling direction of fiber is 
mainly related to external constraints. The out-of-plane buckling is 
prone to occur when the constraint fiber displacement is in the width 
direction, while the in-plane buckling is more likely to occur when the 
constraint fiber displacement is in the thickness direction. 

2.1. Strain energy of out-of-plane buckling 

This study found that when unidirectional fiber reinforced SMPC is 
bent at Tg and the displacement in the width direction is restrained, the 
fiber is more prone to out-of-plane buckling. To study the micro-
mechanisms of unidirectional fiber-reinforced SMPC, the strain energy 
of the out-of-plane buckling system was deduced. Fig. 1(a) and (b) show 
the out-of-plane buckling morphology during bending. The shape of 
fiber buckling presents the sine/cosine wave according to the minimum 
energy principle, hence the shape function of the fiber buckling can be 
represented as (Lan et al., 2014): 

w=A cos
(πx

λ

)
(1)  

where λ and A are the half-wavelength and amplitude of the fiber 
buckling, respectively. The amplitude of the fiber buckling can be 
expressed as (Lan et al., 2014): 

A=
2λ
π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(z − zns)

√
(2)  

where κ is the bending curvature. By introducing Eq. (2) into Eq. (1), the 
shape function of fiber buckling can be given as follows: 

w=
2λ
π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(z − zns)

√
cos
(πx

λ

)
(3) 

The deformation model diagram of buckling region is shown in Fig. 1 
(c). The matrix has a mixed deformation of the shear, compression and 

Fig. 1. Out-of-plane buckling diagram of SMPC; (a) X–Y view; (b) X-Z view; (c) Deformation model diagram of buckling region; (d) Cross-section division.  
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tension in the buckling region. The compressive deformation of the 
matrix in the X-direction of the buckling region is very small. Therefore, 
the compressive deformation in the buckled matrix is ignored in this 
study (Francis et al., 2007; Xiong et al., 2008). The buckling deformation 
of the fiber leads to the shear deformation of the matrix, whereas the 
compression and tension deformation occurs owing to the different 
buckling amplitudes of the adjacent fibers in the X-Z plane. According to 
the stress state of the fiber, the cross-section can be divided into three 
regions, namely buckling region, compressing and non-buckling region, 
and stretching region (as shown in Fig. 1(d)). Zns and zcb denote the 
neutral surface position and the critical buckling position respectively, 
and t is the thickness of SMPC. The material parameters and dimensional 
parameters used in this study are shown in Table 1 and Table 2. 

The epoxy-based SMP studied in this study is in the rubbery state at 
Tg, and the material is linear elastic (Liu et al., 2020). The matrix and 
fiber were regarded as linear elastic materials in this study, and the total 
strain energy of the system is: 

UT =
1
2

∫

εijσijdv=
1
2

∫
(
εxxσxx + εyyσyy + εzzσzz + τxyγxy + τyzγyz + τxzγxz

)
dv

(4) 

Through the deformation analysis of the matrix and fiber in the out- 
of-plane buckling system, the matrix is mainly subjected to the 
compressive and tensile deformations in the Z-direction, and the shear 
deformation in the X-Z plane in the buckling region, and compressive 
and tensile deformations in the non-buckling region. The fiber is mainly 
subjected to buckling deformation in the buckling region, and 
compressive and tensile deformations deformation in the non-buckling 
region. Therefore, the total strain energy of the system can be trans-
formed into: 

Uout
T =Uout

xx + Uout
xz + Uout

fb + Uout
zz (5)  

where Uout T denotes the total strain energy of the out-of-plane buckling 
system; Uout xx denotes the strain energy of the composite in the non- 
buckling region; Uout xz denote the shear strain of the matrix caused 
by γxz; Uout fb denotes the strain energy of fiber buckling; Uout zz rep-
resents the strain energy of the matrix in the Z-direction in the buckling 
region. 

Based on the equal strain assumption of fiber and matrix and the 
parallel model of composite, the strain energy of composite in the non- 
buckling region can be expressed as: 

Uout
xx =

1
2

∫ t

zcb

∫ b

0

∫ l

0
Eε2

xxdxdydz (6)  

where E=νfEf+νmEm, νf and νm represent volume content of the fiber and 
matrix, respectively; b and l represent the width and length of SMPC, 
respectively. The tensile/compressive strain of fiber and matrix in the 
non-buckling region can be expressed as: 

εxx = κ(z − zns) (7) 

Eq. (8) can be obtained by incorporating Eq. (7) into Eq. (6): 

Uout
xx =

blEκ2

6
[
(t − zns)

3
+(zns − zcb)

3] (8) 

During bending deformation, deformation along the circumferential 

direction of the curve is restricted by complete restraints (displacement 
along the circle of u = 0, thickness direction displacement w ∕= 0) (Lan 
et al., 2014). Therefore, the shear stress of the matrix can be expressed as 
Eq. (9). 

γxz =
∂u
∂z

+
∂w
∂x

=
∂w
∂x

= − 2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(z − zns)

√
sin
(πx

λ

)
(9) 

According to Eq. (3), the amplitude of adjacent fibers in the X-Z plane 
is different, which will lead to the shear strain of the matrix. The strain 
energy of the matrix caused by shear strain γxz can be expressed as Eq. 
(10). Substitute Eq. (9) into Eq. (10) can obtain Eq. (11): 

Uout
xz =

1
2

∫ zcb

0

∫ b

0

∫ l

0
νmGmγ2

xzdxdydz (10)  

Uout
xz =

blνmGmκ
2

[
z2

ns − (zns − zcb)
2] (11)  

where Gm denotes the shear modulus of the matrix. According to Eq. (3). 
The different amplitudes of the adjacent fibers in the X-Z plane result in 
compressive/tensile deformation. The compressive/tensile strain εzz of 
the matrix in the Z-direction can be expressed as: 

εzz =
∂w
∂z

= −
κλ

π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − z)

√ cos
(πx

λ

)
(12) 

The compressive/tensile strain energy of the matrix in the Z-direc-
tion of the buckling region can be expressed as: 

Uout
zz =

1
2

∫ zcb

0

∫ l

0

∫ b

0
νmEmε2

zzdxdydz (13) 

Eq. (14) can be obtained by bringing Eq. (12) into Eq. (13): 

Uout
zz =

blνmEmλ2κ
4π2 ln

(
zns

zns − zcb

)

(14) 

The buckling shape of the fiber in the single layer is completely 
consistent, hence the buckling strain energy of the single-layer fiber can 
be expressed as: 

Uout
f(one layer)

=
b
h
Uout

f(single fibre)
(15)  

Where h is the center distance between adjacent fibers (h = d ̅̅̅̅̅̅̅πνf
√

/2νf ). 
When the fiber volume content is 20%, then the h comes to 0.01 mm, 
which is much less than the thickness of SMPC. The strain energy of fiber 
buckling can be expressed as: 

Uout
fb =

∑m

n=1

b
h2Uout

f(one layer)
(16)  

where n = 1, 2, 3 m, m = zcb/h, and m is a positive integer. Since zns is 
much larger than h, the fiber buckling strain energy of the out-of-plane 
buckling system can be simply expressed as: 

Uout
fb =

2blπ2νf Ef If κ
d2λ2

[(
zns − zfa

)2
− (zns − zcb)

2
]

(17) 

Considering the bending problem of small strain and large 
displacement of the buckling beam in the study, it is reasonable to use 
the buckling equation expression to calculate the strain energy of the 
fiber in the buckling region (Francis et al., 2007; Lan et al., 2014). 

Table 1 
Material parameters of the matrix and carbon fiber.  

Material Tensile 
modulus 
(MPa) 

Shear 
modulus 
(MPa) 

Poisson’s 
ratio 

Shear 
strength 
(MPa) 

Tensile 
strength 
(MPa) 

Matrix 
(Tg) 

32 11 0.45 7.8 8.2 

Fiber 45000 – 0.3 – 1100  

Table 2 
Dimension parameters of SMPC.  

Material Thickness 
(mm) 

Width 
(mm) 

Length 
(mm) 

Fiber volume 
content (%) 

Fiber 
diameter 
(mm) 

SMPC 2 5 30 20 0.008  
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Substituting the partial energy expression into the total strain energy 
expression of the out-of-plane buckling system, the following can be 
obtained: 

Uout
T =

blEκ2

6
[
(t − zns)

3
+(zns − zcb)

3]
+

blνmGmκ
2

zcb(2zns − zcb)

+
blνmEmλ2κ

4π2 ln
(

zns

zns − zcb

)

+
2blπvf Ef If κ

d2λ2 zcb(2zns − zcb)

(18)  

2.2. Key parameters analysis 

The compressing and non-buckling region is very small compared 
with the stretching region and the buckling region (Lan et al., 2014). 
When the compressing and non-buckling region is neglected, the strain 
energy expression can be presented in Eq. (19). 

Uout
T =

blEκ2

6
(t − zns)

3
+

blνmGmκ
2

z2
ns

+
blνmEmλ2κ

4π2 ln
[4zns

̅̅̅̅vf
√

d
̅̅̅
π

√

]

+
2blπvf Ef If κ

λ2d2
z2

ns

(19) 

Fig. 2(a) shows the strain energy variation of the out-of-plane 
buckling system with the relative neutral surface position. It is 
assumed that the curvature and the half-wavelength of fiber buckling 
are constant, and the neutral surface position (zns) changes from t/2 to t. 
It was observed that Uout xx and Uout xz are much larger than other 
strain energies. Therefore, Uout fb and Uout zz can be ignored when 
solving the neutral surface position, and the total strain energy expres-
sion can be changed to Eq. (20) (Francis et al., 2007; Lan et al., 2019). At 
the same time, there exists a minimum energy for the out-of-plane 
buckling system with the change of the relative neutral surface posi-
tion. Therefore, the partial derivatives of zns and zcb can be obtained by 
utilizing the minimum energy principle. 

Û(zcb, zns)=Uout
xx + Uout

xz (20)  

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂Û(zcb, zns)

∂zcb
= 0

∂Û(zcb, zns)

∂zns
= 0

(21) 

By solving Eq. (21), the positions of the neutral surface and critical 
buckling can be obtained: 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

zns = t −
C
κ

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
2κt
C

√

− 1

)

zcb = t −
C
κ

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
2κt
C

√

+ 1

) (22)  

where C = νmGm/(νmEm+νfEf). The half-wavelength is only related to 
strain energy Uout zz and Uout fb. Fig. 2(b) shows the variations of strain 
energy Uout zz and Uout fb with half-wavelength. The half-wavelength 
expression of the out-of-plane buckling system can be solved by using 
the minimum energy principle (as shown in Eq. (23)). 

λout =

⎡

⎢
⎢
⎣

8π3vf Ef If

(
z2

ns −
4C
κ2

2
)

d2νmEm ln
( znsκ

2C

)

⎤

⎥
⎥
⎦

1
4

(23)  

where If is the cross-sectional moment of inertia of the fiber. The 
amplitude expression can be obtained according to the relationship 
between half-wavelength and amplitude: 

Aout =
2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − z)

√

π

⎡

⎢
⎢
⎣

8π3vf Ef If

(
z2

ns −
4C
κ2

2
)

d2νmEm ln
( znsκ

2C

)

⎤

⎥
⎥
⎦

1
4

(24) 

The expression of bending moment and equivalent bending stiffness 
can be deduced as follows: 

M =
∂UT

l∂κ
(25)  

EIe =
M
κ

(26)  

2.3. Stress analysis 

To study the damage mode of SMPC during bending, the deformation 
analysis of the matrix and fiber of the out-of-plane buckling system was 
carried out. The matrix stress can be divided into compressive and 
tensile stress in the X-direction, compressive and tensile stress in the Z- 
direction and shear stress in the X-Z plane. 

The main deformation modes of fibers during bending can be divided 
into buckling, compression and tension, in which the curvature of fiber 
buckling in the buckling region can be stated as: 

κfb =
|y′′ |

(1 + y′ 2
)

3
2
=

⃒
⃒
⃒Aπ2

λ2 cos
( πx

λ

)⃒⃒
⃒

[
1 + A2π2

λ2 sin2( πx
λ

)]3
2

(27) 

The amplitude of fiber buckling is the largest at z = 0. When x = nλ, 
the fiber buckling curvature reaches the maximum, so the maximum 
stress of fiber buckling can be expressed as: 

σout
fb,max =Ef εfb,max =

Ef dAπ2

2λ2 (28)  

Fig. 2. (a) Partial strain energy variation with relative neutral surface position (λ = 0.68 mm, к = 0.05 mm− 1); (b) Strain energy variation of Uout zz and Uout fb with 
half-wavelength (к = 0.05 mm− 1, zns = 1.8 mm). 
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where Ef and d represent the modulus and diameter of the fiber, 
respectively. In the non-buckling region, the fiber is subjected to 
compressive/tensile deformation, and the compressive/tensile stress of 
the fiber is as follows: 

σout
fxx =Ef εxx =Ef κ(z − zns) (29) 

Due to the existence of the buckling region, the tensile stress of the 
fiber in the non-buckling region is greater than the compressive stress of 
the fiber. When z = t, the tensile stress of the fiber reaches the maximum: 

σout
fxx,max =Ef κ(t − zns) (30) 

The compressive/tensile stress of the matrix in the Z-direction in the 
buckling region can be expressed as follow: 

σzz =Emεzz =
Emκλ

π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − z)

√ cos
(πx

λ

)
(31) 

When z = zcb, x = nγ (n = 0,1,2⋅⋅⋅⋅⋅⋅), the compressive/tensile stress of 
the matrix reaches the maximum: 

σzz,max =
Emκλ

π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − zcb)

√ (32) 

The shear stress of the matrix in the X-Z plane in the buckling region 
can be stated as: 

τxz =Gmγxz = − 2Gm
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − z)

√
sin
(πx

λ

)
(33) 

When z = 0, x=nγ/2(n = 0,1,2⋅⋅⋅⋅⋅⋅), the shear stress reaches the 
maximum value: 

τxz,max = 2Gm
̅̅̅̅̅̅̅̅
κzns

√
(34) 

The stress analysis indicates that the maximum stress of the matrix in 
the buckling region appears at z = 0 or z = zcb. The shear stress of the 
matrix at z = 0 can be written as Eq. (35). The evolution law of shear 
stress τout z=0 with X-direction position and bending curvature is shown 
in Fig. 3(a). The results reveal that when x = nγ/2 (n = 0,1,2⋅⋅⋅⋅⋅⋅), shear 
stress τout z=0 approaches the maximum (as shown in Eq. (36)). 

τout
z=0 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
4

(
Emκλ

π ̅̅̅̅̅̅̅̅κzns
√ cos

(πx
λ

))2

+ 4G2
mκzns sin2

(πx
λ

)
√

(35)  

τout
z=0,max= 2Gm

̅̅̅̅̅̅̅̅
κzns

√
(36) 

According to the stress analysis of the matrix at z = zcb, the shear 
stress of the matrix can be given as Eq. (37). The evolution law of shear 
stress τout z=zcb with X-direction position and bending curvature is 
shown in Fig. 4(b). The results indicate that x = nγ (n = 0,1,2⋅⋅⋅⋅⋅⋅), shear 

stress τout z=zcb approaches the maximum (as shown in Eq. (38)). 

τout
z=zcb

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
4

(
Emκλ

π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − zcb)

√ cos
(πx

λ

)
)2

+ 4G2
mκ(zns − zcb)sin2

(πx
λ

)
√
√
√
√ (37)  

τout
z=zcb

,max=
Emκλ

2π
̅̅̅̅̅̅
2C

√ (38) 

To study the damage sequence and evolution law caused by shear 
stress at z = 0 and z = zcb, the shear stress ratio at z = 0 and z = zcb can be 
obtained by comparing Eq. (36) with Eq. (38): 

τout
z=0,max
τout

z=zcb,max

=
2πGm

̅̅̅̅̅̅̅̅̅̅̅̅̅
2Cκzns

√

κEmλ
(39)  

2.4. Critical damage curvature 

To study the damage limit of out-of-plane buckling of unidirectional 
fiber-reinforced SMPC, the critical damage of composite was judged 
according to the internal stress analysis and strength theory. The anal-
ysis reveals that the matrix stress at the dangerous point is mainly shear 
stress, so the maximum shear stress criterion is used to assess the matrix 
cracking damage at z = 0 and the delamination damage at z = zcb. The 
fiber stress at the dangerous point is mainly tensile, so the maximum 
tensile stress criterion is used to judge whether the fiber will break. The 
buckling surface (z = 0) and the critical buckling position (z = zcb) are 
dangerous points of the matrix, while the maximum buckling curvature 
position (z = 0) and the tensile surface (z = t) are the dangerous points of 
the fiber. The shear stress of the matrix at z = 0 reaches the shear 
strength, which represents the matrix cracking damage; the shear stress 
of the matrix at z = zcb reaches the shear strength, which signifies the 
delamination damage at the critical buckling position; the tensile stress 
of the fiber at z = t reaches the tensile strength, which indicates the fiber 
tensile fracture damage; the tensile stress of the fiber at z = 0 reaches the 
shear strength, which represents the fiber buckling fracture damage. The 
stress of the matrix and fiber must be smaller than their respective 
strengths during bending. As a result, the stress of matrix and fiber at the 
dangerous point in SMPC should match the following conditions: 

τout
z=0,max≤ τs, τout

z=zcb
,max ≤ τs, σout

fxx ,max ≤ σsf , σout
fb ，max ≤ σsf (40)  

where τs and σsf represent the shear strength of the matrix and the tensile 
strength of the fiber, respectively. 

In this study, the bending curvature corresponding to the critical 
damage was taken as the damage limit of SMPC. Substituting Eqs. ((28), 
(30), (36) and (38) into Eq. (40), the critical damage curvature can be 
obtained. The critical damage curvature of unidirectional fiber- 

Fig. 3. Shear stress distribution along the X direction during bending in the out-of-plane buckling: (a) shear stress τout z=0 (b) shear stress τout z=zcb.  

Z. Liu et al.                                                                                                                                                                                                                                       



Mechanics of Materials 175 (2022) 104504

6

reinforced SMPC during bending was the minimal value of the bending 
curvature corresponding to the above stresses: 

κout
cf =min

{
κout

cf ,z=0, κout
cf ,z=zcb

, κout
cf ,fxx, κout

cf ,fb

}
(41)  

where κout cf represents the critical damage curvature; κout cf,z=0 and 
κout cf,z=zcb represent matrix cracking and delamination damage at z =
0 and z = zcb respectively; κout cf,fxx and κout cf,fb represent the critical 
damage curvature of fiber tensile fracture and buckling fracture at z = t 
and z = 0, respectively. 

3. In-plane buckling analysis 

3.1. Strain energy of in-plane buckling 

When unidirectional fiber-reinforced SMPC bend around a cylinder 
at Tg, the fibers can only buckle in plane due to the constraint of 
thickness direction displacement. The surface morphology of the in- 
plane buckling is shown in Fig. 4(a) and (b). It can be observed that 
the buckling morphology of fibers is wavy, and the adjacent fibers show 
the same change law. In accordance with the out-of-plane buckling, the 
cross-section can be divided into buckling region, compressing and non- 
buckling region and tensile region (as shown in Fig. 1(d)). 

Fig. 4(c) is the deformation model diagram in the X–Y plane and X-Z 
plane. Similar to the out-of-plane buckling, the geometry of fiber 
buckling presents a sin/cosine wave, and the shape function of the fiber 
of the in-plane buckling is given in Eq. (42). 

y=
2λ
π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − z)

√
cos
(πx

λ

)
(42) 

The fiber buckling direction is solely in the X–Y plane when in-plane 
buckling occurs (as shown in Fig. 4(c)). The shape function of the fiber in 
the X–Y plane is uniform. Through the stress analysis of the matrix 

between fibers, the main deformation modes of the matrix in the X–Y 
plane are the shear and compressive deformations. Based on the equal 
strain assumption and the shape function of the fiber, the shear stress of 
the matrix in the X–Y plane can be expressed as: 

γxy =
∂v
∂x

+
∂u
∂y

=
δy
δx

= −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − z)

√
sin
(πx

λ

)
(43)  

where γxy represents the shear strain of the matrix in the X–Y plane. 
According to the shape function expression of the fiber, the amplitude of 
the fiber in the Z-direction is different. Therefore, the matrix between 
two adjacent fibers in the Y-Z plane has shear deformation, and the shear 
strain γyz of the matrix in the Y-Z plane can be expressed as: 

γyz =
∂v
∂z

+
∂w
∂y

=
δy
δz

=
κλ

π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − z)

√ cos
(πx

λ

)
(44)  

where γyz represents the shear strain of the matrix in the Y-Z plane. 
According to the deformation analysis of in-plane buckling, the total 
strain energy of the in-plane buckling system can be stated as follows: 

Uin
T =Uin

xx + Uin
xy + Uin

yz + Uin
fb (45)  

where Uin T is the total strain energy of the in-plane buckling system, 
Uin xx is the strain energy of the non-buckling region, Uin xy and Uin yz 
are the shear strain energy of the matrix caused by γxy and γyz, respec-
tively, and Uin fb is the strain energy of fiber buckling. The strain energy 
of the non-buckling region can be given as follows: 

Uin
xx =

1
2

∫ t

zcb

∫ b

0

∫ l

0
Eε2

xxdxdydz

=
blEκ2

6
[
(t − zns)

3
+(zns − zcb)

3]
(46) 

The strain energy caused by shear strain γxy can be expressed as: 

Fig. 4. Out-of-plane buckling diagram of SMPC; (a) X–Y view; (b) X-Z view; (c) Deformation model diagram of buckling region.  
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Uin
xy =

1
2

∫ zcb

0

∫ b

0

∫ l

0
νmGmγ2

xydxdydz

=
blνmGmκ

2
[
z2

ns − (zns − zcb)
2]

(47) 

The strain energy caused by shear strain γxz can be represented as: 

Uin
yz =

1
2

∫ zcb

0

∫ l

0

∫ b

0
νmGmγ2

yzdxdydz

=
blνmGmλ2κ

4π2 ln
(

zns

zns − zcb

) (48) 

Since the out-of-plane buckling and in-plane buckling of SMPC 
during bending are only different in the buckling direction, their shape 
function of fiber buckling is the same. Similar to the derivation of out-of- 
plane buckling, the strain energy of fiber buckling is: 

Uin
fb =

2blπ2Ef If κ
d2λ2

[
z2

ns − (zns − zcb)
2] (49) 

Substituting Eqs. 46–49 into Eq. (45), we yield the total strain energy 
of the in-plane buckling system: 

Uin
T =

blEκ2

6
[
(t − zns)

3
+(zns − zcb)

3]
+

blvmGmκ
2

zcb(2zns − zcb)

+
blνmGmλ2κ

4π2 ln
(

zns

zns − zcb

)

+
2πblvf Ef If κ

λ2d2
zcb(2zns − zcb)

(50)  

3.2. Key parameters analysis 

In accordance with the out-of-plane buckling analysis, the strain 
energy of the in-plane buckling system can be shown in Eq. (51). 

Uin
T =

blEκ2

6
(t − zns)

3
+

blνmGmκ
2

z2
ns

+
blνmGmλ2κ

4π2 ln
[4zns

̅̅̅̅vf
√

d
̅̅̅
π

√

]

+
2blπvf Ef If κ

λ2d2
z2

ns

(51) 

Fig. 5(a) shows the variation of strain energy of the in-plane buckling 
system with the relative neutral surface position. Similar to the out-of- 
plane buckling system, the in-plane buckling system likewise exhibits 
an energy minimum with the relative neutral surface position. As a 
result, the neutral surface and critical buckling positions are calculated 
using the minimum energy principle, which is compatible with the out- 
of-plane buckling system. The neutral surface and critical buckling po-
sitions are different for out-of-plane buckling and in-plane buckling 
owing to the distinct strain energy expressions, but the strain energy of 
the different components is barely impacted by the neutral surface po-
sition. Therefore, the expressions of neutral surface position and critical 
buckling position of the two systems can be considered the same. 

Fig. 5(b) illustrates the variations of strain energy Uin zz and Uin fb 
with half-wavelength. The half-wavelength of the in-plane buckling 

system can be solved by using the minimum energy principle, as shown 
in Eq. (52). Similarly, the amplitude of fiber buckling can be obtained by 
the relationship between half-wavelength and amplitude. 

λin =

⎡

⎢
⎢
⎣

8π3νf Ef If

(
z2

ns −
4C2

κ2

)

νmGmd2 ln
( znsκ

2C

)

⎤

⎥
⎥
⎦

1
4

(52)  

3.3. Stress analysis 

The internal stresses of the matrix and fiber were analyzed to explore 
the damage mechanisms of SMPC experiencing in-plane buckling 
deformation. The tensile stress of fiber buckling in the buckling region is 
identical with Eq. (28), and the compressive/tensile stress in the X-di-
rection of the non-buckling region is consistent with Eq. (29). The matrix 
stress can be divided into shear stress τxy and shear stress τyz in the 
buckling region, and the compressive/tensile stress σxx in the non- 
buckling region. The shear stress of the matrix in the X–Y plane can be 
given as: 

τxy =Gmγxy = − 2Gm
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − z)

√
sin
(πx

λ

)
(53) 

When z = 0, x = nλ/2 (n = 0,1,2⋅⋅⋅⋅⋅⋅), the shear stress reaches the 
maximum: 

τxy,max = 2Gm
̅̅̅̅̅̅̅̅
κzns

√
(54) 

The shear stress τyz of the matrix in the Y-Z plane can be described as: 

τyz =Gmγyz =Gm
δy
δz

=
Gmκλ

π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − z)

√ cos
(πx

λ

)
(55) 

When z = zcb, x = nλ(n = 0,1,2⋅⋅⋅⋅⋅⋅), shear stress τyz reaches 
maximum: 

τyz,max =
Gmκλ

π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ(zns − zcb)

√ (56) 

Through the stress analysis of the matrix in the buckling region, the 
maximum stress appears at z = 0 or z = zcb. The stress analysis of the 
matrix at z = 0 shows that when x = nλ/2, the maximum shear stress of 
the matrix can be expressed as shown in Eq. (57). The stress analysis of 
the matrix at z = zcb shows that when x = nλ, the shear stress τz = zcb 
reaches the maximum (as shown in Eq. (58)). 

τin
z=0,max= 2Gm

̅̅̅̅̅̅̅̅
κzns

√
(57)  

τin
z=zcb,max

=
Gmκλ
π
̅̅̅̅̅̅
2C

√ (58)  

ttt

Fig. 5. (a) Partial strain energy variation with relative neutral surface position (λ = 0.89 mm, к = 0.05 mm− 1); (b) Strain energy variation of Uin zz and Uin fb with 
half-wavelength (zns = 1.8 mm, к = 0.05 mm− 1). 
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3.4. Critical damage curvature 

The criterion of maximum shear stress and maximum tensile stress is 
adopted to judge whether SMPC is damaged in the in-plane buckling 
system, which is consistent with out-of-plane buckling analysis. The 
stress of matrix and fiber must be lower than their respective strengths, 
hence the internal stresses at the danger points need to satisfy Eq. (59). 
The critical damage curvature should be the minimum of the critical 
damage curvature corresponding to the internal stress of the matrix and 
fiber, as shown in Eq. (60). 

τin
z=0,max ≤ τs, τin

z=zcb,max
≤ τs, σin

fxx,max ≤ σsf , σin
fb,max ≤ σsf (59)  

κin
cf =min

{
κin

cf ,z=0, κin
cf ,z=zcb

, κin
cf ,fxx, κin

cf ,fxx

}
(60)  

4. Material and experimental methods 

To verify the theoretical analysis of this study, unidirectional fiber 
reinforced SMPC was prepared and then a bending test was performed. 
The unidirectional fiber-reinforced SMPC was prepared by prepreg, with 
carbon fiber and shape memory epoxy resin serving as reinforcement 
and matrix, respectively (as shown in Table 1). The preparation scheme 
of SMPC is shown in Fig. 6(a). The laying angle of SMPC was 0◦, and the 
number of layers was 8. After laying the prepreg, it was placed in an 
autoclave and vacuumed to 0.1 MPa. The curing procedures were 80 ◦C/ 
3 h, 100 ◦C/3 h and 150 ◦C/5 h. The cured SMPC had a fiber volume 
content of about 30% and a dimension of 20 mm × 5 mm × 2 mm after 
cutting. 

Out-of-plane buckling and in-plane buckling were generated by 
constraining displacement in the width and thickness directions, 
respectively (as shown in Fig. 6(b)). The displacement in the width di-
rection of the SMPC was constrained by placing metal plates on both 
sides. The thickness direction displacement was constrained by placing a 
bendable thin metal plate inside the bend. Since the neutral surface 
position is very close to the outermost side of tension when critical 
damage occurs, it is assumed that the neutral surface position is located 
at the outermost side of tension. 

5. Results and discussion 

5.1. Strain energy analysis 

Fig. 7 depicts the strain energy comparison between the out-of-plane 
and the in-plane buckling systems during bending. The results reveal 
that the strain energy of the out-of-plane buckling system is slightly 
higher than that of the in-plane buckling system, indicating that out-of- 
plane buckling requires more strain energy. Meanwhile, the total strain 
energy expressions of the two systems mainly distinguish in the two 

strain energies Ufb and Uzz (Uyz). The difference between the strain en-
ergy expressions (Uzz and Uy) of the two systems is that out-of-plane 
buckling is compressive/tensile strain energy, while in-plane buckling 
is shear strain energy. The expressions obtained by comparing the two 
strain energies are shown in Eqs. (61) and (62). It can be found that these 
two expressions are consistent. Since the matrix modulus Em is greater 
than the shear modulus Gm of the matrix, the strain energy of out-of- 
plane buckling must be greater than that of in-plane buckling. There-
fore, in-plane buckling is more likely to occur without external con-
straints during bending according to the minimum energy principle. 
However, out-of-plane buckling can be achieved by constraining the 
displacement of fiber buckling direction. 

Uout
f

Uin
f
=

(
λin

λout

)2

=

̅̅̅̅̅̅̅
Em

Gm

√

(61)  

Uout
zz

Uin
yz
=

Em

Gm

(
λout

λin

)2

=

̅̅̅̅̅̅̅
Em

Gm

√

(62)  

5.2. Key parameters analysis 

Fig. 8(a) and (b) compare the half-wavelength and amplitude of the 
out-of-plane and in-plane buckling systems during bending. The results 
demonstrate that the in-plane buckling system has a bigger half- 
wavelength and amplitude than the out-of-plane buckling system. By 
comparing the expressions of half-wavelength and amplitude of out-of- 
plane and in-plane buckling, the difference is that the shear modulus Gm 
of the matrix of in-plane buckling becomes the matrix modulus Em of 
out-of-plane buckling. This is because the matrix in the Z-direction of the 
in-plane buckling system experiences shear deformation due to the 

Fig. 6. (a) Manufacturing process diagram of SMPC; (b) Schematic diagram of SMPC bending test.  

Fig. 7. Strain energy comparison between in-plane buckling system and out-of- 
plane buckling system during bending. 
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inconsistent amplitude of adjacent fibers, while the matrix in the Z-di-
rection of the out-of-plane buckling system has compressive/tensile 
deformation because of the inconsistent amplitude of adjacent fibers. 

The bending moment comparison of out-of-plane and in-plane 
buckling during bending is shown in Fig. 8(c). The bending moment of 
out-of-plane buckling is higher than that of in-plane buckling, which is 
compatible with the strain energy, indicating that a big bending moment 
is required if out-of-plane buckling occurs. On the contrary, the out-of- 
plane buckling can provide a greater driving moment. Fig. 8 (b) shows 
the equivalent bending stiffness comparison of out-of-plane and in-plane 
buckling during bending. Out-of-plane buckling has a larger equivalent 
bending stiffness than in-plane buckling. 

5.3. Damage mode analysis 

Fig. 9 depicts the effects of thickness and fiber volume content on 
damage modes of out-of-plane and in-plane buckling. The findings 
demonstrate that the damage modes of in-plane buckling can be clas-
sified as delamination damage, matrix cracking damage and fiber tensile 
fracture damage. The out-of-plane buckling damage mode almost 
identical to the in-plane buckling damage mode. The difference is that 
when the fiber volume content is between 5–8.63% and the thickness is 
between 0.5–0.75 mm, the fiber buckling fracture damage may occur in 
the buckling region. When the fiber volume content of in-plane buckling 
is less than 9.28%, only tensile fracture damage occurs, which is inde-
pendent of thickness. At the same time, in the same thickness and fiber 
volume content range, the area corresponding to the delamination 

Fig. 8. Comparison of parameters of out-of-plane and in-plane buckling during bending: (a) half-wavelength; (b) amplitude; (c) bending moment; (d)equivalent 
bending stiffness. 

Fig. 9. Effects of thickness and fiber volume content on damage modes: (a) out-of-plane buckling; (b) in-plane buckling. I: fiber tensile fracture damage mode; II: 
matrix fracture damage mode; III: delamination damage mode; IV: Fiber buckling fracture damage mode. 
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damage of out-of-plane buckling is bigger than that of in-plane buckling, 
indicating that out-of-plane buckling is more vulnerable to delamination 
damage. Contrarily, in-plane buckling is more prone to matrix cracking 
damage. At the same thickness, with the increase of fiber volume con-
tent, the damage mode changes from fiber tensile fracture damage to 
matrix cracking damage, and then to delamination damage. It should be 
noted that the damage mode in Fig. 9 varies depending on the data in 
Tables 1 and 2 

The shear stress of the matrix reaching the shear strength at z = 0 and 
z = zcb corresponds to the matrix cracking damage and delamination 
damage, respectively. When the shear stress ratio at z = 0 and z = zcb is 
less than 1, delamination damage is more probable at z = zcb. When the 
ratio is greater than 1, the matrix cracking is more likely to occur at z =
0. Fig. 10(a) and (b) show the variation of shear stress ratios at z = 0 and 
z = zcb with matrix modulus and curvature for out-of-plane and in-plane 
buckling, respectively. The findings reveal that with the increase of 
bending curvature, the shear stress ratio at z = 0 and z = zcb gradually 
rises. This indicates that the greater the bending curvature is, the greater 
the risk of delamination damage is. The shear stress ratio of out-of-plane 
buckling at z = 0 and z = zcb is less than that of in-plane buckling under 
the same matrix modulus, which signifies that in-plane buckling is more 
vulnerable to matrix cracking damage than out-of-plane buckling. 

Fig. 10(c) and (d) show the variation of shear stress ratios at z =
0 and z = zcb with fiber modulus and curvature for out-of-plane and in- 
plane buckling, respectively. The results show that the variation trends 
of out-of-plane and in-plane buckling are basically the same. With the 
increase of bending curvature and fiber modulus, the shear stress ratio at 
z = 0 and z = zcb progressively decreases. This demonstrates that the 
bigger the curvature and fiber modulus are, the more prone to delami-
nation damage is. The shear stress ratio of out-of-plane buckling at z =
0 and z = zcb is less than that of in-plane buckling under the same fiber 
modulus, which signifies that out-of-plane buckling is more vulnerable 
to delamination damage than in-plane buckling. 

5.4. Critical damage analysis 

Fig. 11(a) and (b) show the variations of critical buckling curvature 

with thickness at different fiber volume content for out-of-plane and in- 
plane buckling, respectively. The parameters of carbon fiber in Table 3 
are used in the figure. The results reveal that with the increase of ma-
terial thickness, the critical damage curvature reduces in varying de-
grees, implying that the greater the thickness is, the more probable 
damage will occur during bending. When the fiber volume content is 
greater than 5%, the critical damage curvature decreases gradually with 
the rise of fiber volume content, indicating that material damage is more 
likely to occur. When the fiber volume content is 5%, owing to the 
change of damage mode, the critical damage curvature is less than the 
critical damage curvature with 20% fiber volume content. Simulta-
neously, the critical damage curvature of in-plane buckling is less than 
that of out-of-plane buckling, indicating that out-of-plane buckling is 
more vulnerable to damage. 

Fig. 11(c) and (d) shows the variations of critical buckling curvature 
with matrix modulus at different fiber moduli for out-of-plane and in- 
plane buckling, respectively. The critical damage curvature of fibers 
with various moduli drops to varying degrees as the matrix modulus 
increases, suggesting that the higher the matrix modulus is, the more 
probable damage will occur. The curve has a turning point caused by 
switching the damage mode from delamination to matrix cracking. At 
the same time, with the increase of fiber modulus, the critical damage 
curvature also reduces, making the selection of high modulus carbon 
fiber more vulnerable to damage. It is worth noting that SMPC-based 
structures can be designed through the critical damage curvature ob-
tained in this study. 

5.5. Experimental verification 

Fig. 12 compares the theoretical prediction and experimental results 
of critical damage curvature for out-of-plane buckling and in-plane 
buckling, respectively. The theoretical results are in order of magni-
tude compatible with the experimental results, and they are in good 
agreement. At the same time, the damage mode in the experiment also 
corresponds well to the figure, which can also be confirmed by the 
change trend of critical damage. Table 4 compares theoretical and 
experimental results for half-wavelength and amplitude of fiber 

Fig. 10. (a) and (b) are the variation of shear stress ratios at z = 0 and z = zcb with matrix modulus and curvature for out-of-plane and in-plane buckling, respectively; 
(c) and (d) are the variation of shear stress ratios at z = 0 and z = zcb with fiber modulus and curvature for out-of-plane and in-plane buckling, respectively. 
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buckling during bending. The theoretical value was calculated using the 
theoretical half-wavelength and maximum amplitude, and the experi-
mental value was calculated using the experimentally measured half- 
wavelength and the maximum amplitude. In order of magnitude, the 
theoretical prediction value and the experimental value of SMPC in the 
bending process are completely consistent, and the specific results are 
also basically consistent. 

According to the critical damage data, SMPC can achieve a large 
folding ratio through the micro buckling of local fibers. Notably, the 

SMPC-based lenticular tube was designed and optimized based on the 
utilization of this study, and the on-orbit deployment of the flexible solar 
array system was successfully demonstrated, which can serve for ultra- 
large flexible solar array systems based on SMPCs in the future (as 
shown in Fig. 13) (Lan et al., 2020). 

6. Conclusions 

In this study, the buckling behavior and damage mechanism of out- 
of-plane and in-plane buckling of unidirectional fiber-reinforced SMPC 
were investigated. The theoretical analysis findings have an important 
theoretical significance for structural design based on SMPC. Several 
conclusions are summarized as follows:  

a) The expressions of strain energy and key parameters for out-of-plane 
and in-plane buckling systems are developed. Out-of-plane buckling 
has higher strain energy and bending moment, and smaller half- 
wavelength and amplitude than in-plane buckling. SMPC is more 
prone to in-plane buckling when bending without constraints. 

Fig. 11. (a) and (b) are the variations of critical buckling curvature with thickness at different fiber volume content for out-of-plane and in-plane buckling, 
respectively; (c) and (d) are the variations of critical buckling curvature with matrix modulus at different fiber moduli for out-of-plane and in-plane buckling, 
respectively. 

Table 3 
Carbon fiber parameters.  

Carbon 
fiber 

Parameter 

Diameter 
(μm) 

Tensile 
modulus (GPa) 

Tensile 
strength (MPa) 

Elongation at 
break (%) 

# 1 8 45 1100 2.4 
# 2 8 150 3000 2 
# 3 7 230 3530 1.5 
# 4 5 436 4210 1  

Fig. 12. Comparison between theoretical prediction and experimental results of critical damage curvature: (a) out of plane buckling; (b) in-plane buckling. I: fiber 
tensile fracture damage mode; II: matrix fracture damage mode; III: delamination damage mode. 

Z. Liu et al.                                                                                                                                                                                                                                       



Mechanics of Materials 175 (2022) 104504

12

b) Based on the material parameters in this study, the damage modes of 
in-plane buckling can be classified as delamination damage, matrix 
cracking damage and fiber tensile fracture damage. Out-of-plane 
buckling has one more fiber buckling fracture damage mode than 
in-plane buckling. The damage mode changes from the fiber tensile 
fracture damage to the matrix cracking damage, and then to the 
delamination damage as the fiber volume content increases. When 
the fiber volume content is less than a certain value, only fiber tensile 
fracture damage mode will occur, which is independent of the 
thickness. 

c) Out-of-plane buckling is more prone to damage than in-plane buck-
ling, and out-of-plane buckling is more vulnerable to delamination 
damage. On the contrary, in-plane buckling is more prone to matrix 
cracking damage. Reducing the fiber modulus can reduce the 
occurrence of delamination damage. The greater the SMPC thickness 
is, the more easily damage occurs. Finally, the theoretical analysis of 
the damage limit is verified by experiments. 
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