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 A B S T R A C T

Bilayer and multilayer films enhance functional performance through the designed property differences 
between their constituent layers, leading to their widespread application. The adhesive interface is crucial for 
stress transfer and for predicting structural delamination and deformation. This study investigates the blister 
deformation and subsequent delamination of a bilayer film subjected to shaft loading. A theoretical framework 
combining nonlinear elasticity and Griffith’s energy theory is developed to predict the film’s behavior. Finite 
element simulations and physical experiments are conducted to validate the theoretical predictions. Finally, we 
analyze the effects of different modulus ratios and pre-stretched conditions on deformation and delamination, 
providing insights for designing and optimizing bilayer film systems.
. Introduction

Thin films are fundamental to numerous natural and engineered sys-
ems. Moving beyond single-layer designs, bilayer and multilayer struc-
ures provide expanded functionality by combining layers with distinct 
roperties. These advanced films have found significant applications in 
ields such as biomedical engineering [1,2], flexible electronics [3,4], 
nd aerospace [5]. An exemplary application is the bilayer Janus 
ressing [6,7], consisting of thin films with different functionalities: 
he tissue-facing side is typically hydrophilic to promote adhesion and 
nterfacial compatibility, while the outer side is rendered hydrophobic 
o minimize adhesion to surrounding tissues [6,7]. Interface between 
ayers governs stress transfer, as a key determinant of safety and per-
ormance in bilayer and multilayer films [8]. Hence, understanding the 
nterfacial adhesion and deformation behavior of bilayer film structures 
s essential for guiding their design.
Kendall’s foundational work on film peeling has promoted the re-

earch into theoretical models of peeling [9]. Recent work has incor-
orated hyperelasticity [10,11], viscoelasticity [12,13], plasticity [14–
7], pre-stretched [18], and friction [19] into peeling analyses. How-
ver, most theories remain focused on single-layer films, while many 
pplications (such as laminated Janus dressings [20,21] and transfer 
rinting of flexible electronics [22,23]) involve bilayer or multilayer 
ilms. Theoretical models addressing the delamination and deformation 
f bilayer films remain relatively limited and are largely restricted to 
wo-dimensional analyses of slender-tape geometries. For example, in 
ecent work, Yin et al. [22] develops a two-dimensional model based 
n small-deformation theory and cohesive-zone theory to analyze the 
ompetitive delamination between bilayer tape films and substrates, 

∗ Corresponding author.
E-mail address: lengjs@hit.edu.cn (J. Leng).

deriving an analytical expression for the interaction-zone length and 
conducting an in-depth theoretical investigation of delamination in 
the context of film transfer, considering bending stiffness, interfacial 
toughness, and interfacial strength. Prior to Yin et al. two frameworks 
had been established: (i) cohesive-zone models to describe fracture-
path selection (Jain et al. [24]; Yin et al. [25]; Jian et al. [23]); 
(ii) energy-method frameworks based on variational analyses of strain 
energy in deformed bilayers (Heide et al. [26]; Shen et al. [27,28]). 
These approaches prove effective for slender-tape bilayers, with the 
former highlighting fracture strength and mode effects and the latter 
capturing large deformations.

A typical feature of slender-tape film peeling is that the delam-
ination front forms a straight line, reducing the problem to a two-
dimensional delamination analysis. However, for multilayer film struc-
tures such as Janus bilayer dressings, realistic loading conditions of-
ten yield localized or nonuniform stresses on the film, giving rise to 
three-dimensional debonding phenomena. At present, most theoretical 
studies of three-dimensional peeling of thin films assume single-layer 
peeling from a rigid substrate [29,30]. Research specifically address-
ing three-dimensional debonding in bilayer films remains relatively 
limited. Therefore, in this work we investigate the three-dimensional 
deformation and interfacial delamination behavior of bilayer films 
under localized loading, with the aim of providing theoretical guidance 
for the design of bilayer film systems.

This work proceeds as follows. We establish the theoretical frame-
work for the deformation and delamination of bilayer films in Section 2. 
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Fig. 1. Schematic diagram of the theoretical model. The axisymmetric bilayer films are fixed at the outer boundaries. The center of the upper film is connected 
to a flat indenter. When a vertical displacement is applied to the indenter, the bilayer membrane will deform and delaminate. 𝐻I0 and 𝐻II0 are initial thicknesses 
of the upper and lower films. 𝑅c are the radius of two films. 𝑍a is the platen vertical displacement and 𝑍̄a =

𝑍a

𝑅c
. 𝜌b is the material coordinate at the debonding 

point and 𝜌̄b = 𝜌b
𝑅c
. 𝑢(𝜌b) is the radial displacement of debonding point and 𝑢̄(𝜌b) = 𝑟b−𝜌b

𝑅c
.

Section 3 validates the model and investigates the effects of film mod-
ulus and pre-stretched on deformation and interfacial delamination. 
Section 4 provides experiment. Section 5 provides the conclusions.

2. Theoretical analysis

This section presents a theoretical model, as shown in Fig.  1, which 
includes two films with radius 𝑅c and fixed outer boundaries. The upper 
and lower films have initial thicknesses 𝐻I0 and 𝐻II0, respectively. 
Additionally, a rigid platen of radius 𝑅a is centrally attached to the 
upper film. Platen vertical displacement 𝑍a induces deformation in 
the films, with potential delamination depending on the material and 
adhesion properties. The films are modeled as incompressible hypere-
lastic continua described by the neo-Hookean constitutive relation. The 
model is established under axisymmetric conditions, where 𝜌 represents 
the radial material coordinate, defined as the distance from a material 
point to the film center. In the initial configuration, with 𝜌I = 𝜌II = 𝜌, 
allowing omission of the subscripts. In the current configuration, the 
upper film segment ab has radial and vertical coordinates 𝑟I(𝜌I) and 
𝑧I(𝜌I) respectively; the lower film segment bd by 𝑟II(𝜌II) and 𝑧II(𝜌II); and 
the non-delamination segment bc by 𝑟(𝜌) and 𝑧(𝜌). The angle between 
the film tangent and the horizontal direction is denoted by 𝛼(𝜌). Upon 
interfacial debonding, the material coordinate at the debonding point, 
𝜌b, defines the delamination radius.

2.1. Governing equations for films deformation

This section derives the governing equations of film in segments 
ab and bc. The governing equations are the same for both segments 
and subscripts are omitted to simplify the notation. In the deformed 
state, let 𝜆1, 𝜆2, and 𝜆3 denote the principal stretches in the radial, 
circumferential, and through-thickness directions, respectively. 

𝜆1 =
√

𝑟′2 + 𝑧′2, 𝜆2 =
𝑟
𝜌
, 𝜆3 =

ℎ
𝐻

, (1)

where ℎ and 𝐻 is the deformed and undeformed thickness of the 
membrane and if the two layers have the same initial thickness, 𝐻 =
𝐻I0 = 𝐻II0. The corresponding curvatures are 𝜅1 and 𝜅2, defined as 

𝜅1 =
𝛼′ , 𝜅2 =

sin 𝛼 . (2)

𝜆1 𝑟𝜆2

2 
The prime (′) denotes differentiation with respect to the material 
coordinate 𝜌. The tangent angle 𝛼 can be 

𝛼 = arctan( 𝑧
′

𝑟′
) (3)

In an incompressible neo-Hookean film, strain energy density is [31,32]
𝑊 =

𝜇
2
(𝜆21 + 𝜆22 + 𝜆23 − 3), (4)

in which 𝜇 is shear modulus. The Cauchy stresses in the radial and 
circumferential directions are [33] 

𝑇1 = ℎ𝜆1

(

𝜕𝑊
𝜕𝜆1

)

,

𝑇2 = ℎ𝜆2

(

𝜕𝑊
𝜕𝜆2

)

.
(5)

For incompressible material, the volume stretch must satisfy 𝜆1𝜆2𝜆3 =
1. By substituting Eqs. (1), (4) into (5), we can obtain 

𝑇1 = 𝜇𝐻

(

𝜆1
𝜆2

− 1
𝜆31𝜆

3
2

)

,

𝑇2 = 𝜇𝐻

(

𝜆2
𝜆1

− 1
𝜆31𝜆

3
2

)

,

(6)

Assuming that the thickness of the membrane with respect to the 
radius ℎ

𝑅c
 is small and large tensile forces occur in the membrane during 

deformation, so we can neglect the bending stiffness and bending 
stresses and use the theory of non-linear elastic membranes [34,35]. 
The equilibrium equations are [36] 
(𝑟𝑇1)′ − 𝑟′𝑇2 = 0, (7)

𝜅1𝑇1 + 𝜅2𝑇2 = 0. (8)

Further discussion on the nonlinear elastic membranes theory used in 
this study can be found in Appendix  A.

The equation is first solved for segment ab, then combined with 
the force equilibrium equation at point b, and subsequently solved for 
segment bc. Appendix  B provides detailed boundary condition settings 
and methods for solving the differential equations.

2.2. Delamination of the films

The previous theory assumes no delamination occurs in segment bc. 
The previous theory assumes no delamination occurs in segment bc. If 
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delamination occurs, the delamination front at b propagates to the right 
as the vertical displacement increases. The delamination problem can 
be analyzed by Griffith energy theory. Under the displacement control 
mode, the energy release rate is expressed as [37] 

𝐺 = −
𝜕𝑈𝑒
𝜕𝑠

, (9)

where 𝑠 denotes the delamination propagation area, which is given by 
𝑠 = 𝜋𝜌2b. The total strain energy 𝑈𝑒 is

𝑈𝑒 =∫

𝜌Ib

𝜌Ia
2𝜋𝜌I𝐻I0𝑊 (𝜌I)𝑑𝜌I + ∫

𝜌IIb

0
2𝜋𝜌II𝐻II0𝑊 (𝜌II)𝑑𝜌II

+ ∫

𝜌c

𝜌b
2𝜋𝜌(𝐻I0 +𝐻II0)𝑊 (𝜌)𝑑𝜌. (10)

According to the Griffith energy theory, delamination propagation will 
occur when 𝐺 ≥ 𝐺c and 𝐺c is the critical energy release rate. In our 
analysis, we assume the peeling process is steady-state, and the crack 
propagates in a stable manner, so that 𝐺c = 𝐺 = −(𝜕𝑈𝑒)∕𝜕𝑠.

3. Results and discussion

3.1. Deformation of bilayer films

In this section, we consider two identical films with equal thickness 
and modulus (𝐻I0 = 𝐻II0 and 𝜇I = 𝜇II). Relevant variables during defor-
mation are nondimensionalized using 𝑅𝑐 and 𝐻I0 as the characteristic 
length and thickness, respectively,

𝑍̄a =
𝑍a
𝑅c

, 𝜌̄b =
𝜌b
𝑅c

, 𝑢̄(𝜌b) =
𝑟b − 𝜌b
𝑅c

, 𝐹 = 𝐹
2𝜋𝜇II𝐻I0𝑅c

,

𝑈̄𝑒 =
𝑈𝑒

𝜇II𝐻I0𝑅2
c
, 𝐺̄ = 𝐺

𝜇II𝐻I0
, (11)

where 𝑢(𝜌b) is the radial displacement of point b and 𝐹  denotes the 
vertical force acting on the film, given by 
𝐹 = 2𝜋𝑅a sin

(

𝛼(𝜌Ia)
)

𝑇1(𝜌Ia). (12)

When 𝜌b = 0.5 is held constant, the profiles of the films at 𝑍̄a =
0.2, 0.3, and 0.4 are in Fig.  2(a). Dashed lines represent theoretical 
predictions, while points indicate simulations. See the Appendix  C 
for simulation details. A slight difference in segment bd is observed 
between the theoretical predictions and the simulation, which can be 
attributed to the theory’s neglect of bending effects. Nevertheless, the 
overall agreement between theory and simulation supports the validity 
of the proposed theoretical framework. Fig.  2(b) displays the variation 
of load, while Fig.  2(c) displays strain energy. The points represent the-
oretical predictions and lines denote simulation results. The theoretical 
predictions also agree with the simulations. From another perspective, 
for a constant 𝑍̄a, decreasing 𝜌̄b increases both the strain energy and 
the load. This trend arises because a smaller 𝜌̄b corresponds to a larger 
bilayer region, which enhances the membrane’s resistance to defor-
mation. The limiting cases 𝜌̄b = 1 and 𝜌̄b = 0 represent deformation 
of pure single-layer and pure bilayer film, respectively. In fact, the 
delamination process represents the transition from single-layer film 
(𝜌̄b = 1) to bilayer (𝜌̄b = 0).

A critical step in the proposed theoretical framework is enforcing 
force equilibrium at point b (Eqs. (B.9) and (B.10)). This force balance 
requires the bd segment film is in tension. The radial displacement at 
point b for 𝜌̄b = 0.2, 0.4, 0.6, 1 are shown in Fig.  2(d). Dotted lines and 
dashed lines denote theoretical predictions and simulation results. The 
observed discrepancies between theory and simulation may originate 
from factors such as the omission of bending effects and limitations in 
computational precision. An importance observation is that 𝑢̄(𝜌b) for 
the bilayer films are consistently positive, which differs from the pure 
single-layer film case 𝜌̄b = 1 (solid lines). For 𝜌̄b = 1, 𝑢̄(𝜌b) decreases 
with increasing 𝑍̄a and remains negative, indicating a contraction 
tendency of the single-layer film during deformation. Conversely, for 
the bilayer film, the radial displacement at points 𝜌

𝑅c
= 0.2, 0.4, 0.6 

increases with 𝑍̄a and remains positive, indicating expansion away 
from the symmetry axis under vertical loading.
3 
3.2. Effect of modulus ratios

This section investigates the influence of modulus ratios 𝜇̄ on the 
film deformation, where 𝜇̄ = 𝜇I

𝜇II
. 𝜇̄ > 1 represents Harder Upper layer 

and Softer Lower layer (HU-SL) case, and 𝜇̄ < 1 indicates the opposite 
Softer Upper layer and Harder Lower layer (SU-HL) case.

Fig.  3(a) presents the radial displacement of point b for 𝜇̄ ranging 
from 0.1 to 10, with 𝜌̄b = 0.4. For 𝜇̄ < 1 (SU-HL), the displacement of 
point b remains positive, indicating tension in segment bd. Conversely, 
for 𝜇̄ > 1 (HU-SL), the displacement become negative, reflecting 
compression in the same segment. These findings are corroborated by 
the stress states at point d shown in Fig.  3(b) and (c). Specifically, 
Fig.  3(b) and (c) depict the radial stress at point d, where points A–E 
sequentially represent the radial element stresses from top to bottom. 
In Fig.  3(b), radial stresses are uniformly positive, indicating tension. 
However, in Fig.  3(c), at the initial stage of film deformation, a positive 
radial stress is observed at the top surface (element A), while a negative 
radial stress appears at the bottom surface (element E), suggesting that 
the bd segment of the film is subjected to bending. The displacement of 
point b for 𝜌̄b = 0.2, 0.6, and 0.8 are shown in Fig.  3(d). For 𝜇̄ = 0.1 (SU-
HL), the loads are from Eq. (12), with the corresponding values marked 
by points in Fig.  3(e), where the solid line represents simulation re-
sults. The agreement between theory and simulation demonstrates the 
applicability of theoretical framework to SU-HL bilayer films. However, 
for 𝜇̄ > 1, the theory is limited, as segment bd undergoes compression 
or bending, which contradicts the assumption of tension in Eq. (B.9). 
For 𝜇̄ > 1, where the lower film is in compression, we propose a 
simplified analytical approach. In this regime, the significantly softer 
lower film leads to the deformation predominantly controlled by the 
harder upper layer, allowing the contribution of segment bd to be 
neglected. Consequently, Eq. (B.9) can be further simplified as 
𝑇1(𝜌Ib) cos(𝛼Ib) = 𝑇1(𝜌b) cos(𝛼b) (13)

The corresponding force–displacement curves are presented in Fig. 
3(f), where the theoretical predictions are almost agreement with the 
simulation results.

For 𝜇̄ ≥ 1, we propose an alternative theoretical method to an-
alyze the deformation of bilayer films. Specifically, we consider the 
deformation following an initial radial pre-stretched. By applying a pre-
stretched 𝜆pre at position c, we solve the governing equations, which 
yield a positive displacement at point b. 𝜆pre = 1.05, 1.1, 1.15, and 
1.2 are examined for two cases 𝜇̄ = 1 and 10. The force–displacement 
curves are shown in Fig.  4(a) and (b), and the theory agrees with the 
simulations. Furthermore, the radial displacement at point b remains 
positive for both cases, indicating that the bd segment remains in 
tension.

3.3. Interfacial delamination in bilayer films

According to Eq. (9), 𝑈e should be evaluated as a function of 𝜌b at 
constant 𝑍a. 𝑈e, calculated using Eq. (10), are shown in Fig.  5(a), where 
the solid markers denote theoretical results and hollow markers denote 
simulation results. These results are consistent with those shown in Fig. 
2(c), with overall agreement between theory and simulation. A minor 
discrepancy remains, attributable to the omission of bending effects in 
the theoretical model. For one fixed 𝑍̄a, 𝑈̄e as a function of 𝜌̄b can be 
fitted by a polynomial. This yields an explicit relationship between 𝜌b
and 𝑈e. By applying Eq. (9), the energy release rate curves are obtained 
(Fig.  5(b)). These curves illustrate the relationship between 𝐺̄ and 𝜌̄b.

For 𝐺̄ = 𝐺̄c = 0.005, the corresponding delamination radius 𝜌̄b for 
each 𝑍̄a are obtained from Fig.  5(b) and presented as solid markers in 
Fig.  5(c). The theoretical framework neglects bending effects, while 𝑈e, 
which accounts for bending, can be computed through simulation, as 
indicated by the hollow markers in Fig.  5(a). The corresponding energy 
release rates, derived from the 𝑈  using Eq. (9), are depicted by the 
e
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Fig. 2. Comparison of theoretical and simulation results: (a) Profiles of the films at different 𝑍̄a. (b) Load versus 𝑍̄a. (c) Strain energy versus 𝑍̄a. (d) Radial 
displacement at point b. The solid curves corresponding to the single-layer case exhibit a contraction in the radial direction during deformation.
dashed lines in Fig.  5(b). Similarly, 𝜌̄b is obtained and represented by 
hollow circles in Fig.  5(c), which will be referred to as the approximate 
results. For comparison, Fig.  5(c) also shows the pure simulation results 
obtained through the virtual crack-closure technique (VCCT, details in 
Appendix  C), represented by the solid lines. As illustrated in Fig.  5(c), 
the theoretical predictions are broadly consistent with the simulation, 
yet discrepancies remain. These mainly arise from three sources: (i) 
errors in fitting and differentiating the strain energy function; (ii) 
bending effects, which may cause the approximate results to deviate 
from the purely theoretical predictions when bending is considered; 
and (iii) the use of VCCT, whose crack-tip energy release rate estimates, 
based on linear elasticity, can introduce about a 5% error [38].

Regarding the fracture mode, 𝐺̄ during the delamination process 
at 𝐺̄c = 0.005 has been calculated, as illustrated in Fig.  5(d). The 
solid curve represents the total energy release rate 𝐺̄equiv = 𝐺̄I + 𝐺̄II, 
while the dashed curve and dotted curve correspond to mode I and 
II components, 𝐺̄I and 𝐺̄II, respectively. Overall, Fig.  5(d) shows that 
𝐺̄equiv remains essentially constant, supporting the assumption 𝐺̄ = 𝐺̄c
for quasi-static case. For further discussion, please refer to the Appendix 
C. Additionally, we calculated 𝐹  in the delamination process for various 
𝐺̄, as shown in Fig.  5(e). Before complete delamination, changing in in-
terfacial properties significantly affect the force–displacement response, 
as the interfacial properties determine the extent of delamination.

To investigate the influence of modulus contrast on the delamina-
tion behavior of bilayer film structures, we conducted simulations for 
five modulus ratios 𝜇̄ = 0.2, 0.5, 1, 3, and 5, as shown in Fig.  5(f). Solid 
curves indicate comparatively weak interfacial adhesion, while dashed 
curves indicate stronger. Stronger interface significantly impedes de-
lamination propagation. For a given interfacial property, a smaller 
𝑍̄  yields larger 𝜌̄  in bilayer structures with a lower 𝜇̄; conversely, 
a b

4 
as 𝑍̄a increases, bilayer structures with a higher 𝜇̄ exhibit compara-
tively smaller 𝜌̄b. These findings can provide qualitative guidance for 
the design of bilayer films systems. When the interfacial adhesion is 
weaker and the out-of-plane displacement 𝑍̄a is smaller, the HU-SL 
configuration is recommended, as it exhibits a smaller delamination 
radius for one 𝑍̄. From the energy perspective, a substantial portion 
of the external work is dissipated by bilayer deformation, reducing 
the tendency for delamination. Conversely, as 𝑍̄a increases, the trend 
reverses: the SU-HL exhibits the smaller delamination radius 𝜌̄b for the 
same 𝑍̄a. In this regime, the softer upper film undergoes greater defor-
mation, and most of the out-of-plane displacement is accommodated 
by the deformation of the delaminated upper layer, thereby reducing 
the effective load transferred to the bilayer system. Therefore, for large 
out-of-plane displacements, the SU-HL configuration is preferred.

4. Experiment of interfacial delamination

This section reports experiments on interface delamination. The 
bilayer film structure is formed by bonding two PDMS films, each with 
a thickness of 0.5 mm and a radius of 120 mm. The PDMS films were 
purchased from Juancheng Lileng Technology Co., Ltd. To determine 
𝜌b, seven concentric circles with radii from 30 to 90 mm (increments of 
10 mm) are pre-marked on the surface of the upper film as scale marks. 
When the debonding front coincides with a circle, that circle’s radius 
is taken as 𝜌b; if the front lies between adjacent circles, 𝜌b is assigned 
as the average of the two radii. Therefore, the maximum error of 𝜌b is 
within 10 mm. Prior to testing, the bilayer film assembly is clamped 
along a circular boundary of radius 100 mm. The center of the upper 
film is clamped by a hollow platen of radius 5 mm to avoid pressure 
buildup in the cavity. An initial delamination with radius 5 mm is 
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Fig. 3. Effect of modulus on the deformation of bilayer films: (a) 𝑢̄(𝜌b) for HU-SL and SU-HL at 𝜌̄b = 0.4. (b) Element stresses of point d for 𝜇̄ = 0.1. (c) Element 
stresses of point d for 𝜇̄ = 10. (d) Displacement of 𝑢̄(𝜌b) for 𝜌̄b from 0.2 to 0.8. (e) Force–displacement curves for 𝜇̄ = 0.1. (f) Force–displacement curves for 𝜇̄ = 10.
present between the films. The tensile testing machine Shimadzu AGS-
X series (100 N range) was used in the experiment. During testing, 
a vertical displacement of 0–50 mm is applied to the platen. As the 
platen translates upward, the film is pulled, and the interfacial crack 
propagates outward from the prefabricated initial crack.

Fig.  6(a) presents the film profiles for 𝑍̄a from 0.3 to 0.45. The first 
row shows the film profiles recorded by the camera, and the second row 
presents simulation results. At 𝑍̄a = 0.30, 𝜌̄b is concentrated around 0.4, 
with a small region on the film’s right side where 𝜌̄b slightly exceeds 
0.4. The boundary exhibits minor non-circularity. At 𝑍̄a = 0.40, 𝜌̄b
is distributed between 0.6 and 0.7, and the greater dispersion of 𝜌̄b
results in more pronounced non-circularity. Taking 0.65 as the effective 
5 
radius leads to a non-circularity of 15.4%. More results throughout the 
delamination process can be seen in the Supporting Video.

Fig.  6(b) presents a comparison among experiments, theory, and 
simulation. For theory and simulation, 𝜇 = 0.26 MPa and 𝐺̄c = 0.00026 
N/mm (Fig.  6(c)) are from experiments in Appendix  D. Since the 
measurement of 𝜌b is estimated based on the concentric circles of the 
film reference marks, there will be a measurement error within 10 mm 
in the measured value of 𝜌b. Therefore, the type B uncertainty of 𝜌b
is 𝑢B = 10

√

3
mm. For 𝑍̄a = 0.40 (𝜌b = 70, 65, 60 mm), the samples 

standard deviation is 𝑆 = 5 mm. Therefore, the type A uncertainty 
can be 𝑢A = 5

√

3
mm. The combined uncertainty is 𝑢C =

√

𝑢2A + 𝑢2B
= 6.42 mm. Meanwhile, we calculated the 𝜆  (maximum stretch of 
I1
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Fig. 4. Deformation of pre-stretched bilayer films: (a) and (b) are the force–displacement curves, representing 𝜇̄ = 10 and 𝜇̄ = 1. (c) and (d) are the displacement 
of point b, representing 𝜇̄ = 10 and 𝜇̄ = 1 respectively.
the film) at point a for 𝑍̄a = 0.30, 0.35, 0.40, and 0.45, which are 
1.29, 1.40, 1.52, and 1.69, respectively. This indicates that the films 
are subject to small and moderate deformations during the experiment. 
Since the theoretical framework and numerical simulations are estab-
lished based on the neo-Hookean material model, the experimental 
results are agreement with theory and simulation. However, it should 
be noted that if the film undergoes larger deformation, our theoretical 
predictions may deviate.

5. Conclusions

This study investigates the blister deformation and subsequent de-
lamination of a bilayer film subjected to shaft loading. We derive 
the axisymmetric equilibrium equations and boundary conditions gov-
erning deformation and solve the resulting differential equations to 
obtain deformation profiles. Theoretical predictions are validated by 
comparison with numerical simulations. The effects of varying layer 
modulus ratios and pre-stretched on deformation are examined, finding 
that bilayer films with SU-HL structure tend to compress or bend in 
the lower layer. Griffith’s energy release rate is then employed to 
quantify the release rate and predict delamination, which are compared 
with simulation results. Regarding the influence of modulus ratio on 
delamination, HU-SL is more favorable at small 𝑍̄a, whereas SU-HL 
is more suitable at larger 𝑍̄a. Finally, delamination experiments are 
conducted to further validate the proposed framework. The theoretical 
framework and these findings provide guidance for the design of bilayer 
film structures.
6 
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Appendix A. Using of nonlinear elastic membranes theory

The theoretical framework of this study is based on membrane 
theory. Membrane theory typically assumes that the thickness of the 
membrane with respect to the radius ℎ

𝑅c
 is small and large tensile forces 

occur in the membrane during deformation, so we can neglect the 
bending stiffness and bending stresses and use the theory of non-linear 
elastic membranes [34,35]. Our study is similar to the indentation of 
suspended membranes. Prior studies on the indentation of suspended 
membranes have shown that if the suspended structure is a plate or a 
rigid membrane, bending and shear effects dominate only in the early 
stage of vertical displacement; as displacement increases, the response 
progressively transitions into a tensile-dominated regime [39]. For our 
manuscript, the membrane is considered extremely soft and very thin, 
making it easier to rapidly enter the tensile-dominated state. Thus, 
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Fig. 5. (a) The relationship between 𝑈̄𝑒 and 𝜌̄b for 𝑍̄a = 0.3, 0.35, 0.4, and 0.45. (b) 𝐺̄, derived from the derivative of 𝑈̄𝑒 with respect to 𝜋𝜌̄2b. (c) Comparison of 
the predicted 𝜌̄b from the theory and the T-S with the VCCT simulation. (d) The energy release rates of 𝐺I, 𝐺II and the total energy release rate 𝐺equiv = 𝐺I +𝐺II. 
(e) Force–displacement curves for different 𝐺̄. (f) 𝜌̄b for different 𝜇̄, including HU-SL and SU-HL.
during most of the deformation process, large tensile forces prevail, 
and ℎ

𝑅c
 becomes a key parameter [35,40]. Therefore, we conducted 

numerical simulations on films with different thickness ratios ( ℎ
𝑅c

 = 
0.005, 0.01, 0.02, 0.05, 0.1) and extracted the corresponding force–
displacement curves (see Fig.  A.1). The results indicate that when ℎ

𝑅c

≤ 0.02, the impact of bending on overall deformation is minimal, and 
when ℎ

𝑅c
 approaches 0.01, there is almost no effect. Therefore, we 

believe that it is reasonable to consider the structure as a film within 
the range of ℎ ≤ 0.02. We have added these clarifications to the 
𝑅c

7 
main text and appendix, explicitly noting that the governing equations 
neglect bending terms and are thus applicable to smaller ℎ

𝑅c
 and tensile-

dominated membrane deformation. If bending effects are included, the 
governing equation for membrane deformation can be 

(𝑟𝑇1)′ − 𝑟′𝑇2 + 𝜅1𝑟𝑄
√

𝑟′2 + 𝑧′2 = 0, (A.1)

𝜅1𝑇1 + 𝜅2𝑇2 −
1

𝑟
√

𝑟′2 + 𝑧′2
(𝑟𝑄)′ = 0, (A.2)

(𝑟𝑀 )′ − 𝑟′𝑀 − 𝑟𝑄
√

𝑟′2+′2 = 0 (A.3)
1 2
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Fig. 6. Experimental results: (a) Delamination of the films for 𝑍̄a = 0.30, 0.35, 0.40, and 0.45. The top are the experimental results, and the bottom are the 
simulation results. (b) Delamination radius 𝜌̄b from experiments, theory and simulation. (c) The critical energy release rate 𝐺̄c obtained from 90◦ peeling test.
Fig. A.1. The force–displacement curves for ℎ
𝑅c

 = 0.005, 0.01, 0.02, 0.05, 0.1.

where 𝑀1, 𝑀2 are the bending moments in the corresponding direc-
tions and 𝑄 is the transverse stress resultant (shear stress). The first 
two equations are the force balances in the tangential and normal 
directions, with the third equation being the balance of bending forces. 
This case requires solving the fourth-order differential equation, which 
is more complex than the second-order differential equation that does 
not take bending into account. For a more detailed discussion, please 
refer to [41].
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Appendix B. Boundary conditions

B.1. Segment ab

The boundary conditions at point a are defined as 
𝑟I(𝜌Ia) = 𝑅a, (B.1)

𝑧I(𝜌Ia) = 𝑍a, (B.2)

𝑟′I(𝜌Ia) = 𝜆I1(𝜌Ia) cos 𝛼Ia, (B.3)

𝑧′I(𝜌Ia) = 𝜆I1(𝜌Ia) sin 𝛼Ia. (B.4)

For computational convenience, the calculation can be started from the 
platen indenter by imposing 𝑧I(𝜌Ia) = 0. In this case, 𝑍a = 0 corresponds 
to the displacement at point a. The value 𝜆I1(𝜌Ia) is assigned as an initial 
value. By specifying 𝜆I1(𝜌Ia), one can search for an appropriate 𝛼Ia such 
that the boundary conditions for segment bc are satisfied. In fact, for 
any given pair of 𝜆I1(𝜌Ia) and 𝛼Ia, the deformation of the membrane in 
segment ab can be determined.

B.2. Segment bc

Based on the solution for segment bc, the variables at point b are 
obtained as
𝑟I(𝜌Ib) = 𝑟II(𝜌IIb) = 𝑟(𝜌b), (B.5)

𝑧I(𝜌Ib) = 𝑧II(𝜌IIb) = 𝑧(𝜌b), (B.6)

𝑟′(𝜌 ) = 𝜆 (𝜌 ) cos 𝛼 , (B.7)
I Ib I1 Ib Ib
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𝑧′I(𝜌Ib) = 𝜆I1(𝜌Ib) sin 𝛼Ib, (B.8)

where subscript I refers to variables in segment ab, and II refers to those 
in segment bc.

The force equilibrium conditions at point b are expressed as
𝑇1(𝜌IIb) + 𝑇1(𝜌Ib) cos 𝛼Ib = 𝑇1(𝜌b) cos 𝛼b, (B.9)

𝑇1(𝜌Ib) sin 𝛼Ib = 𝑇1(𝜌b) sin 𝛼b, (B.10)

where 𝜌b and 𝛼b correspond to the information of the bilayer films at 
the right side of point b. Assuming continuity of the circumferential 
stretch at point b, therefore, 
𝜆2(𝜌b) = 𝜆I2(𝜌Ib) = 𝜆II2(𝜌IIb). (B.11)

At the left boundary of segment bc, we have
𝑟′(𝜌b) = 𝜆1(𝜌b) cos 𝛼b, (B.12)

𝑧′(𝜌b) = 𝜆1(𝜌b) sin 𝛼b. (B.13)

With Eqs. (B.5), (B.6), (B.12) and (B.13) as the boundary conditions, 
the governing equation can be solved again, which allows for the 
computation of 𝜆2(𝜌c). The solution is considered complete when 𝜆2(𝜌c)
is sufficiently close to 1. Otherwise, the initial input 𝛼Ia should be 
adjusted and the solution process repeated, until a suitable 𝛼Ia is found 
such that 𝜆2(𝜌c) is sufficiently close to 1. Notably, the key premise of 
this solution procedure is that the lower film segment bd remains in 
tension.

Appendix C. Simulation setting

The numerical simulation in this article was conducted using
Abaqus 2024. It mainly focuses on two cases: (i) 𝜌̄b is a constant 
that does not vary with 𝑍̄a, and the delamination boundary no longer 
expands further. (ii) 𝜌̄𝑏 is a variable that changes continuously with 
𝑍̄a, and the delamination boundary continues to expand. Both cases 
were modeled using an axisymmetric model, with the upper and lower 
films set to a thickness of 0.5 and a radius of 100, using a neo-
Hookean hyperelastic constitutive model and quasi-static simulation. 
Fixed constraints were applied at the circumference of the films, and 
a vertical displacement loading zone with a radius of 5 was set in the 
center region of the upper film. Five elements were set in the vertical 
direction of the films.

For case (i), 220 elements were set in the horizontal direction of the 
upper film, including 20 refined elements at the loading boundary and 
𝜌̄b, while 210 elements were set in the horizontal direction of the lower 
film, including 10 refined elements at 𝜌̄b.

For case (ii), 210 elements were set in the horizontal direction of the 
upper film, including 10 refined elements at the loading boundary of 
the upper film, and 200 elements were set in the horizontal direction 
of the lower film. The 8-node biquadratic axisymmetric quadrilateral 
element was used and mixed simplified integral was adopted. We 
used virtual crack closure technology (VCCT) for numerical simulation, 
setting microcracks between the two layers of the film and defining the 
crack propagation path. We employed the BK criterion for the fracture 
criterion, which is [42] 

𝐺equivC = 𝐺Ic + (𝐺IIc − 𝐺Ic)(
𝐺II

𝐺I + 𝐺II
)𝜂 . (C.1)

Among them, 𝐺equivC is the mixed critical energy release rate, 𝐺Ic is the 
critical energy release rate for mode I fracture, 𝐺IIc is the critical energy 
release rate for mode II fracture, and 𝐺I and 𝐺II are the energy release 
rates for mode I and mode II, respectively. 𝐺I and 𝐺II are calculated 
based on the displacements of the crack tip nodes and the nodal forces. 
𝜂 is a material parameter. The mixed energy release rate 𝐺equiv = 𝐺I +
𝐺II, and fracture occurrence is judged by 1 < 𝐺equiv∕𝐺equivC < 1 + 𝑓tol, 
where 𝑓tol is referred to as the tolerance parameter to ensure that the 
model can converge. It is usually set to 0.2, but in order to improve 
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Fig. D.1. The force–displacement curves of tape film tensile.

computational accuracy, we uniformly set this value to 0.03 while 
ensuring convergence. In simulations, 𝐺equivC is equal to the parameter 
𝐺c used in theory. In theory, we calculated the total energy release rate 
using Eq. (9), and determined whether delamination occurs by checking 
if 𝐺 is greater than or equal to 𝐺c. In simulations, delamination is 
determined by whether 𝐺equiv is greater than or equal to 𝐺equivC. In 
the numerical simulations, we set 𝐺Ic = 𝐺IIc consistent with [43,44]. 
Therefore, 𝐺equivC = 𝐺Ic, so 𝐺equivC is equal to 𝐺c used in the theory.

In Fig.  5(d), the solid curve represents the total energy release rate 
𝐺̄equiv, while the dashed curve and dotted curve correspond to mode 
I (open) and mode II (shear) components, 𝐺̄I and 𝐺̄II, respectively. 
Although 𝐺̄equiv is nearly constant, the relative contributions of 𝐺̄I and 
𝐺̄II evolve with increasing 𝑍̄a, indicating a transition in the dominant 
fracture mode. At the onset of delamination, 𝐺̄II exceeds 𝐺̄I, reflecting 
shear-dominated behavior due to an initially small peeling angle. As 
𝑍̄a and 𝜌̄b increase, the peeling angle increases, and the fracture mode 
gradually shifts toward opening, with 𝐺̄I eventually exceeding 𝐺̄II. Near 
the boundary, another transition occurs due to radial-displacement 
constraints at the edge. Fig.  5(d) shows that 𝐺̄equiv remains essentially 
constant, supporting the assumption 𝐺̄ = 𝐺̄c for quasi-static case. 
A more comprehensive investigation of fracture mode effects will be 
pursued in future work.

Appendix D. Experiment of film tensile and 90◦ peeling

The tensile testing machine Shimadzu AGS-X series (100 N range) 
was used in films tensile test. The PDMS films were prepared as 130 mm 
× 20 mm tapes. The stretching curves of the films are shown by the 
solid curves in Fig.  D.1 and the dotted curve represents 𝜇 = 0.26 MPa.

For 90◦ peeling, the bilayer films were prepared as 110 mm ×
20 mm tapes. In this test, the lower film was attached to a rigid 
substrate, while the upper film is affixed with a non-stretchable and 
flexible backing, one end of which is connected to a 1000mm long, 
inextensible thin string, serving as the peeling arm for the 90◦ peel 
test. This method was proposed by Li et al. [45]. The peeling force–
displacement curve is shown in Fig.  D.2. 𝐺c can be calculated by 
dividing the peeling force by the width of the film (20 mm). The result 
of 90◦ peeling tests on the bilayer films, which range from 0.00026 to 
0.0005 N/mm, is shown as Fig.  6(c).

Appendix E. Supplementary data

Supplementary material related to this article can be found online 
at https://doi.org/10.1016/j.eml.2026.102458.

https://doi.org/10.1016/j.eml.2026.102458
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Fig. D.2. The force–displacement curve of 90◦ peeling.

Data availability

Data will be made available on request.
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