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ORIGINAL ARTICLE

Active vibration control of high-stiffness heavy cantilever beam based on 
piezoelectric stack actuators

Jianlong Gaoa, Pengxiang Zhaoa, Xudong Zhanga, Weikai Shia, Yaxiang Sunb, Xin Lanb, Yanju Liua , and  
Jinsong Lengb 

aDepartment of Astronautical Science and Mechanics, Harbin Institute of Technology, Harbin, People’s Republic of China; bCentre for 
Composite Materials and Structures, Harbin Institute of Technology, Harbin, People’s Republic of China 

ABSTRACT 
Piezoelectric materials are utilized in active vibration control (AVC) because of their high output 
force, fast response, and small size. The vibration suppression of lightweight structures based on 
piezoelectric materials has been intensively studied, but vibration control for high-stiffness heavy 
structures is rare. In this work, a novel piezoelectric cantilever beam structure characterized by a 
large size, high mass and high stiffness was designed. It incorporates a new type bending moment 
piezoelectric stack actuator, which features an exceptionally high output bending moment, as well 
as reliability and maintainability in harsh environments. On the basis of the structure of the piezo
electric stack actuator, an equivalent mechanical model of the actuator was derived. The state- 
space equation of the piezoelectric cantilever beam was subsequently obtained, and a new linear 
quadratic regulator (LQR) was designed. On the basis of the controllability criterion and modal 
force maximization criterion, an optimized layout design of the piezoelectric cantilever beam was 
completed and experimentally validated on a large, heavy and stiff piezoelectric cantilever beam. 
This work provides a solid theoretical and experimental basis for the application of small-strain, 
high-stress piezoelectric materials in the vibration suppression of high-stiffness heavy cantilever 
structures.
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1. Introduction

In the fields of aerospace, civil and mechanical engineering, 
vibration suppression is an inevitable problem for most 
engineering structures especially with a high-precision con
trol system [1–3]. Cantilever beam, the most widely used 
engineering structure, is trapped with forced and redundant 
vibration while working which is of heightened interest for 
both academia and industry. Most high-frequency vibrations 
of cantilever beams can be suppressed by passive vibration 
isolation. But it is unattainable for low frequency [4].

An increasing number of researchers are utilizing piezo
electric materials for the low frequency vibration suppres
sion of cantilever structures because of their advantages of 
high output force, small size and fast response [5–8]. Tuma 
et al. modeled active vibration control for a thin mechanical 
structure as a cantilever beam with bonded piezoelectric 
patches. The transversal linear force produced by a linear 
piezo-actuator is replaced by the moment of force produced 
by the patch piezo-actuator, which is glued to the surface of 
the thin structure [9]. Raza et al. proposed a vibration sup
pression technique that used Macro Fiber Composite (MFC) 
to restrict the dynamic amplitudes of a cantilever beam [10]. 
Shen et al. conducted a study on vibration suppression of 

the blisk based on intentional mistuning of piezoelectric 
shunt damping patches [7]. Celia et al. developed a feedback 
algorithm that involved two piezoelectric actuators and two 
piezoelectric sensors for the control of the lowest four reso
nances of cantilever beam [11]. However, the vibration sup
pression is achieved by pasting or embedding a single 
piezoelectric sheet into the cantilever beam structure and 
the piezoelectric sheet can only be driven in the d13=d31 
mode rather than the d33 mode which has a higher piezo
electric coefficient [12–14]. It is hard to drive a beam struc
ture that is much thicker than the piezoelectric sheet or has 
a certain rigidity. The design of the offset piezoelectric stack 
actuator offers several advantages over traditional piezoelec
tric wafers, which are listed and discussed in detail in Ref. 
[15], literature related to its cantilever applications is cur
rently scarce, much less if considering experimental tests 
and validation. Among the very few examples, Song et al. 
developed a novel piezoelectric actuator operating in d33 
mode for driving cantilever beams on high-end equipment 
[16]. Callipari et al. mounted a piezoelectric stack actuator 
on a cantilever plate representing a solar panel for experi
mental verification [17]. Zhou et al. implemented active 
vibration control of the cantilever sting based on piezoelec
tric stack actuators and velocity feedbacks using 
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accelerometers [18]. But, the main experimental object of 
vibration suppression is based on a thin cantilever beam 
structure, which cannot reflect the vibration characteristics 
of high-stiffness heavy cantilever structures in engineering 
applications, such as wind turbine blades, aircraft wings, and 
high-precision CNC machine cantilevers [19,20]. This dis
crepancy creates a significant gap between vibration suppres
sion research and practical application [21–23]. Further 
research should be carried out on how to use the character
istics which are small strain and large stress of piezoelectric 
materials to suppress the vibration for high-stiffness heavy 
cantilever beam structures.

The better the actuator layout is, the better the control 
performance of a system [24–28]. Zhu et al. reviewed 
morphing structures driven by macro-fiber composites and 
analyzed their advantages and limitations. [29]. Bruant et al. 
formulated the optimal location and number of piezoelectric 
sensors for active vibration control using a genetic algorithm 
[30]. Lu et al. used the pole configuration method to study 
the optimized layout of actuators in large thin-plate struc
tures [31]. Researchers have proposed many actuator opti
mization design methods based on various optimization 
criteria. However, different piezoelectric actuator layout 
optimization problems still exist for different smart piezo
electric structures [32]. A linear quadratic regulator is an 
effective control method for intelligent piezoelectric struc
tures [33,34]. Chhabra et al. studied vibration suppression 
for a simply supported plate with piezoelectric patches at 
optimal positions to suppress the first specified modes using 
an LQR controller [35]. The core goal of linear quadratic 
optimal control is to minimize the objective function. A rea
sonable selection of the weighting coefficients Q and R will 
lead to better control system performance. Lu et al. explored 
the effects of different weighting factors, Q and R, on a sys
tem in their study of lightweight thin-film plate mirrors 
[36]. Afshar et al. designed the weighting coefficients Q and 
R to obtain an optimal feedback matrix in their study of 
electromagnetic levitation system [37]. However, in many 
application scenarios, there is no exact rule for selecting the 
weighting coefficients, and debugging is usually based on 
experience [38].

In summary, the vibration suppression of lightweight 
cantilever structures based on piezoelectric materials has 
been intensively studied, but vibration control for high-stiff
ness heavy structures is rare. The main previous experimen
tal object of vibration suppression is based on a thin 
cantilever beam structure, which cannot reflect the vibration 
characteristics of high-stiffness heavy cantilever structures in 
engineering applications, such as wind turbine blades, air
craft wings, and high-precision CNC machine cantilevers. 
This discrepancy creates a significant gap between vibration 
suppression research and practical application. In addition, 
while there is considerable research on the optimal place
ment of surface-mounted piezoelectric sensors and actuators 
on smart beam structures, there is limited work on the lay
out optimization of BPSA. To address this research gap, 
this manuscript designed a new type of bending moment 
piezoelectric stack actuator for suppressing vibrations in 

high-stiffness, heavy cantilever structures. The state-space 
equations of a piezoelectric cantilever beam were obtained 
on the basis of an equivalent mechanical model of the piezo
electric stack actuator. The Q and R matrices were chosen 
to minimize the displacement at the end of the cantilever 
beam, and a new linear quadratic regulator (LQR) was 
obtained. On the basis of the controllability criterion and 
the criterion for maximizing modal force, an optimized 
layout design of the piezoelectric cantilever beam was 
completed and experimentally validated on a large-size, 
high-mass and high-stiffness piezoelectric cantilever beam. 
This work provides a solid theoretical and experimental 
basis for the application of small-strain, high-stress piezo
electric materials in vibration suppression of high-stiffness 
heavy cantilever structures.

2. Bending moment piezoelectric stack actuator

2.1. Design and modeling of a bending moment 
piezoelectric stack actuator

A bending moment actuator usually uses Macro Fiber 
Composite (MFC) to generate driving moments by attaching 
it to the surface of the structures to be controlled. However, 
the output bending moment of this actuator is very small, 
which is suitable only for small thin-walled structures and 
not for large-size, high-mass and high-stiffness engineering 
structures. Under the same input voltage, the output force 
of a piezoelectric stack is significantly greater than that of 
an MFC. However, converting the axial output force of the 
piezoelectric stack into a driving moment to suppress the 
bending vibrations of a beam is challenging. To address this 
problem, a new bending moment actuator based on a piezo
electric stack actuator is developed in this manuscript, which 
can convert the axial force of the piezoelectric stack actuator 
into driving moments acting on engineering structures. The 
novel Bending Moment Piezoelectric Stack Actuator (BPSA) 
has several advantages over the Macro Fiber Composite 
(MFC). The BPSA produces a significantly higher output 
bending moment than the MFC, allowing it to effectively 
control high-stiffness structures. Unlike the MFC, which is 
permanently adhered to a structure’s surface and cannot be 
replaced, the BPSA enables easy coupling with other struc
tures, simplifying maintenance and replacement of the 
piezoelectric stack. Additionally, its encapsulated piezoelec
tric ceramics ensure stable operation in challenging environ
ments, including exposure to oil, water, and salt spray.

The BPSA consists of a piezo stack actuator, force trans
ducer, preloader, left connector, and right connector. This 
assembly converts the axial force generated by the piezo 
stack actuator into a bending moment that acts on a canti
lever beam. The piezo stack actuator consists of a piezo 
stack, a disk spring, a package housing, and an output side. 
The structural components and equivalent mechanical 
model of the piezo stack actuator are shown in Figure 1. 
The relevant parameters of the BPSA are shown in Table 1. 
The piezoelectric stack produces an inverse piezoelectric 
effect in response to the input voltage. The force of the 
piezo stack is divided into two parts, one part is transferred 
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to the package housing through the disk spring and the 
other part is applied to the structure to be controlled 
through the output side. The output side is connected in 
series with the control object via adapters. The structural 
components and equivalent mechanical model of the BPSA 
are shown in Figure 2.

When the input voltage of the piezoelectric actuator is V 
and the preload force of the preloader is p; the deformation 
of the piezoelectric stack can be written as [39].

dP ¼ nðd33V − hp=cE
33APÞ (1) 

where n is the number of piezoelectric wafers, d33 is the 
piezoelectric strain constant, h is the thickness of a single 
wafer, cE

33 is the stiffness coefficient of the piezo stack, and 
AP is the cross-sectional area of the piezo stack.

The internal strain of the piezoelectric stack can be 
expressed as

eP ¼
dP

lP
¼

n
n � h

d33V − hp=cE
33AP

� �
¼ d33VP=h − p=cE

33AP

(2) 

where lP is the length of the piezo stack.
According to Hooke’s law, the internal axial force of the 

stack can be obtained:

FP ¼ EPePAP ¼ EP d33APVP=h − p=cE
33

� �
(3) 

where EP is the elastic modulus of the piezoelectric material.
The piezoelectric stack output force and displacement can 

be written as

Fout ¼ FP �
k23k24

k23 þ k24

. k21k22

k21 þ k22
þ

k23k24

k23 þ k24

� �

(4) 

uout ¼
Fout

k23
¼ EP d33APVP=k23h − p=k23cE

33
� �

(5) 

where k21 is the rigidity of the disk spring, k22 is the rigidity 
of the shell, k23 is the rigidity of the output side, and k24 is 
the rigidity of the adapters.

The bending moment generated by the BPSA can be 
written as

MBPSA ¼ Fout�y ¼ EPy d33APVP=h − p=cE
33

� � k23k24

k23 þ k24

.

k21k22

k21 þ k22
þ

k23k24

k23 þ k24

� � (6) 

where y is the distance between the axis of the piezoelectric 
stack actuator and the neutral surface of the cantilever beam.

The proportional relationships among the actuating 
moment, the installing height of the BPSA, the precompres
sion force and the driving voltage are expressed in Eq. (6).

2.2. Mechanical modeling of high-stiffness heavy 
piezoelectric cantilever beams

The BPSA converts the axial force of the piezoelectric stacked 
actuator into a driving bending moment to act on the canti
lever beam and suppresses the vibration of the cantilever 
beam. The cantilever beam in this work is characterized by a 
large size, high mass and high stiffness (Figure 3). The length 
of the cantilever beam is 1200 mm, the width is 150 mm, and 
the thickness is 60 mm. The distances from the left end and 
the right end of the BPSA to the fixed end of the cantilever 
beam are x1 and x2; respectively. The specific parameters of 
the piezoelectric cantilever beam are shown in Table 2.

Modal analysis theory can convert physical coordinates 
into modal coordinates. When calculating the forced vibra
tion response of a cantilever beam, modal analysis theory 
uses the orthogonality of the motion system eigenfunctions 
to substantially reduce the computational effort.

The transverse vibration of a cantilever beam under 
external loading is as follows

m
@2w
@t2 þ c

@w
@t
þ ENTEEI

@4w
@x4 ¼ f ðx, tÞ (7) 

The displacement of the structure is divided into a tem
poral component and a spatial component

Figure 1. Modeling of piezoelectric stack actuator. (a) Design diagram. (b) Equivalent mechanical model diagram.

Table 1. BPSA parameters.

Parameter Value

PZT diameter/mm 25
Maximum dynamic displacement/mm 60
Maximum output force/N 12000
Maximum operation voltage/V 1000
Maximum operating temperature/�C 200
Thickness of single ceramic layer/mm 0.5
Elastic compliance coefficient/(m2/N) 18:5� 10−12

Piezoelectric charge coefficient/(C/N) 440� 10−12

Disk spring stiffness/(N/mm) 11.1
Shell stiffness/(N/mm) 489.94
Output side stiffness/(N/mm) 560
Adapters stiffness/(N/mm) 497.04

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 3



wðx, tÞ ¼ UðxÞgðtÞ (8) 

The external force is expressed in the form of a vibration 
pattern as

f ðx, tÞ¼
X1

i¼1
fiðtÞUiðxÞ (9) 

By substituting Eq. (8) and Eq. (9) into Eq. (7),
X1

i¼1
ðmiUiðxÞ€gðtÞ þ ciUiðxÞ _gðtÞ þ EIUi

0000ðxÞgðtÞÞ

¼
X1

i¼1
fiðtÞUiðxÞ (10) 

The equation for the transverse free vibration of a canti
lever beam is as follows:

EI
@4UðxÞ
@x4 − mx2UðxÞ ¼ 0

@2gðtÞ
dt2 þ x2gðtÞ ¼ 0

8
>><

>>:

(11) 

By substituting Eq. (11) into Eq. (10),
X1

i¼1
ðUiðxÞ€gðtÞ þ 2fiwniUiðxÞ _gðtÞ þ wni

2UiðxÞgðtÞÞ

¼
X1

i¼1
fiðtÞUiðxÞ=mi (12) 

Normalization vis vibrational orthogonality gives:

ðL

0

Ui
2ðxÞdx ¼ 1, i ¼ 1, 2, 3 � � � (13) 

Equation (12) can be written as

€giðtÞ þ 2fiwni _giðtÞ þ wni
2gðtÞ ¼ fiðtÞ=mi (14) 

The disturbance and control forces applied to the canti
lever are assumed to be fpðx, tÞ and fconðx, tÞ:

fpðx, tÞ¼FpðtÞ dðx − x0Þ (15) 

fconðx, tÞ¼MconðtÞ
@

@x
ðdðx − x2Þ − dðx − x1ÞÞ (16) 

Therefore,

f ðx, tÞ¼fpðx, tÞ þ fconðx, tÞ

¼FpðtÞ dðx − x0Þ þMconðtÞ
@

@x
ðdðx − x2Þ − dðx − x1ÞÞ

(17) 

Figure 2. Modeling of the BPSA (a) design diagram. (b) Working principle diagram.

Figure 3. Modeling of piezoelectric cantilever beam.

Table 2. Piezoelectric cantilever beam parameters.

Parameters Value

Length � width � height/(mm�mm�mm) 1200�150�60
density/(Kg/m3) 7850
Elastic Modulus/GPa 206
Poisson’s ratio 0.28
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Multiplying both ends of Eq. (17) simultaneously by 
UiðxÞ; and integrating across the entire span of the beam 
results in a final value.

fiðtÞ¼
ðL

0

f ðx, tÞUiðxÞdx (18) 

By substituting Eq. (17) into Eq. (18),

fiðtÞ¼
ðL

0

FpðtÞ dðx − x0ÞUiðxÞ þMconðtÞ
@

@x
ðdðx − x2Þ

−dðx − x1ÞÞUiðxÞdx
¼FpðtÞ Uiðx0Þ þMconðtÞðUi

0ðx2Þ − Ui
0ðx1ÞÞ

(19) 

By substituting Eq. (19) into Eq. (14),

€giðtÞ þ 2fiwni _giðtÞ þ wni
2gðtÞ ¼ FðtÞUiðx0Þ=mi

þMconðtÞðUi
0ðx2Þ − Ui

0ðx1ÞÞ=mi
(20) 

Assume that y is the distance from the driving force to 
the neutral plane of the cantilever.

Mcon¼MBPSA ¼ EPy d33APVP=h − p=cE
33

� � k23k24

k23 þ k24

.

k21k22

k21 þ k22
þ

k23k24

k23 þ k24

� � (21) 

The modal equations can be written as follows

_gðtÞ
€gðtÞ

" #

¼
0 1

−wi
2 −2fiwi

" #
gðtÞ
_gðtÞ

" #

þ

0
ðUi
0ðx2Þ − Ui

0ðx1ÞÞ

mi

2

4

3

5MBPSAðtÞ þ
0

Uiðx0Þ

mi

2

4

3

5FðtÞ

(22) 

2.3. Design of the active vibration controller

2.3.1. State-space equations of the piezoelectric cantilever 
beam

Introducing the state vector xiðtÞ ¼ ½giðtÞ _giðtÞ�
T
; the state- 

space equation is as follows:

_xðtÞ ¼ AxðtÞ þ BpFðtÞ þ BconMBPSAðtÞ (23) 

where A ¼ 0 1
−wi

2 −2fiwi

� �

; Bp ¼
0

Uiðx0Þ

mi

2

4

3

5;

and Bcon ¼
0

ðUi
0ðx2Þ − Ui

0ðx1ÞÞ

mi

2

4

3

5:

The deflection value of the free end is as follows

yðlb, tÞ ¼
Xn

i¼1
UiðlbÞgiðtÞ (24) 

The end displacement is chosen as the output of the 
vibration system, then the state output variable is defined as

yðtÞ ¼ CxðtÞ (25) 

where C ¼ UiðlbÞ 0
� �

.
The state-space equation of the system is as follows:

_XðtÞ ¼ AxðtÞ þ BconMBPSAðtÞ þ BpFðtÞ
YðtÞ ¼ CXðtÞ

(

(26) 

2.3.2. Design of the linear quadratic optimal regulator
The essential problem of the LQR is to determine the best 
control law that minimizes the performance function. In the 
performance function, the 1st integral term serves to minim
ize the error, and the 2nd integral term serves to minimize 
the energy input. The system will produce different optimal 
solutions for different choices of the Q and R weighting 
matrices. The performance of the control system is intri
cately linked to the choice of Q and R. The performance 
function of the LQR is as follows

J ¼
ðt1

t0

xTðtÞQxðtÞ þ uTðtÞRuðtÞ
� �

dt (27) 

where Q represents the matrix for weighting the state vari
able. R represents the matrix for weighting the input 
variables.

This method uses the terminal displacement of the canti
lever as a measure of vibration severity. Therefore, a dis
placement sensor was chosen to capture the final deflection. 
The matrices for weighting the state variables and input var
iables are detailed below.

Q¼C0 � C (28) 

R¼1� e−12 � eyeðNCÞ (29) 

where NC is the number of linear quadratic optimal 
regulators.

Once the performance function is determined, the 
essence of resolving the optimal problem is to solve the 
extreme value of the performance function. The perform
ance function is constrained by the equation of state of the 
system. The Hamilton matrix is established as follows

H ¼
1
2

xTðtÞQxðtÞ þ uTðtÞRuðtÞ
� �

þ kTðtÞðAðtÞxðtÞ þ BðtÞuðtÞÞ (30) 

where kðtÞ is the Lagrange multiplier.
The state-space equation is as follows:

_xðtÞ ¼
@H
@k
¼ AðtÞxðtÞ þ BðtÞuðtÞ (31) 

The covariance equation is as follows:

_kðtÞ ¼ −
@H
@x
¼ −QðtÞxðtÞ − ATðtÞkðtÞ (32) 

The necessary conditions for optimal control are as 
follows:

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 5



@H
@u
¼ RðtÞuðtÞ þ BTðtÞkðtÞ ¼ 0 (33) 

The optimal control signal can be derived from Eq. (33). 
The optimal solution of the performance function is as 
follows:

uðtÞ� ¼ −R−1ðtÞBTðtÞkðtÞ (34) 

According to optimal control theory, the relationship 
between kðtÞ and xðtÞ is as follows:

kðtÞ ¼ PðtÞxðtÞ (35) 

PðtÞ fulfills the Riccati differential equation:
_PðtÞ ¼ −PðtÞAðtÞ − ATðtÞPðtÞ þ PðtÞBðtÞR−1ðtÞBTðtÞPðtÞ

− QðtÞ
(36) 

The optimal control signals are as follows:

uðtÞ� ¼ −R−1ðtÞBTðtÞPðtÞxðtÞ ¼ −GxðtÞxðtÞ (37) 

where GxðtÞ is the feedback gain matrix.
In the steady-state case, the state of the system asymptot

ically converges to zero, and the solution of the Riccati dif
ferential equation asymptotically converges to a constant. 
After the system has stabilized, the Riccati differential equa
tion is simplified as follows:

PAþ ATP − PBR−1BTP þ Q ¼ 0 (38) 

The LQR function can be used to solve the optimal con
trol in the numerical simulation software. The LQR function 
is implemented as follows:

Syntax : Gx, P, e½ � ¼ lqrðA, B, Q, RÞ (39) 

where e is the eigenvalue of the closed-loop system.

3. Optimized layout design of the piezoelectric 
cantilever beam

A reasonable placement of an actuator in a controlled struc
ture can achieve excellent control effects with less power con
sumption. The cost of a single BPSA is relatively low, and its 
weight is only about 350 g, which does not impact the overall 
structure’s weight. The BPSA enables easy coupling with the 
controlled structures, simplifying maintenance and replace
ment of the piezoelectric stack, making it easy to implement. 
Therefore, this section studies the layout optimization of 
piezoelectric stack actuators on the base of the controllability 
criterion and modal force maximization criterion.

3.1. Optimized layout design based on controllability 
criteria

The concept of controllability was first introduced by 
Kalman. It plays an important role in modern control the
ory. In this section, an optimized layout design of actuators 
was studied according to the controllability index. This 
index measures the control capability of the actuator under 
a given input voltage.

From the state-space equations of the system, the control 
forces acting on the system are as follows:

ff g ¼ ½B�fug (40) 

The magnitude of the control force can be expressed as

ff gT
ff g ¼ fugT

½B�T ½B�fug (41) 

The singular value decomposition of matrix B is

B ¼ MSNT (42) 

where MMT ¼ MTM ¼ E, NNT ¼ NTN ¼ E, S ¼
r1 0 0 0
0 r2 0 0

0 0 . .
.

0
0 0 0 rk

2

6
6
6
4

3

7
7
7
5

By substituting Eq. (41) into Eq. (40):

ff gT
ff g ¼ fugTNS2NTfug (43) 

where S2 ¼

r1
2 0 0 0

0 r2
2 0 0

0 0 . .
.

0
0 0 0 rk

2

2

6
6
6
4

3

7
7
7
5

Introducing an emerging input vector gives

v ¼ NTfug (44) 

The input vector is equivalent to the original control 
input vector fug in terms of energy. Equation (42) can be 
represented as

ff gT
ff g ¼ vTS2v ¼

Xk

i¼1
ri

2vi
2 (45) 

where ri is the singular value of the input matrix.
ri varies with the location of the actuator. Introducing 

the controllability index gives

Xi¼ rij j (46) 

Therefore, the larger the controllability index is, the 
greater the control force of the driver on the cantilever 
beam. The controllability index of the model is solved to 
determine the optimal control location of the actuator. The 
control input matrix of this manuscript is as follows:

Bcon ¼
0

ðUi
0ðx2Þ − Ui

0ðx1ÞÞ

mi

2

4

3

5 (47) 

Singular value decomposition is performed on the control 
input matrix to obtain the singular values as follows:

ri¼
1

mi
ðUi
0ðx2Þ − Ui

0ðx1ÞÞ (48) 

When the actuator is significantly shorter than the canti
lever beam, Eq. (47) can be expressed as

ri¼
Dx
mi
ðUi

0 0

ðx1ÞÞ (49) 

where Dx is the length of the actuator.
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The controllability index can be expressed as

Xi¼
Dx
mi
ðUi

0 0

ðx1ÞÞ

�
�
�
�

�
�
�
� (50) 

The variation law of the controllability index is the same 
as that of Ui

0 0

ðx1Þ from Eq. (48). Therefore, the larger the 
absolute value of Ui

0 0

ðx1Þ is, the larger the controllability 
index, and the better the controllability of the system. The 
optimal control position of the actuator is determined 
according to the controllability index.

3.2. Optimized layout design based on the modal force 
maximization criterion

The principle of vibration suppression via actuators involves 
the actuator outputting a force in the opposite direction of 
the structure’s vibration, thus counteracting the deformation 
and vibration of the structure. Therefore, we should place 
the actuator where the deformation of the system is the larg
est. The principle of the modal force maximization criterion 
is to place the actuator at the highest modal deformation of 
the beam, thus generating the maximum modal control 
force of the structure and obtaining the best control [40].

According to cantilever beam mode theory, the deflection 
response of a cantilever beam from the application of a unit 
moment excitation is presented below:

wðx, xiÞ ¼
XN

i¼1

UiðxÞUi
0ðxiÞ

miXi2ð1 − wi
2 þ 2jniwiÞ

(51) 

where mi represents the ith order modal mass; Xi represents 
the ith order natural frequency; ni represents the ith order 
damping ratio; UiðxÞ represents the ith order intrinsic vibra
tion; and wi¼k=Xi:

Under the action of the BPSA, the displacement at the 
free end of the cantilever beam is as follows:

wðx, x1, x2Þ ¼ MBPSA
XN

i¼1

UiðxÞðUi
0ðx2Þ − Ui

0ðx1ÞÞ

miXi2ð1 − wi
2 þ 2jniwiÞ

(52) 

When the actuator is significantly shorter than the beam’s 
length, Eq. (57) can be expressed as

wðx, x1, x2Þ ¼ MBPSADx
XN

i¼1

UiðxÞUi
0 0

ðx1Þ

miXi2ð1 − wi
2 þ 2jniwiÞ

(53) 

Therefore, when the absolute value of Ui
0 0

ðx1Þ is taken as 
the maximum value, the maximum modal response for the 
ith order modal generalized force excitation can be obtained. 
The BPSA can induce the maximum ith order modal 
response.

According to material mechanics, the strain is related to 
the deflection as follows

e¼
y
q
¼ y

@2wðx, x1, x2Þ

@x2

¼ MBPSAyDx
XN

i¼1

Ui
0 0

ðxÞUi
0 0

ðx1Þ

miXi2ð1 − wi
2 þ 2jeiwiÞ

(54) 

Equation (52) shows that the strain in the cantilever 
beam is greatest when the absolute value of Ui

0 0

ðx1Þ is great
est, which means that the BPSA should be placed there.

The inherent frequency equation of the cantilever beam 
is as follows:

cos ðkiLxÞgcoshðkiLxÞ þ 1 ¼ 0 (55) 

The vibration function equation for the cantilever beam 
is as follows:

UiðxÞ¼ coshðkixÞ − cos ðkixÞ − bnðsinhðkixÞ − sin ðkixÞÞ
(56) 

where bn¼
coshðkiLxÞ− cos ðkiLxÞ

sinhðkiLxÞ− sin ðkiLxÞ
:

The graph of Ui
0 0

ðxÞ (i¼ 1, 2, 3) is plotted in Figure 4.
Consistent conclusions were derived on the base of con

trollability criterion and the modal force maximization cri
terion. For the first-order modes, the optimal control 
location is at the root of the cantilever beam. For the 
second-order mode, the optimal control location remains at 
the root of the cantilever beam, with a secondary control 
location at x¼ 0.53L. For the third-order mode, the optimal 
control location is at the root of the cantilever beam, with 
secondary and tertiary control locations at x¼ 0.71L and 
x¼ 0.31L respectively.

4. AVC simulation of piezoelectric cantilever beam

Researchers have conducted numerous studies on the vibra
tion suppression of cantilever beams and reported that the 
majority of the energy is concentrated in the first-order 
mode when a cantilever beam undergoes low-frequency 
vibration [2]. The piezoelectric cantilever beam in this study 
(1200 mm in length, 150 mm in width, and 60 mm in thick
ness) has a large size and mass, which makes it more prone 
to low-frequency vibration. In this section, the first-order 
mode vibration is taken as the target for vibration suppres
sion. The effects of different numbers of BPSAs and 

Figure 4. Second-order derivative curve of the oscillatory function with respect 
to x.
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different placement positions on the suppression of first- 
order mode vibrations were studied. An attempt was also 
made to simultaneously suppress the first three orders of 
modal vibration of the cantilever beam via a single actuator. 
The layout optimization design was simulated and validated 
via linear quadratic regulators.

4.1. Optimized layout design simulation verification of a 
single piezoelectric actuator

The LQR is well suited for controlling the first few orders of 
the system modalities. In this section, a single BPSA was 
simulated with a linear quadratic regulator. The BPSA was 
placed at different control positions to study the effect of 
the control position on the vibration characteristics of the 
system. The active control effect was reflected by the vibra
tion suppression rate of the cantilever beam. The LQR con
troller was placed at 0.1, 0.2, 0.3, 0.31, 0.4, 0.5, 0.53, 0.6, 0.7, 
0.71, 0.8, 0.9, or 1.0 L. The optimized design of a single 
BPSA layout was verified. The simulation results are dis
played in Figure 5.

The numerical simulation revealed the vibration suppres
sion effect of the cantilever beam when the LQR was 0.1, 
0.2, 0.3, 0.31, 0.4, 0.5, 0.53, 0.6, 0.7, 0.71, 0.8, 0.9, or 1.0 L, as 
shown in Table 3.

The simulation of the layout optimization for a single 
actuator indicates that the optimal control effect is achieved 
when the actuator is positioned at the root, resulting in a 
vibration suppression rate of 97.07%. As the actuator is 
moved further from the root, the control effectiveness pro
gressively diminishes, with a rapid decline in control per
formance observed when the actuator is positioned beyond 
the midpoint.

4.2. Optimized layout design simulation verification of 
multiple piezoelectric actuators

To investigate the effect of two BPSAs at different arrange
ment positions on the vibration control of a cantilever 

beam, we refer to the optimized layout design from the pre
vious analysis. For the first-order modes, the optimal control 
location is at the root of the cantilever beam. For the 
second-order mode, the optimal control location remains at 
the root of the cantilever beam, with a secondary control 
location at x¼ 0.53L. For the third-order mode, the optimal 
control location is at the root of the cantilever beam, with 
secondary and tertiary control locations at x¼ 0.71L and 
x¼ 0.31L respectively. In high-stiffness heavy cantilever 
structures, the fixed end is typically the power side, such as 
in ship propellers and wind turbine blades, while the free 
end often serves as the operational side, such as in CNC 
machine tools, where installing controllers is inappropriate. 
Based on these considerations, LQR controllers were placed 
at 0.31 and 0.53 L, 0.31 and 0.71 L, and 0.53 and 0.71 L. The 
shaker position remained unchanged. The simulation results 
are displayed in Figure 6.

The numerical simulation revealed the vibration control 
effect when the linear quadratic regulators were located at 
0.31 and 0.53 L, 0.31 and 0.71 L, and 0.53 and 0.71 L, as 
shown in Table 4.

A linear quadratic regulator was used to control the first 
three orders of modalities of the cantilever beam simultan
eously. The shaker and linear quadratic regulator were 

Figure 5. Amplitude response of the cantilever beam with the controller in dif
ferent positions.

Table 3. Vibration suppression effects of cantilever beams based on a single 
piezoelectric actuator.

Layout  
location

Uncontrolled  
amplitude (mm)

Controlled  
amplitude (mm)

Vibration  
suppression rate

0.1L 36.92 1.08 97.07%
0.2L 36.92 1.35 96.34%
0.3L 36.92 1.73 95.31%
0.31L 36.92 1.78 95.18%
0.4L 36.92 2.29 93.80%
0.5L 36.92 3.17 91.41%
0.53L 36.92 3.52 90.47%
0.6L 36.92 4.60 87.54%
0.7L 36.92 7.10 80.77%
0.71L 36.92 7.45 79.82%
0.8L 36.92 11.79 68.07%
0.9L 36.92 20.57 44.28%
1.0L 36.92 31.93 13.52%

Figure 6. Amplitude response of the cantilever beam with the controllers in 
different positions.
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arranged at 0.31 L of the beam. The illustration in Figure 7
depicts the vibration suppression effect.

The simulation results when a linear quadratic regulator 
is used to control the first three orders of modalities of the 
cantilever beam simultaneously are shown in Table 5.

The simulation of the layout optimization design of mul
tiple piezoelectric stack actuators leads to the conclusion 
that the vibration suppression rate exceeds 90% when two 
piezoelectric stack actuators are operating. Despite changing 
the arrangement position of the two piezoelectric actuators, 
the control effect is stable. The control effect gradually 
decreases as the control position moves away from the root. 
The suppression effect is obvious when the first three orders 
of the cantilever beam modalities are controlled simultan
eously by a single actuator.

5. AVC experiment of piezoelectric cantilever beam

5.1. Piezoelectric stack actuator force-electric coupling 
performance test experiment

The piezoelectric stack actuator force-electric coupling per
formance test platform is made of steel. The high rigidity of 
the platform creates good measurement conditions for 

force-electric coupling performance testing of the actuator. 
The structure of the test bench is shown in Figure 8. The 
actuator’s tail end is fastened to an adjustment pad. The 
actuator’s output is linked to a pressure sensor (model CL- 
YD-2311) through an adapter. The large displacement 
adjustment is performed by the adjustment pad. A small dis
placement adjustment is carried out by pushing the preload 
wedge with the preload bolt. Pressure sensors capture the 
actuator’s output force at different input voltages and input 
frequencies.

A piezoelectric stack actuator (diameter of 25 mm, length 
of 71 mm) was tested. The output force was tested at differ
ent input voltages and input frequencies, as shown in 
Figures 9 and 10.

The experimental results show that the output force 
increases linearly as the input voltage (less than or equal to 
500 V) increases when the input frequency is taken as a 
fixed value. However, as the input voltage (greater than 
500 V) increases, the linearity becomes worse. The output 
force remains stable as the input frequency increases when 
the input voltage is taken as a fixed value. However, when 
the input voltage is fixed (greater than 500 V), the output 
force decreases slightly increasing input frequency. One of 
the major reasons for the above phenomenon is that the 
output power of the power supply is insufficient as the input 

Table 4. Vibration suppression effects of cantilever beams based on multiple 
piezoelectric actuators.

Layout  
location

Uncontrolled  
amplitude (mm)

Controlled  
amplitude (mm)

Vibration  
suppression rate

0.31,0.53L 36.92 1.18 96.80%
0.31,0.71L 36.92 1.44 96.10%
0.53,0.71L 36.92 2.41 93.47%

Figure 7. Vibration suppression effect of the first three order modes of the can
tilever beam.

Table 5. Vibration suppression effect of the first three order modes of the 
cantilever beam based on a piezoelectric actuator.

Modal
Uncontrolled  

amplitude (mm)
Controlled  

amplitude (mm)
Vibration  

suppression rate

First order 5.40 0.50 90.74%
Second order 0.56 0.41 26.79%
Third order 0.12 0.10 16.67%

Figure 8. Piezoelectric stack actuator force-electric coupling performance test 
bench.

Figure 9. Output force of the piezoelectric stack actuator at different input 
voltages.
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voltage and input frequency of the piezoelectric stack actu
ator increase.

5.2. Active vibration control experiment of high-stiffness 
heavy cantilever beams based on the BPSA

Since the cantilever beam is made of steel with a large size, 
high mass and high stiffness, it is imperative to design a fas
tening device with adequate rigidity and stability. The fixture 
consists of a right-angled steel plate and two trapezoidal 
ribs. The root of the piezoelectric cantilever beam is bolted 
to this device. The fixing device is attached to the cast iron 
platform by bolts. The shaker is connected to the cast iron 
platform by a fixed support. The structure of the active 
vibration suppression experimental platform is shown in 
Figure 11.

In this experiment, the shaker (model JZK-50) serves as 
the excitation source for the system. The displacement sen
sor (model ZA-21) takes the vibration displacement signal 
from the tail end of the beam and inputs it to the vibration 
signal processing system. The vibration signal processing 
system was outfitted with an 8-channel verified time con
troller (model PXIe-8881, equipped with a Linux RT real- 
time operating system), a 2-channel 24-bit analogue output 
dynamic signal generator (model PXIe-4463), and a 16- 

channel 24-bit dynamic signal acquisition card (model PXIe- 
4497). The vibration control system generates an optimal 
feedback signal to the actuator. The actuator generates an 
antiphase vibration to suppress the vibration of the piezo
electric cantilever beam. To ensure the reproducibility of the 
experiment, we conducted the tests during quiet periods 
with stable temperature and humidity conditions, which had 
almost no impact on the results. The primary source of 
measurement uncertainties in our study stems from reading 
errors, which were minimized by averaging multiple sets of 
data to reduce variability, and confidence intervals have also 
been added.

5.2.1. Modal test experiment with the piezoelectric canti
lever beam

In this section, the hammering method was selected for the 
modal testing of the system. A force hammer was used to 
strike the hammering point, and the displacement sensor 
collected the displacement signal. A Fourier transform was 
performed in the data analyzer to obtain the intrinsic fre
quency of the system. The experimental results of the canti
lever beam modal test are shown in Figure 12.

Modal testing of the cantilever beam was carried out via 
the hammering method. The displacement time domain 
information was subjected to fast Fourier variation to obtain 
the intrinsic frequency of the cantilever beam. The first- 
order inherent frequency of the system is 21 Hz.

5.2.2. Experiments on low-frequency active vibration con
trol of high-stiffness heavy cantilever beams

An exciter is used as the excitation of the system, and a 
BPSA is used for vibration suppression of the cantilever 
beam. Displacement transducers are used to acquire the 
vibration signals. A data analyzer is used to analyze the 
vibration signals. The experimental system for active vibra
tion control of the piezoelectric cantilever beam is shown in 
Figure 13.

In this experiment, the BPSA was positioned at the root 
of the beam. The vibration suppression effects at different 
vibration frequencies (5–50 Hz) are shown in Table 6. 
Additionally, the active vibration control effects of tradi
tional PID control and LQR control at 10 Hz (noninvasive 
frequency) and 21 Hz (intrinsic frequency) were compared. 
The PID controller parameters Kp; Ki; Kd; and N were set 
to 0.5203, 4.0918, 0.0069, and 1000, respectively. The LQR 
control demonstrated improvements of 48.79% and 23.80%, 
respectively, compared to PID control at 10 Hz and 21 Hz, 
as shown in Figure 14.

The experimental results show that the vibration suppres
sion rate is 72.47% when the vibration frequency is 21 Hz 
(intrinsic frequency). At different vibration frequencies, the 
vibration suppression rate of high-stiffness heavy piezoelec
tric cantilever beams is above 50%. The effect of active 
vibration control at low frequencies for high-stiffness heavy 
piezoelectric cantilever beams is obvious.

Figure 10. Output force of the piezoelectric stack actuator at different input 
frequencies.

Figure 11. Experimental platform for active vibration control of the piezoelec
tric cantilever beam.
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5.2.3. Experiments on the layout optimization design of a 
single piezoelectric actuator

The BPSA was arranged at different positions of the canti
lever beam to verify the optimized layout of a single BPSA. 
The input frequency of the exciter and the BPSA was 21 Hz 
(intrinsic frequency). The vibration suppression effects at 
different positions of the cantilever beam are shown in 
Table 7. The BPSA was positioned at the root, middle or 
tail. The experimental results are shown in Figure 15.

The experimental results indicate that the vibration sup
pression rates are 72.47%, 62.45% and 56.01% when the 
BPSA is arranged at the root, middle and tail of the beam, 
respectively. As the BPSA is moved away from the fixed end 
of the cantilever beam, the control capability gradually 
decreases. Huang et al. conducted similar experiments, 

finding that under the same control parameters, the piezo
electric sheets require control voltages of 63 V and 75 V at 
0.44 and 0.69 L, respectively, with the required voltage 
increasing as the distance from the fixed end increases, and 
that the control effect is worst at the free end, improving as 
the fixed end is approached, with smaller vibration ampli
tudes and better control [2]. The experiments effectively ver
ify the optimized layout design of the single piezoelectric 
actuator.

From the energy point of view, the mechanical energy of 
the cantilever beam consists of kinetic energy and elastic 
potential energy. If we ignore the effect of damping, these 
two energies are converted to each other and their sum 
remains constant. If we can offset the elastic potential 
energy or kinetic energy of the cantilever beam system by 
inputting energy to the cantilever beam system through a 
piezoelectric stack actuator, then active vibration suppres
sion of the cantilever beam system can be achieved. For a 
cantilever beam, its elastic potential energy is proportional 
to the square of the strain, and the maximum strain is gen
erated at the point of maximum elastic potential energy. 
Therefore, arranging the piezoelectric stack actuator at the 
maximum strain of the cantilever beam can offset the elastic 
potential energy of the cantilever beam system to the max
imum extent, and the active vibration control effect of the 
cantilever beam is the best. The maximum strain of a canti
lever beam is located at the root, and the strain decreases as 

Figure 12. Modal experiment. (a) Time domain response. (b) Frequency domain response.

Figure 13. Active vibration control system of piezoelectric cantilever beam.

Table 6. Vibration suppression effects of different excitation frequencies.

Frequency  
(Hz)

Uncontrolled  
amplitude (mm)

Controlled  
amplitude (mm)

Vibration  
suppression rate

5 15.85 6.06 61.77%
10 18.98 6.52 65.65%
15 30.68 10.52 65.71%
21 30.77 8.47 72.47%
25 26.62 10.85 59.24%
30 11.22 4.12 63.28%
35 8.33 3.58 57.02%
40 5.64 2.42 57.09%
45 7.77 3.66 52.90%
50 7.71 3.74 51.49%
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the distance from the root increases, leading to poorer con
trol performance.

5.2.4. Experiments on optimized layout design of multiple 
piezoelectric actuators

The BPSAs were placed at the root and middle, root and 
tail, and middle or tail of the cantilever beam. These results 
were used to verify the optimized layout design of multiple 
piezoelectric actuators. The input frequency of the exciter 
and the BPSAs was 21 Hz (intrinsic frequency). The BPSAs 
were positioned at the root and middle, root and tail, and 
middle and tail of the piezoelectric cantilever beam. The 
vibration suppression effects at different positions of the 
cantilever beam are shown in Table 8. The experimental 
results are shown in Figure 16.

The experimental results indicate that the vibration sup
pression rates are 80.99%, 74.67% and 65.91% when the 
BPSAs are positioned at the root and middle, root and tail, 
middle and tail of the beam, respectively. As the BPSAs are 
moved away from the fixed end of the cantilever beam, the 
control capability gradually decreases. The experiment effect
ively verifies the optimized layout design of the multiple 
piezoelectric actuators.

5.2.5. Error analysis between simulation and experimental 
results

The AVC simulation results and the experimental results of 
the piezoelectric cantilever beam show some discrepancies. 
The vibration suppression rate in the simulation is 15.81% 

Figure 14. Vibration suppression effects of different excitation frequencies. (a) Noninvasive frequency. (b) Intrinsic frequency.

Table 7. Vibration suppression effects of different control positions.

Layout location
Uncontrolled  
average (mm)

Controlled  
amplitude (mm)

Controlled  
average (mm)

Confidence  
interval (95%)

Vibration  
suppression rate

Root 30.77 8.39 8.47 [8.30, 8.64] 72.47%
8.50
8.52

Middle 31.08 11.78 11.67 [11.43, 11.91] 62.45%
11.59
11.64

Tail 31.19 13.66 13.72 [13.54, 13.90] 56.01%
13.70
13.80

Figure 15. Vibration suppression effects of different control positions. (a) Root. (b) Middle. (c) Tail.
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to 28.02% higher than in the experiment, as shown in 
Table 9.

The discrepancies between the simulation and experimen
tal results can be attributed to several factors. First, the 
numerical model cannot fully capture the material properties 
of the piezoelectric material and its dynamic output charac
teristics, leading to deviations. Additionally, the simulation 
does not accurately represent experimental constraints such 
as contact stiffness, friction, and preload conditions, all of 
which influence the system’s dynamic behavior. Moreover, 
the experiment is affected by factors such as the accuracy of 
the testing equipment and data transmission delays, whereas 
the numerical simulation operates under ideal control condi
tions. As a result, the suppression effect observed in the 
numerical simulation is higher than that in the experiment.

To improve the accuracy of numerical simulations, sev
eral aspects can be optimized. Incorporating experimentally 
obtained piezoelectric material properties and dynamic out
put characteristics into the numerical model is essential. 
Additionally, implementing more realistic experimental con
straints, such as contact stiffness, friction, and preload con
ditions, should be considered in the simulation. System 

identification techniques can be employed to refine numer
ical parameters, thereby ensuring the simulation results align 
more closely with experimental observations. Furthermore, 
the use of high-resolution sensors and advanced data acqui
sition systems can enhance experimental accuracy, ultimately 
improving the effectiveness of active vibration control.

6. Conclusion

In this work, a bending moment piezoelectric stack actuator 
(BPSA) was designed, which greatly facilitates the coupling 
of the piezoelectric stack actuator and the structures as well 
as the maintenance and replacement of the piezoelectric 
stack without changing the shape of the original structure. 
On the basis of the encapsulated piezoelectric stack actuator 
structure, an equivalent mechanical model of the encapsu
lated piezoelectric stack was derived. The state–space equa
tion of the piezoelectric cantilever beam was subsequently 
obtained. With the objective of minimizing the end displace
ment of the piezoelectric cantilever beam, the coefficient 
matrices Q and R were selected, and a linear quadratic regu
lator (LQR) was designed. The optimal control law for the 
first three orders of the piezoelectric cantilever beam modal
ities was obtained according to the controllability criterion 
and the modal force maximization criterion. Numerical sim
ulations of the layout optimized design of single and mul
tiple BPSAs show that as the BPSA is moved further from 
the root of the piezoelectric cantilever beam, the control 
effectiveness progressively diminishes. The experimental 
results show that low-frequency active vibration suppression 
effects of high-stiffness heavy piezoelectric cantilever beam 

Table 8. Vibration suppression effects of different control positions.

Layout location
Uncontrolled  
average (mm)

Controlled  
amplitude (mm)

Controlled  
average (mm)

Confidence  
interval (95%)

Vibration  
suppression rate

Root and middle 31.41 5.91 5.97 [5.79, 6.15] 80.99%
5.95
6.05

Root and tail 31.66 7.98 8.02 [7.80, 8.24] 74.67%
7.96
8.12

Middle and tail 31.77 10.77 10.83 [10.70, 10.96] 65.91%
10.85
10.87

Figure 16. Vibration suppression effects of different control positions. (a) Root and Middle. (b) Root and tail. (c) Middle and tail.

Table 9. Error analysis between simulation and experimental results.

Layout location
Simulation  

suppression rate
Experimental  

suppression rate Error

Root 95.18% 72.47% 22.71%
Middle 90.47% 62.45% 28.02%
Tail 79.82% 56.01% 23.81%
Root and middle 96.80% 80.99% 15.81%
Root and tail 96.10% 74.67% 21.43%
Middle and tail 93.47% 65.91% 27.56%
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based on BPSAs is obvious. At different stimulation frequen
cies, the vibration suppression rate of the piezoelectric canti
lever beam is above 50%. The vibration dampening rate is 
72.47% when the vibration frequency is 21 Hz (inherent fre
quency). The experimental results of the optimized layout 
design show that the vibration suppression rates are 72.47%, 
62.45% and 56.01% when the BPSA is arranged at the root, 
middle and tail of the cantilever beam, respectively. The 
vibration suppression rates are 80.99%, 74.67% and 65.91% 
when the BPSAs are positioned at the root and middle, root 
and tail, and middle and tail of the cantilever beam, respect
ively. The vibration suppression performance tends to 
decrease as the control position of the BPSAs moves away 
from the fixed end of the cantilever beam. This work pro
vides a solid theoretical and experimental basis for the appli
cation of small-strain, high-stress piezoelectric materials in 
the active vibration control of high-stiffness heavy cantilever 
structures.

Many high-stiffness cantilever structures may operate in 
environments with varying temperature and load conditions, 
which pose challenges to the active vibration control per
formance of the BPSA. When the temperature decreases, the 
output performance of the BPSA declines, potentially reduc
ing its active vibration control effectiveness. Designing a 
thermal insulating structure for the BPSA is an effective 
method to maintain its control performance in temperature- 
varying environments. For high-stiffness cantilever struc
tures with loads, developing an accurate vibration control 
model would help maintain stable active vibration control 
performance. The BPSA design holds significant potential 
for application in the active vibration control of high-stiff
ness cantilever structures, and even more complex struc
tures, across various engineering fields, including aerospace, 
construction, and mechanical engineering. In aerospace 
engineering, it can be used for vibration suppression in air
craft wings, fuselage components, and spacecraft structures, 
enhancing stability and performance in dynamic environ
ments. Similarly, in construction engineering, BPSA can 
improve vibration control in large-span structures such as 
bridges and steel structures, thereby enhancing safety and 
durability. In mechanical engineering, BPSA can play a cru
cial role in stabilizing high-precision machinery and robotic 
arms, where vibration control is critical for maintaining 
accuracy and efficiency. The BPSA is well-suited for active 
vibration control in high-stiffness cantilever structures, but 
it requires the controlled structure to have a certain thick
ness or the shape variations of the controlled structure 
should not affect its operation. Further research should be 
carried out on how to use the characteristics which are 
small-strain and high-stress of piezoelectric materials to sup
press the vibration for high-stiffness, high-precision and 
large size engineering structures.
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