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A B S T R A C T

The shape memory behavior of hydrogels endows themselves with the capacities of shape programming and
shape recovering, which have great potential in many fields, such as drug release and soft robotics. In thermally
responsive hydrogel, particularly, there are two critical factors, temperature and water, that can induce the
shape memory effect(SME). Temperature-induced SME has been extensively studied, while water-induced SME
has been rarely investigated. In our work, the combined effect of water and temperature on shape memory
behavior of hydrogels is experimentally studied and deeply analyzed from a physical perspective. We found
that the shape fixed ratio of shape memory hydrogels (SMHs) increases monotonically with temperature, but
first increases and then decreases with water content. Moreover, it exits a nonlinear coupling between the
water and temperature effects on the SME. On the basis of these findings, a constitutive model is developed to
capture this thermo-aqueous coupling using the statistical theory of transient networks, from which we obtain
an explicit evolution equation of deformation gradient. In the proposed theory, the temperature-induced SME
is investigated through the temperature-water responsive association and dissociation of dynamic bonds while
the water-induced SME is explained by the variation of the glass transition temperature according to the
Fox–Flory model. Finally, and to provide a final test of the theoretical work, it is implemented into a user
element (UEL) subroutine which provide simulations in agreement with our experiments. Our work is expected
to provide guidance for future application of SMHs.
1. Introduction

Shape memory hydrogels (SMHs) were first reported by Osada and
atsuda (1995), and a variety of stimulus-responsive (e.g., tempera-

ture, PH, magnetic, and salt) SMHs have been rapidly fabricated in
recent years (Luo et al., 2015; Maiti et al., 2020). Shape memory
effect (SME) of SMHs describes the ability of SMHs to be programmed
and to recover their initial shape under stimuli (Zhang et al., 2018;
Lówenberg et al., 2020). Compared with shape memory materials
made of polymer/inorganic composites and carbon-based materials,
SMHs have attracted great attention due to their softness, excellent
biocompatibility, and have been used in drug delivery, bioengineering
and soft robotics (Techawanitchai et al., 2012; Shang et al., 2019).

Despite the practical importance of SMHs in our daily lives and their
implication in many industrial processes, there is no real modeling for
these materials when they are sensitive to both temperature and water
content variations. Indeed, if in the last years, great progress have been
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achieved in the elaboration of thermally sensitive SMHs and in the
understanding of the dynamics of networks and polymer chains, much
less studies concern water responsive gels, in the same framework, the
coupling of water and temperature shape memory properties. Then
we aim to elaborate a complete analysis of shape memory hydrogels
responsive both for water and temperature variations which will be
confronted to simulations and experiments. A new temperature-water
coupling method is provided to fabricate complex shapes for microde-
vices of sensors, actuators and biomedical components. Constructing
two networks is one of the common method achieving thermally re-
sponsive SMHs (Chen et al., 2020; Dai et al., 2019): one is a permanent
network that is loose and insensitive to external stimuli, and the other
one is a transient network. At the network level, the shape memory
effect can be understood through the dynamic cross-linking and the
chain mobility. The dynamic cross-linking can be affected by break-
ing/reforming of dynamic bonds, e.g. hydrogen bond, hydrophobic
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interaction and dynamic covalent bond (Lu et al., 2017; Perera and
Ayres, 2020), attached to the transient network. Responsive units in
the molecular chain can be activated and deactivated under external
stimuli, especially temperature for thermally responsive SMHs. Heat
alters the energy barrier required to form the transient network by free
chains. Consequently, deformed shape can be recorded and recovered
by the transient network, this process being defined as temperature-
induced shape memory (T-SME). For instance, Hu et al. (2018) reported

double network SMH through hydrophobic interaction of Methyl-
ellulose. At low temperature, water molecules form clathrates and
hains are not cross-linked. After heating, chains are cross-linked due
o aggregation of the hydrophobic groups. By forming robust hydrogen
onds between two networks, Xu et al. (2018) developed a tough
MHs. The shape memory effect caused by the chain mobility can
e named as water-induced shape memory (W-SME) as mentioned
n Zhang et al. (2014), because chain mobility is mainly dependent
n the water content through SMHs swelling and drying process. Zhao
t al. (2019) experimentally studied W-SME of nano-composite hydro-
el and showed that programmed shape can be fixed by drying or
ecovered by swelling. The fact that the water content also affects
he dynamic cross-linking (Annable et al., 1996; Chen et al., 2009),
emonstrates the existence of an interaction between the two shape
emory effects.

To illustrate this interaction between W-SME and T-SME, a demon-
tration experiment shown in Fig. 1 was conducted. A rectangular
late made of swollen SMHs was initially twisted into a helical shape
t low temperature. Rising the temperature, SMHs can maintain the
eformed shape without any constraints. Drying out SMHs and then
owering the temperature, the helical shape was maintained rather
han recovering its initial shape. These results suggest that T-SME is
ignificantly affected by moisture and the role of T-SME and of W-
ME are coupled. The shape recovery can only be observed after water
bsorption. This thermo-aqueous coupling shape memory behavior is
mperative for applications in SMHs. However, the coupling behavior
s less studied and most of existing studies considered these two type
f SMEs separately.

For T-SME, the shape memory model has to involve different molec-
lar chains with various reference configurations. To accommodate
his feature, Long et al. (2010) presented a 1D theoretical frame-
ork for soft active materials. This model was extended to the 3D

ase (Ge et al., 2012, 2014) and was also used by Mao et al. (2019), in
hich plasticization was considered. These models were built through
macroscopic approach and the evolution equation of the deformation
radient was implicit. Apart from this approach, another effective way
o model polymeric materials is a micro-macro modeling approach
ased on chain statistic theory. Due to the clear physical meaning
nd accuracy in capturing material properties, this approach was in-
roduced in hyperelastic (Wall and Flory, 1951), viscoelastic (Vernerey
t al., 2017) and viscoplastic (Mahjoubi et al., 2019) material mod-
lings. Moreover, micro-macro modeling approach is a powerful way
o obtain an explicit evolution equation of deformation gradient for
-SME.

The mechanism of hydrogels W-SME is the variation of the mobility
f chain caused by the polymer volume fraction 𝜙, which leads to the
ariation of two parameters, elastic modulus 𝐸 and the glass transition
emperature 𝑇𝑔 from macroscopic view. Following Flory-Rehner theory,

was of order 𝜙1∕3, but experimental observations showed that 𝐸
s of order 𝜙0.56 and 𝜙2.3 for swelling and dehydration processes,
espectively (Li et al., 2020). Although some works have investigated
he 𝜙−𝑇𝑔 relationship of polymers (Xiao and Nguyen, 2013; Mao et al.,
019), the applicability of these results to hydrogel materials with a
arge number of water molecules still needs to be confirmed.

The models discussed above regarding shape memory effects con-
ern polymers with no or low moisture. Though there are copious
orks for hydrogels (Hong et al., 2008; Chester et al., 2015; Curatolo
2

t al., 2022; Ben Amar et al., 2011; Curatolo et al., 2021; Lin et al.,
020; Ge et al., 2021; Qu, 2022; Li et al., 2021), there is a scarcity of
models for shape memory hydrogels. For SMHs, a constitutive model
was recently established by Chen et al. (2021). In addition, reversible
shape memory behaviors of N-isopropylacrylamide based SMHs was
also studied in a previous work (Hu et al., 2022) by our team. How-
ever, these two models were based on macroscopic methods and the
evolution equation of the deformation gradient for temporary network
was imperfect. More importantly, these models do not incorporate the
combined thermo-aqueous shape memory. In this work, a constitutive
model is established through the transient network theory to capture
the key features of thermally-induced double network SMHs. We in-
vestigate several dynamic features occurring at the microscopic scale
such as: the thermo-aqueous responsive association and dissociation
of dynamic bonds, the water associated aggregation strength and the
maximum value of water-associated polymerizable molecular chains
per unit volume. For the bond association/dissociation, we choose
the temperature responsive energy barrier and for the W-SME the
Fox–Flory equation (Fox and Flory, 1950).

The organization of this paper is described as follows. Material
and experimental methods for water diffusion, isothermal uniaxial
tensile testing, and shape memory cycling are presented in Section 2.
Section 3 describes the developed constitutive model, the finite element
implementation of UEL in ABAQUS software and the procedure for
determining the parameters from the experimental results of Section 2.
In Section 4, we compare numerical predictions and experimental
observations. Section 5 is devoted to the conclusion. Finally, some
technical proofs are detailed in the Appendix.

2. Experiments

In order to validate all aspects of our model, we decided to perform
our own experiments. This allows a perfect knowledge of all mechanical
and thermal constants which will be introduced in the simulations. The
material is described below as the different steps of the experimental
study.

2.1. Material

The Acrylamide(AAm)-Methylcellulose(MC) cooling-triggered dou-
ble network SMH was synthesized according to the protocol established
by Hu et al. (2018). All materials were purchased from Aladdin Indus-
trial. AAm(18 𝑤𝑡.%) in low concentration of 𝑁,𝑁 ′

-methylenebisacrylamide (0.03 mol% relative to AAm) and MC(6 𝑤𝑡.%)
were mixed in water (76 𝑤𝑡.%), in addition with a photoinitiator: 2-
hydroxy-4′-(2-hydroxyethoxy)-2-methylpropiophenone. Then, the
polymer solution was exposed to 365 nm of UV light at 10 ◦C for 6 h
to polymerize, thus obtaining the required SMHs.

2.2. Free swelling test

To characterize the water diffusion of SMHs, a set of free swelling
tests at different temperatures were performed on cuboids of SMS
specimens of size 10 mm × 10 mm × 0.4 mm, at different temperatures:
283 K, 313 K and 343 K. Notice that because a certain quantity of
water remains in the specimens obtained by the previous method, they
need to be dried before any measurement. After drying, the water
content was 15% and initial mass of SMHs 𝑚0 was recorded. Then, the
specimens were completely immersed in water for some time denoted
by 𝑡𝑚 and taken out to measure their current mass 𝑚(𝑡𝑚) to evaluate
the water mass fraction defined by 𝜙𝑊 (𝑡𝑚) = 1 − 0.85𝑚0∕𝑚(𝑡𝑚). The
volume fraction of water, approximately equal to its mass fraction
𝜙𝑊 (𝑡𝑚), is shown as a function of 𝑡𝑚, under different temperatures in
Fig. 2. It can be observed that the water diffusion which lasts about
1000 s at 283 K becomes very fast at moderate higher temperatures.
The equilibrium water concentration decreases only slightly as the

temperature increases.
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Fig. 1. A demonstration experiment for thermo-aqueous coupling shape memory behavior of a SMH sample: (a) initial shape of SMH strip, (b) deformed SMH at low temperature,
(c) heating and suppression of loads, (d) drying at high temperature, (e) cooling, and (f) shape of the SMH sample after swelling.
Fig. 2. Water content 𝜙𝑊 versus the diffusion time 𝑡𝑚 for different imposed
temperatures: 283 K, 313 K and 343 K.

2.3. Isothermal uniaxial tension test

A series of isothermal uniaxial tension tests were performed to
measure the finite deformation of SMHs under different temperatures
varying between 283 K to 353 K. The synthesized SMHs were prepared
3

Fig. 3. Nominal stress versus nominal strain obtained by isothermal uniaxial tension
test at various temperatures.

with stencils and mechanically cut into dogbone shapes with dimen-
sions 18 mm × 4 mm × 3 mm to obtain suitable tensile specimens.
All tests were conducted on a tensile machine (SHIMADZU, AGS-X-
10KN) at a loading rate of 20 mm/min. To maintain a initial 𝜙𝑊
of 76% equivalent to polymer volume fraction 𝜙 of 0.24 throughout
the process, the specimens were soaked in dimethyl silicone oil which
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Fig. 4. Isoconcentration shape memory cycle experiments. (a) Schematics of mechanical boundary conditions and temperature set at each step. (b) Curve of shape fixed ratio 𝑅𝑓
ersus the held fixed time at 343 K with 𝜙 = 0.24. (c) Normalized displacement and temperature during removing constraints (Step 3) and free recovery processes (Step 4) at three

fixed temperatures (313 K, 328 K and 343 K). (d) Normalized displacement and temperature during Step 4 with different polymer volume fraction (0.12, 0.17, 0.24, 0.3 and 0.4).
(e) Shape fixed ratio 𝑅𝑓 and shape recovery ratio 𝑅𝑐 vs. polymer volume fraction 𝜙.
n
s

inhibits the evaporation of water. All tests were repeated three times
under the same experimental conditions to reduce possible errors and
the results shown in Fig. 3 indicate the increase of SMHs stiffness with
temperature.

2.4. Shape memory performances

As pointed out in Section 1, the shape memory property of SMHs
is related to both temperature and water content. To definitely un-
derstand the coupling between each other, we developed two classes
of experiment designs. First class will consist in temperature-induced
shape memory cycle at different fixed values of the water content,
which is a way to decouple the contributions of temperature and
water and to realize more intuitive observations on the shape memory
performance. The second class consists in changing successively the
temperature and the water content in a single shape memory cycle.
More experimental details are presented below.

2.4.1. Isoconcentration shape memory cycle experiments
To focus on thermo-mechanical properties of SMHs, experiments

were conducted on a cuboid with size: 20 mm × 15 mm × 3 mm at
different polymer volume fraction including 0.4, 0.3, 0.17 and 0.12.
4

The specimens having initially a 76% water content were dried or 1
immersed in water to reach the desired value of water concentration.
Herein, the conventional four-step shape memory cycle experiment was
adopted (Qi et al., 2008), as shown in Fig. 4(a). (Step 1) First, the
specimen was stretched to 150% of its original length 𝐿0. (Step 2)
Second, it was heated to 343 K by means of an silicone oil bath, which
maintained a constant water content, at fixed displacement loading
lasted for a certain time called the held fixed time 𝑡𝑓 . In Step 3, the
loading was suppressed and its stationary length was recorded as 𝐿𝑓 .
(Step 4) Finally, the temperature of the specimens was decreased from
343 K to 283 K in the silicone oil bath, and the specimen length at
283 K was recorded as 𝐿𝑐 .

Shape memory performance is mainly characterized by two param-
eters: the shape fixed ratio and the shape recovery ratio, defined as
𝑅𝑓 = 𝐿𝑓∕𝐿0, and 𝑅𝑐 = 1 − 𝐿𝑐∕𝐿𝑓 , respectively. The experimental
results about 𝑅𝑓 is presented in Fig. 4(b), as a function of the held
fixed time 𝑡𝑓 for a specimen of 𝜙 = 0.24 at 343 K. One can notice
that 𝑅𝑓 increases drastically with the time 𝑡𝑓 until a critical value,
beyond which 𝑅𝑓 slowly increases with respect to 𝑡𝑓 . Therefore, the
held fixed time is chosen as 30 min in later experiments to ensure
the experimental reproducibility. Fig. 4(c) shows the variation of the
ormalized displacement 𝑢𝑟𝑛 (The ratio of the displacement at the one
ide of specimen to the amount of stretching at this end of the Step
.) of the stretched specimen (𝜙 = 0.24) with the temperature for
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Fig. 5. (a) Schematics of mechanical boundary conditions, temperature and polymer volume fraction set at each step. (b) Displacement of one end of the strip versus polymer
volume fraction during drying process at 343 K and swelling process at 283 K.
i
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different fixed temperature values in the shape free recovery process,
which demonstrates that 𝑅𝑓 increases monotonically with the values
f the fixed temperature. Fig. 4(d) depicts the relationship of 𝑢𝑟𝑛 and
emperature of the stretched specimen with different 𝜙 for the same
hape fixed temperature 343 K in the shape free recovery process. The
adii 𝑅𝑓 and 𝑅𝑐 varying with 𝜙 are presented in Fig. 4(e). It can be
een that 𝜙 has only a slight effect on 𝑅𝑐 , and 𝑅𝑓 indicating first an
ncrease and then a decrease as 𝜙 increases.

.4.2. Thermo-aqueous coupling shape memory behavior
To investigate the underlying mechanism of the shape memory

ehavior shown in Fig. 1, a series of thermo-aqueous cycle experiments
ere performed, with the protocol described in Fig. 5(a). (Step 1)
irstly, a cuboid specimen (𝜙 = 0.24) of 20 mm × 15 mm × 3 mm was
tretched with a 10 mm length increase at 283 K. (Step 2) Secondly, the
emperature of the stretched specimen was raised to 343 K by means
f an oil bath keeping the loading condition. (Step 3) Thirdly, the load
as removed and the specimen exhibited a temporary shape, retaining
ost of the given deformation. (Step 4) Fourthly, the same specimen
as transferred to an oven with 343 K to reduce its water content and

he length of the specimen were recorded at regular intervals. (Step
) Then, the temperature of the specimen was lowered to 283 K by
eans of an oil bath, which ensures that its temperature decreased but
5

he water content was kept constant. (Step 6) Finally, the specimen was
mmersed in water at 283 K to increase the water concentration, during
hich the polymer volume fraction and the length of the specimen
ere recorded at regular time intervals. Since the deformation of soft

uboids is simple, their thermo-aqueous shape memory performance
an be directly obtained by the specimen length. The variation of
ne end displacement 𝑢𝑟 varying with 𝜙 from drying (Step 4) to free

swelling (Step 6) was shown in Fig. 5(b). Compared to conventional
shape memory cycle, it is different that there was almost no shape
recovery during cooling in Step 5, which may result from the fact that
the transition temperature of SMH specimens increased as 𝜙 increased.

Noticing that if SMHs were shortened to their initial length at the
end of step 4, the specimen length could be kept, while the deformation
only occurred in the other two directions at the beginning of free
swelling (Step 6) and the length of specimen increased as 𝜙 further
decreased.

3. Constitutive model

Based on the experimental observations given in Section 2, we
establish a theoretical model to capture the thermo-aqueous shape
memory behaviors of double network SMHs. Indeed, we imagine that
two networks are juxtaposed: a permanent and a temporary one as
shown in Fig. 6(a). The permanent network looks like a conventional

hydrogel network. Water content can modify the chain mobility (Mao
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Fig. 6. (a) Representation of the shape memory process for double network SMHs. At low temperature, chains of the temporary network are in a free state. When SMHs are
deformed and heated, the chains in free state are cross-linked to form a temporary network with a fixed shape (shape programming). Then, when cooled the cross-linked chains
returns a free state again and SMHs recover their original shape recovery. (b) Effects of temperature and water on both permanent and temporary networks. The permanent network
is insensitive to temperature, while its chain mobility decreases with water content. For temporary network, the cross-linked chain number mainly depends on temperature, that
is, the higher the temperature, the greater is the cross-linked chain number. In addition, water content also can affect the temporary network cross-linked behaviors through the
strength of the dynamic bonds and the density of cross-linkable molecular chains, that is, the cross-linked chain number 𝑁 first increases and then decreases as water content.
et al., 2019) to induce W-SME, a process known to be captured by
the Fox–Flory equation (Fox and Flory, 1950). For the transient net-
work, cross-linking points appear and disappear under specific water
content and temperature conditions, as illustrated in Fig. 6(b). This
ynamics is controlled by the strength of the dynamic bonds and the
ross-linkable molecular chain density. Temperature-water responsive
echanisms for the dynamic bonds will be explained by a statistical

hermodynamic approach, by aggregation process induced by water,
nd by the existence of an upper threshold for the water-associated
olymerizable molecular chains per unit volume.

The free energy density of SHMs can be written as (Hong et al.,
008)

(𝐅, 𝑐, 𝑇 ) = 𝛹𝑃 (𝐅, 𝑐, 𝑇 ) + 𝛹𝑇 (𝐅, 𝑐, 𝑇 ) + 𝛹𝑀 (𝑐, 𝑇 ) + 𝑈 (𝐽 , 𝑐), (1)

here 𝐅 is the deformation gradient, 𝑐 is the mole number of water
olecules per reference volume and 𝑇 is the absolute temperature
hile 𝐽 = det(𝐅) represents the relative volume variation. 𝛹𝑇 and
𝑃 denote the free energy of the temporary and permanent networks,
espectively. 𝛹𝑀 represents the mixing energy and 𝑈 (𝐽 , 𝑐) is a penalty
erm for volume increase. The form of 𝛹𝑀 is obtained as (Huggins,
941; Chester et al., 2015)

𝑀 = 𝜇0𝑐 + 𝑅𝑇
[

𝑐 ln 𝛺𝑐
1 +𝛺𝑐

+
𝜒𝑐

1 +𝛺𝑐

]

, (2)

where 𝜇0 is the chemical potential of pure water, 𝜒 the Flory–Huggins
interaction parameter, 𝛺 the water volume per mole and 𝑅 the uni-
ersal gas constant. The incompressible constraint for both networks
nd solvents used in Hong et al. (2008) is approximated by a quadratic
xpansion, namely (Bouklas et al., 2015),

𝑈 (𝐽 , 𝑐) = 1𝐾(𝐽 − 1 −𝛺𝑐)2, (3)
6

2

where 𝐾 represents the bulk modulus which is far greater than the
initial shear modulus.

3.1. Free energy of temporary network

A micro-macro modeling approach (Wall and Flory, 1951; Mahjoubi
et al., 2019) is adopted to determine the free energy of temporary
networks. Compared with the macroscopic method, this method not
only has a clearer physical meaning but also yields an explicit evolution
equation of the deformation gradient of the temporary network, which
is more convenient for finite element implementations. It is assumed
that all the chains initially evenly distribute on the surface of a sphere.
Therefore, the free energy density in the current configuration 𝛹 𝑐𝑇 can
be expressed as (Xiao et al., 2021)

𝛹 𝑐𝑇 = 1
𝜛 ∫

2𝜋

0 ∫

𝜋

0
𝑁(𝑐, 𝑇 )𝜓𝑑𝑆, (4)

where 𝜛 is the area of the unit sphere, 𝑁(𝑐, 𝑇 ) the number of cross-
linked molecular chains per current volume, 𝑑𝑆 the elementary solid
angle and 𝜓 the energy of single molecular chain. According to the
statistical physical modeling of polymers, 𝜓 = −𝑘𝑏𝑇 ln 𝑝, where 𝑝
denotes the probability density function and 𝑘𝑏 represents the Boltz-
mann’s constant. For simplicity, for a quantity A(𝜃, 𝜔) which depends
on two angles 0 < 𝜃 ≤ 𝜋 and 0 < 𝜔 ≤ 2𝜋, we will use the notation
⟨A⟩ for ⟨A⟩ = 1

𝜛 ∫ 2𝜋
0 ∫ 𝜋0 A𝑑𝑆, with 𝑑𝑆 = sin 𝜃𝑑𝜃𝑑𝜔, which means the

average of A over all spatial orientations. In case of possible existence
of stresses in the initial configuration, 𝛹𝑇 is modified as

𝛹 = 𝐽𝛹 𝑐 = 𝐽
[

⟨𝑁𝜓(𝑟)⟩ − ⟨𝑁𝜓(𝑟 )⟩
]

, (5)
𝑇 𝑇 0
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where 𝑟 and 𝑟0 represent the chain lengths in the current and reference
configurations, respectively. 𝑟0 can be further written as 𝑟0 = 𝑏

√

𝑀
according to the freely-jointed chain model, where 𝑏 and 𝑀 denote
espectively the Kuhn length and the number of Kuhn segment.

As mentioned previously, the cross-link condition of temporary
etwork varies with temperature and our purpose consists to analyze
his variation. We first assume that newly cross-linked chains originated
rom uncross-linked chains in unbound state are stress-free. The change
n temperature is then divided into infinitely tiny steps labeled by 𝑖
here 𝑖 goes from 1 to 𝑛. During such step, all physical quantities

emain constant. Consequently, the average in Eq. (5) can be further
expressed as:

⟨𝑁𝜓(𝑟)⟩ − ⟨𝑁𝜓(𝑟0)⟩ = ⟨𝛥𝑁1𝜓(𝑟1) + 𝛥𝑁2𝜓(𝑟2) +⋯ + 𝛥𝑁𝑛𝜓(𝑟𝑛)⟩

− ⟨𝑁𝜓(𝑟0)⟩ , (6)

where 𝛥𝑁𝑖 and 𝑟𝑖 (𝑖 = 1, 2, 3,… , 𝑛) are respectively the number and
the length of newly cross-linked chains during the tiny 𝑖 process.
Eq. (6) reflects the fact that different chains have different stress-free
configurations. Noting that 𝑟𝑖 is related to temperature and deformation
history, it is impossible to obtain a simplified formula for Eq. (6)
directly. The integral form of free energy for the each newly formed
chain is then taken as

⟨𝜓(𝑟𝑖)⟩ = ⟨⟨𝑝(𝑟, 𝑟𝑖)𝜓(𝑟)⟩⟩ , 𝑖 = 1, 2, 3,… , 𝑛, (7)

where ⟨⟨A⟩⟩ = ∫ 2𝜋
0 ∫ 𝜋0 ∫ 𝑀𝑏

0 A𝑟2𝑑𝑟 sin 𝜃𝑑𝜃𝑑𝜔 and the history-related de-
ormation can be expressed by the probability 𝑝(𝑟, 𝑟𝑖). The independent
ariable 𝑟𝑖 of 𝜓 is now replaced by 𝑟. Substituting Eq. (7) into Eq. (6),
e can obtain

⟨𝑁𝜓(𝑟)⟩ − ⟨𝑁𝜓(𝑟0)⟩

=
⟨⟨[

𝛥𝑁1𝑝(𝑟, 𝑟1) + 𝛥𝑁2𝑝(𝑟, 𝑟2) +⋯ + 𝛥𝑁𝑛𝑝(𝑟, 𝑟𝑛)
]

𝜓(𝑟)
⟩⟩

− ⟨𝑁𝜓(𝑟0)⟩ .

(8)

Notice that the deformation of each molecular chain of the temporary
network is related to the current deformation, i.e. 𝑟𝑖 = 𝑓 (𝑟, 𝑇𝑖), so 𝑝(𝑟, 𝑟𝑖)
is replaced by 𝑝(𝑟, 𝑇𝑖). In Eq. (8), it can be found that the free energy is
ot related to summation term. However, 𝑁 still exists in the form of
summation, which is computationally expensive. Similar to the free

nergy, 𝑁𝑖 is also substituted by 𝑁 as

(𝑟, 𝑇 ) =
∑𝑛
𝑖=1 𝛥𝑁𝑖𝑝(𝑟, 𝑟𝑖)
∑𝑛
𝑖=1 𝛥𝑁𝑖

=
∑𝑛
𝑖=1 𝛥𝑁𝑖𝑝(𝑟, 𝑇𝑖)
∑𝑛
𝑖=1 𝛥𝑁𝑖

=
∫ 𝑇𝑇0 𝑝(𝑟, 𝛬)𝑑𝑁(𝛬)

𝑁
. (9)

Combining Eqs. (5) and (9), 𝛹𝑇 reads

𝛹𝑇 (𝐅, 𝑐, 𝑇 ) = 𝐽
[

⟨⟨𝛾(𝑟, 𝑐, 𝑇 )𝜓(𝑟)⟩⟩ − ⟨𝑁𝜓(𝑟0)⟩
]

, (10)

where 𝛾(𝑟, 𝑐, 𝑇 ) = 𝑁(𝑐, 𝑇 )𝑝(𝑟, 𝑇 ) describes the chain distribution. Dif-
ferent newly formed chains correspond to different reference config-
urations during their cross-linking. In addition, 𝑁(𝑐, 𝑇 ) is related to
the water content, see Section 3.4.2. Equivalent relationship can be
found in visco-elasticity models with transient networks (Tanaka and
Edwards, 1992; Vernerey et al., 2017) and the evolution of 𝛾(𝑟, 𝑐, 𝑇 )
follows the usual evolution equation:

̇ (𝑟, 𝑐, 𝑇 ) + ∇𝑟 ⋅ (𝛾(𝑟, 𝑐, 𝑇 )�̇�) = 𝜁 (𝑟, 𝑐, 𝑇 ) − 𝜉(𝑟)𝛾(𝑟, 𝑐, 𝑇 ). (11)

The left hand-side of Eq. (11) represents the material time derivative
of 𝛾, involving both the time derivative and the deformation dynamics.
The right hand-side of Eq. (11) captures the bond association and
dissociation. Since newly cross-linked chains are in a stress-free state,
𝜁 (𝑟, 𝑐, 𝑇 ) is defined as

𝜁 (𝑟, 𝑐, 𝑇 ) = 𝑘𝑎
(

𝑁 𝑡 −𝑁(𝑐, 𝑇 )
)

𝑝0(𝑟), (12)

where 𝑘𝑎 is the chain association kinetic rate, 𝑁 𝑡 is the current number
of molecular chains that can be cross-linked, and 𝑝0(𝑟) is a temperature-
independent probability density function. Based on a Gaussian statis-
tics (Mistry and Govindjee, 2014), it comes:

𝑝0(𝑟) =
(

3
)

3
2
exp

(

− 3𝑟2
)

. (13)
7
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In addition, we assume that dissociation behaviors of bonds formed in
different configurations are not affected by the force of the chain, so
𝜉(𝑟) is independent of 𝑟 and we have 𝜉 = 𝑘𝑑 , where 𝑘𝑑 represents the
chain dissociation kinetic rate.

3.2. Free energy of permanent network

Permanent network could demonstrate shape memory effects by
changing water content (Zhang et al., 2014; Zhao et al., 2019). Most of
he commonly used models do not involve W-SME in hydrogels (Chen
t al., 2021; Hu et al., 2022). However, in Section 2, our experimental
esults suggest that T-SME and W-SME are coupled via the double net-
orks. On the one hand, the structure of temporary network is inherited

rom the permanent network. On the other hand, the deformation of
ermanent network is influenced by the temporary network. The mech-
nism of W-SME of hydrogels is that glass transition temperature 𝑇𝑔
hanges with moisture. When the water content of SMHs is high, chain
obility is high due to a great deal of hydrogen bonds. As the water

ontent decreases, hydrogen bonds are gradually broken, molecular
hains become less mobile, and 𝑇𝑔 increases. The effect of water content
n 𝑇𝑔 can be described by the Fox–Flory equation (Hiemenz and Lodge,
007; Truong et al., 2011)

1
𝑇𝑔

=
𝜙
𝑇𝑑

+
1 − 𝜙
𝑇𝑤

, (14)

where 𝑇𝑑 represents the glass transition temperature for the dry net-
work and 𝑇𝑤 is the pure water transition temperature.

The permanent network can be considered as the simplification of
the temporary network in the absence of attachment and detachment.
To capture water-induced shape memory, using the network decom-
position method, the permanent network is divided into two parts
through the deformation condition and drying process. The part of the
permanent network of which the reference configuration is the dried
SMHs is denoted as Part 1. Part 2 refers to the networks transformed
from Part 1 due to a decrease in the water content and its reference
state is the state when drying begins. Consequently, 𝛹𝑃 is expressed as
a unified form with Eq. (10), namely

𝛹𝑃 (𝐅, 𝑐, 𝑇 ) = 𝐽
[

⟨⟨𝛾𝑃1(𝑟, 𝑐, 𝑇 )𝜓(𝑟)⟩⟩ − ⟨𝑁𝑃1𝜓(𝑟0)⟩
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Part 1

+ 𝐽
[

⟨⟨𝛾𝑃2(𝑟, 𝑐, 𝑇 )𝜓(𝑟)⟩⟩ − ⟨𝑁𝑃 2𝜓(𝑟0)⟩
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Part 2

,
(15)

here subscripts 𝑃 1, 𝑃2 denote Part 1 and Part 2, respectively. 𝑁𝑃1,
𝑃2 represent cross-linked chain number of the two Parts, respectively.
he expression of 𝑁𝑃2 is assumed as

𝑃2 = 𝑁𝑃 𝑒
𝜂
(

𝑇𝑔−𝑇𝑑
𝑇𝑔−𝑇𝑤

)

(16)

and 𝑁𝑃1 = 𝑁𝑃−𝑁𝑃2, where 𝑁𝑃 is the number of cross-linked molecular
chain per current volume for temporary network and 𝜂 is a material
parameter.

3.3. Thermodynamic framework

From Sections 3.1 and 3.2 and combining Eqs. (1), (2), (3), (10),
(15), 𝛹 reads:

𝛹 (𝐅, 𝑐, 𝑇 ) = 𝐽
[

⟨⟨𝛾𝑃1(𝑟, 𝑐, 𝑇 )𝜓(𝑟)⟩⟩ − ⟨𝑁𝑃1𝜓(𝑟0)⟩
]

+ 𝐽
[

⟨⟨𝛾𝑃2(𝑟, 𝑐, 𝑇 )𝜓(𝑟)⟩⟩ − ⟨𝑁𝑃 2𝜓(𝑟0)⟩
]

+ 𝐽
[

⟨⟨𝛾(𝑟, 𝑐, 𝑇 )𝜓(𝑟)⟩⟩ − ⟨𝑁𝜓(𝑟0)⟩
]

+ 𝜇0𝑐 + 𝑅𝑇
[

𝑐 ln 𝛺𝑐
1 +𝛺𝑐

+
𝜒𝑐

1 +𝛺𝑐

]

+ 1
2
𝐾(𝐽 − (1 + 𝑐𝛺))2.

(17)
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The evolution of the system must also satisfy the constraint deduced
from the increase of entropy which leads to:

�̇� + 𝜂𝑅�̇� − 1
2
𝐓 ∶ �̇� − 𝜇�̇� + 1

𝑇
𝐪 ⋅ ∇𝑇 + 𝐣 ⋅ ∇𝜇 ≤ 0, (18)

here 𝜂𝑅 denotes the entropy per unit volume, 𝐓 is the second Piola–
irchhoff stress, 𝐂 represents the right Cauchy–Green tensor, 𝐪 is

he heat flux and 𝐣 is the fluid flux (for definitions of all tensors,
ee Holzapfel, 2002). Substituting Eq. (17) into Eq. (18), the Cauchy
tress 𝝈, the conjugate work of the deformation rate is obtained as

=
𝑁𝑅
𝑃1𝑘𝑏𝑇
𝐽

(

𝝇𝑃 1 − 𝐈
)

+
𝑁𝑅
𝑃2𝑘𝑏𝑇
𝐽

(

𝝇𝑃2 − 𝐈
)

+
𝑁𝑅𝑘𝑏𝑇
𝐽

(𝝇 − 𝐈)

+𝐾 (𝐽 − 1 −𝛺𝑐) 𝐈, (19)

where the detailed proof is given in the supporting material S1, 𝑁𝑅
𝑃1 =

𝑁𝑃1, 𝑁𝑅
𝑃2 = 𝐽𝑁𝑃2 and 𝑁𝑅 = 𝐽𝑁 , which represent the cross-linked

hain per reference volume. Each term in Eq. (19) controls the dif-
erent behavior of SMHs. The first and second terms associated with
he permanent network produce the entropic elastic deformations and

-SME, respectively. The third term associated with the temporary
etwork produces the T-SME and 𝝇 is called the chain distribution
ensor (Vernerey et al., 2017). The last term is our approximation for
he incompressible limit.

Considering that SMHs are in a steady state, namely �̇� = 0, we
educe an explicit evolution equation for the distribution tensor (the
etailed demonstration is provided in the supporting material S2):

= 𝑒−�̄�𝑑 (𝑇−𝑇0)𝐅𝐅−1(𝑇0)𝐅−𝑇 (𝑇0)𝐅𝑇

+ �̄�𝑑𝐅
(

∫

𝑇

𝑇0
𝑒−�̄�𝑑 (𝑇−𝛬)𝐅−1(𝛬)𝐅−𝑇 (𝛬)𝑑𝛬

)

𝐅𝑇 ,
(20)

here 𝑇0 is the temperature above which dynamic bonds begin to
ssociate, �̄�𝑑 is the rate of dissociation with temperature (�̄�𝑑 �̇� = 𝑘𝑑)
nd 𝐅(𝑇0) is programming deformation gradient. The initial condition
s then 𝝇|𝑇0=0 = 𝐈 and �̄�𝑑 is assumed as a constant. Note that the
ermanent network can be considered as the simplification of the
emporary network in the absence of attachment and detachment (𝑘𝑑 =
). Eq. (20) simplifies as

= 𝐅𝐅−1(𝑇0)𝐅−𝑇 (𝑇0)𝐅𝑇 , (21)

hich can be further written as 𝝇𝑃1 = 𝐅𝐅𝑇 and 𝝇𝑃 2 = �̃��̃�𝑇 since
(𝑇0) = 𝐈 and 𝐅(𝑇0) = 𝐅(𝜙0) for two parts of the permanent network,
espectively. �̃� = 𝐅𝐅−1(𝜙0) represents the deformation gradient asso-
iated with W-SME. As mentioned in Section 3.2, these results imply
hat the theories of T-SME and W-SME can be developed in a unified
tatistically-based thermodynamic framework and can be degenerated
o the form in agreement with our early work (Hu et al., 2022).
uring the experiment, 𝜙 is a quantity easier to measure than 𝑐. Using
−1 = 1+𝛺𝑐 (Chester et al., 2015) for nearly incompressible hydrogels,
e replace the independent variable 𝜙 in all functions with 𝑐 in the

ollowing sections.

.4. Kinetics of dynamic bonds association and dissociation

.4.1. Temperature responsive reaction rate
The deformation tensor of temporary network is derived in Sec-

ion 3.2 and in this section, 𝑁(𝜙, 𝑇 ) introduced first in Eq. (4) is
scertained. For convenience, we use the notation 𝑁(𝜙, 𝑇 ) instead of
(𝑐, 𝑇 ) as mentioned before. Three factors for 𝑁(𝜙, 𝑇 ): (1) volume ex-

ansion, (2) dynamic bond association, (3) dynamic bond dissociation,
an be represented by
𝑑𝑁(𝜙, 𝑇 )

𝑑𝑡
= −𝑁(𝜙, 𝑇 )div𝐯 + 𝑘𝑎

[

𝑁 𝑡 −𝑁(𝜙, 𝑇 )
]

− 𝑘𝑑𝑁(𝜙, 𝑇 ), (22)

where 𝑁 𝑡 is the total number of cross-linked chains in the current
state and div 𝐯 = �̇�∕𝐽 . The last two terms of the right end of the
above equation capture the change of 𝑁(𝜙, 𝑇 ) due to the dynamic
8

m

bond association and dissociation. Since the kinetics of association and
dissociation of dynamic bonds are assumed to be in steady state, it
implies that when 𝑇 and 𝜙 change, 𝑁(𝜙, 𝑇 ) simultaneously reaches the
quilibrium value corresponding to the new 𝑇 and 𝜙. Consequently,

following Eq. (22), 𝑁(𝜙, 𝑇 ) is obtained as:

(𝜙, 𝑇 ) =
𝑘𝑎

𝑘𝑎 + 𝑘𝑑

𝑁𝑇
𝐽
, (23)

where 𝑁𝑇 = 𝐽 𝑁 𝑡 is the total number of chains that can be cross-linked
n the reference configuration. The equilibrium value of 𝑁(𝜙, 𝑇 ) is re-

lated to the ratio of 𝑘𝑎 and 𝑘𝑑 , also called forward and reverse reaction
rates, respectively. The variation of 𝑘𝑎 and 𝑘𝑑 with temperature can be
expressed by the Arrhenius equation (Sierra, 2012)

𝑘𝑎(𝑇 ) = 𝑘𝑎0 exp
(

−
𝛥𝐸𝑎
𝑘𝑏𝑇

)

,

𝑘𝑑 (𝑇 ) = 𝑘𝑑0 exp
(

−
𝛥𝐸𝑑
𝑘𝑏𝑇

)

,
(24)

where 𝑘𝑎0, 𝑘𝑏0 are frequency factors and 𝛥𝐸𝑎, 𝛥𝐸𝑑 are the energy bar-
riers for bond association and dissociation. [𝑘𝑎]−1 (respectively [𝑘𝑑 ]−1)
epresents the typical association constant (respectively the time disso-
iation constant) of the dynamic bonds (Stefani et al., 1997).

To be consistent with the material measurements in Section 2, we
ow take into account the hydrophobic effect as an example of study
or the temperature responsive reaction rates. When the temperature is
ow, chains are assumed mostly free due to the weak hydrophobicity
nd MC remains transparent in the soluble state. In contrast, when the
emperature is high, chains are cross-linked (as the transient network)
ue to strong hydrophobic interactions and MC in gel state becomes
ilky white. This process is called the sol–gel transition (Vyazovkin,
016). To describe this phenomenon, the energy barriers 𝛥𝐸𝑎 and
𝐸𝑑 of Eq. (24) must be modified due to the temperature responsive
ctivation energy namely:

𝐸𝑎 = 𝛥�̄�𝑎 + 𝑇
(

1 −
𝑇𝑟𝑒𝑓
𝑇

− ln 𝑇
𝑇𝑟𝑒𝑓

)

𝛥�̄�,

𝛥𝐸𝑑 = 𝛥�̄�𝑑 − 𝑇
(

1 −
𝑇𝑟𝑒𝑓
𝑇

− ln 𝑇
𝑇𝑟𝑒𝑓

)

𝛥�̄�,
(25)

where 𝛥�̄�, 𝛥�̄�𝑎, 𝛥�̄�𝑑 are thermodynamics parameters and 𝑇𝑟𝑒𝑓 is a
reference temperature. The dependence of 𝛥𝐸𝑑 and 𝛥𝐸𝑎 as a function
of the temperature 𝑇 is illustrated in Fig. 7(a), and 𝛥𝐸𝑎 and 𝛥𝐸𝑑 vary
in opposite ways. Indeed, at low temperature the bond association is
difficult due to 𝛥𝐸𝑎 ≫ 𝛥𝐸𝑑 and the molecular chains are found in a
free state. At high temperature, when 𝛥𝐸𝑎 ≪ 𝛥𝐸𝑑 , molecular chains
aggregate into networks.

Substituting Eq. (25) into Eq. (24), we obtain

𝑘𝑎(𝑇 ) = 𝑘𝑎0 exp

⎛

⎜

⎜

⎜

⎜

⎝

−
𝛥�̄�𝑎 + 𝑇

(

1 − 𝑇𝑟𝑒𝑓
𝑇 − ln 𝑇

𝑇𝑟𝑒𝑓

)

𝛥�̄�

𝑘𝑏𝑇

⎞

⎟

⎟

⎟

⎟

⎠

,

𝑘𝑑 (𝑇 ) = 𝑘𝑑0 exp

⎛

⎜

⎜

⎜

⎜

⎝

−
𝛥�̄�𝑑 − 𝑇

(

1 − 𝑇𝑟𝑒𝑓
𝑇 − ln 𝑇

𝑇𝑟𝑒𝑓

)

𝛥�̄�

𝑘𝑏𝑇

⎞

⎟

⎟

⎟

⎟

⎠

.

(26)

Fig. 7(b) illustrates 𝑘𝑎, 𝑘𝑑 and their ratio 𝑘𝑎∕𝑘𝑑 as a function of
temperature with some given parameters. According to Eq. (23), the
variation of 𝑁(𝜙, 𝑇 ) with the temperature is determined by 𝑘𝑎∕𝑘𝑑 .

uring the heating process, 𝑘𝑎
𝑘𝑎+𝑘𝑑

varies from 0 to 1 and MC transforms
rom sol state to gel state.

.4.2. The role of water on chain cross-linking
As shown in Section 2.4.1, 𝑁(𝜙, 𝑇 ) first increases and then decreases

ith the variation of 𝜙, which implies that there are new competing
echanisms concerning the role of the water content on 𝑁(𝜙, 𝑇 ).



International Journal of Solids and Structures 280 (2023) 112395Y. Hu et al.
Fig. 7. (a) Schematic of the energy barriers 𝛥𝐸𝑎 and 𝛥𝐸𝑑 at low and high temperatures. (b) 𝑘𝑎, 𝑘𝑑 and 𝑘𝑎∕𝑘𝑑 as functions of temperature from Eq. (26), where parameters have
been given arbitrary values. (c) 𝐶1(1 − 𝜙)𝐶2𝜙 varies with 𝜙 under different 𝐶2 exponents. (d) Following Eq. (27), 𝑁(𝜙, 𝑇 ) varies with temperature under different 𝜙 values.
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This model considers two factors: the strength of the hydrophobic
interaction and the number of molecular chains able to cross-link. The
hydrophobic effect enhances with the increase of water also increasing
the density of polymerized molecular chains, while free molecular
chains per unit volume decreases with increasing water content. Hy-
drophobicity plays a major role at low water content, while the number
of the free molecular chains per unit volume plays a major role at high
water content. Therefore, there is a suitable water content that allows
the maximum number of molecular chains to be polymerized.

This first factor was studied by Chen et al. (2009), where 𝑁(𝜙, 𝑇 )
varies monotonically with 𝜙 as 𝐶1(1 − 𝜙)𝐶2 where 𝐶1, 𝐶2 are fitting
parameters. We now consider the contribution of the second factor on
𝑁(𝜙, 𝑇 ). We assume that each molecular chain can be cross-linked with
all the others in the cross-linked region. Based on this hypothesis, we
obtained that 𝑁(𝜙, 𝑇 ) ∝ 𝜙. Therefore, considering the above mecha-
nisms and combining Eqs. (23) and (26), 𝑁(𝜙, 𝑇 ) is modified and reads:

𝑁(𝜙, 𝑇 ) =
𝑁𝑇
𝐽 𝐶1(1 − 𝜙)𝐶2𝜙

1 + 𝑘𝑑0
𝑘𝑎0

exp
⎛

⎜

⎜

⎝

−
𝛥�̄�𝑑−𝛥�̄�𝑎−2

(

𝑇−𝑇𝑟𝑒𝑓−𝑇 ln 𝑇
𝑇𝑟𝑒𝑓

)

𝛥�̄�

𝑘𝑏𝑇

⎞

⎟

⎟

⎠

(27)

Fig. 7(c) depicts the curves of 𝐶1(1 − 𝜙)𝐶2𝜙, the part of 𝑁(𝜙, 𝑇 ) in
Eq. (27), varying nonmonotonically with the polymer volume fraction
𝜙, where there exists a peak value in each curve. As shown in Fig. 7(d),
𝑁(𝜙, 𝑇 ) is dependent on the temperature and the polymer volume frac-
tion 𝜙. Obviously, 𝑁(𝜙, 𝑇 ) increases monotonously with temperature,
and first increases and then decreases with 𝜙. Especially, when 𝜙 = 0
or 1, 𝑁(𝜙, 𝑇 ) ≡ 0.

3.5. Finite element implementation

We now give the main lines for the strategy of implementation in
finite element algorithm. Our analysis is able to treat the initial water
9

content after synthesis in SMHs as a free-swelling process. Then 𝝈 is
modified as:

𝝈 =
𝐺𝐼
𝐽𝐽0

(

𝐽 2∕3
0 𝐅𝐅𝑇 − 𝐈

)

+ �̃�
𝐽

(

�̃��̃�𝑇 − 𝐈
)

+
𝐺𝐼𝐼
𝐽

(𝝇 − 𝐈) +𝐾
(

𝐽𝐽0 −
1
𝜙

)

𝐈,

(28)

where, 𝐺𝐼 , 𝐺𝐼𝐼 , �̃� which are respectively equal to 𝑁𝑅
𝑃 1𝑘𝑏𝑇 and 𝑁𝑅𝑘𝑏𝑇 ∕

0, 𝑁𝑅
𝑃2𝑘𝑏𝑇 ∕𝐽0, are named shear modulus of the permanent and tem-

orary networks, respectively. The total gradient of the deformation
esults from : 𝐅 = 𝐅′𝐅0, where 𝐅0 = 𝜆0𝐈 represents the initial free
welling deformation, 𝐽0 = det

(

𝐅0
)

and 𝐅′ denotes the deformation of
MHs after swelling. For convenience, 𝐅′ will be denoted by 𝐅 in the
bove equation and this change is also used below.

Equilibrium equations and boundary conditions thus are expressed
s:

div𝝈 + 𝐛 = 0, 𝑖𝑛 𝜈,
𝐮 = 𝝊, 𝑜𝑛 𝑎,
𝝈𝐧 = 𝐭, 𝑜𝑛 𝑎,

(29)

here 𝐛 represents the body force in an arbitrary volumic region 𝜈, 𝝊
s the displacement on the surface 𝑎, 𝐮 denotes the displacement, 𝐧 is
nit vectors and 𝐭 denotes the surface traction on 𝑎. The solution to the
quation needs to satisfy the equilibrium equation and the boundary
onditions, and the weak form of the above equation is used to solve
he problem (Chester et al., 2015). Similar to Lin et al. (2020) and Mao

et al. (2017), we treat SMH as a homogenous soft material and the
distribution of water molecules is negligible.

The integral form corresponding to the above conditions is

∫𝜈

(

𝝈 ∶ 𝜕𝐮
𝜕𝐱

)

𝑑𝜈 = ∫𝑎
(𝐮 ⋅ 𝐭) 𝑑𝑎, (30)

where we have ignored 𝐛. The trial function 𝐮 is discretized as

𝐮 =
∑

N𝛼𝐮𝛼 , (31)

where 𝛼 is the node number of a single element: 𝛼 = 4 for the plane
train element and 8 for the three dimensional element, used in this

work.
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Table 1
Selected parameters in constitutive model.

Notation Variable Value Unit

𝜆0 Initial stretch ratio 1.6087 –
𝑇0 Initial temperature 283 K
𝜙0 Initial polymer volume

fraction
0.24 –

𝐺𝑇
𝐼 Shear modulus of permanent

network
12.80 kPa

𝐺𝑇
𝐼𝐼 Shear modulus of temporary

network
42.68 kPa

𝐾 Bulk modulus 1280 kPa
𝑇𝑟𝑒𝑓 Reference temperature 283 K
𝑘𝑑0∕𝑘𝑎0 Fitting parameter 8.94 –
𝛥�̄�𝑑 − 𝛥�̄�𝑎 Fitting parameter −1000.45/𝑁𝐴 J
𝛥�̄� Fitting parameter 1148.3/𝑁𝐴 J/K
𝐶1 Fitting parameter 12.85 –
𝐶2 Fitting parameter 4.236 –
𝑇𝑑 Glass transition temperature

of dry network
452 (Chiantore et al., 1982) K

𝑇𝑤 Glass transition temperature
of pure water

138 (Neamtu et al., 2006) K

�̄�𝑑 Reaction rate 0.0001 K−1

𝜂 Parameter related to W-SME 0.2 –

Combining Eqs. (30) and (31), the unit residual is defined as

𝐑𝐮
)𝛼 = −∫𝜈

(

𝝈 𝜕N
𝛼

𝜕𝐱

)

𝑑𝜈 + ∫𝑎
(N𝛼𝐭) 𝑑𝑎. (32)

nd the tangent lines: −𝜕
(

𝑅𝑢𝑖
)𝛼

∕𝜕𝑢𝛽𝑘 (see more details in Appendix A)
re obtained by

𝑖𝑗𝑘𝑙 =
𝐺1
𝐽𝐽0

(

𝐽 2∕3
0 𝛿𝑖𝑘𝐹𝑗𝑚𝐹𝑙𝑚 + 𝛿𝑗𝑘𝛿𝑖𝑙

)

+ �̃�
𝐽

(

𝛿𝑖𝑘𝐹𝑗𝑏𝐹𝑙𝑏 + 𝛿𝑗𝑘𝛿𝑖𝑙
)

+
𝐺𝐼𝐼
𝐽

(

−
(

𝜍𝑖𝑙 − 𝛿𝑖𝑙
)

𝛿𝑗𝑘 + 𝛯𝑖𝑎𝑘𝑛𝛿𝑗𝑎𝐹𝑙𝑛
)

+ 𝐾
𝜙

(

(2𝐽𝐽0𝜙 − 1)𝛿𝑗𝑖𝛿𝑙𝑘 − (𝐽𝐽0𝜙 − 1)𝛿𝑖𝑙𝛿𝑗𝑘
)

(33)

and we deduce:

(

𝐾𝑢𝑖𝑢𝑘
)𝛼𝛽

= −
𝜕
(

𝑅𝑢𝑖
)𝛼

𝜕𝑢𝛽𝑘
= ∫𝑣

𝐴𝑖𝑗𝑘𝑙
𝜕N𝛼

𝜕𝑥𝑗
𝜕N𝛽

𝜕𝑥𝑙
𝑑𝜈 − ∫𝑎

N𝛼N𝛽 𝜕𝑡𝑖
𝜕𝜇𝑘

𝑑𝑎. (34)

3.6. Parameter identification

To demonstrate the consistency between the constitutive model and
the thermo-aqueous behaviors of SMHs and to compare quantitatively
the simulation results to the experimental ones, parameters specific to
our samples are necessary. They are also extracted from experiments
concerning the AAm-MC double network SMH (see more details in
Appendix B). Hereafter a table present a list of the parameters required
by our model and implemented in the simulations (see Table 1).

4. Results and discussions

The constitutive model is embedded into a UEL subroutine of
ABAQUS software to reproduce the thermo-aqueous shape memory
behaviors of SMHs under specific boundary conditions. Our aim is
to compare the theoretical and numerical predictions with our ex-
periments. Free swelling and isothermal uniaxial tension of SMHs are
simulated and thermo-aqueous shape memory performance of our sam-
ples is investigated. Convergence analysis was carried out to guarantee
that the simulation results is basically independent of the mesh.

4.1. Swelling results

To validate the validity of finite element simulation, we proposed
a simulation example of SMHs free swelling by assumption that water
10

t

Fig. 8. Free swelling results at different temperatures.

diffusion has achieved a steady state. A cuboid with dimensions: 10 mm
× 10 mm × 0.4 mm is divided into 400 three-dimensional elements
with eight nodes and eight integral points and is modeled at different
temperatures. For free swelling condition, the form of Eq. (28) can be
simplified as

𝝈 =
𝐺𝐼 + 𝐺𝐼𝐼

𝐽

(

𝐽
2
3 − 1

)

𝐈 +𝐾
(

𝐽 − 1
𝜙

)

𝐈. (35)

By considering boundary condition: 𝜎𝑖𝑗 = 0, we can obtain curves
between 𝜙 and 𝐽 from Eq. (35) and finite element simulations. The
imulation predications are in good agreement with the theoretical
esults in both 283 K and 343 K(Fig. 8).

.2. Isothermal uniaxial tension

In uniaxial tension simulations as shown in Fig. 9(a), temperature
ere fixed at 283 K, 293 K, …, 353 K and 𝜙 was fixed at concentration:
.24, which was the same as in isothermal uniaxial tension tests. Two
eneral cases, with plane strain (2D) and three dimensional (3D) con-
iguration, were chosen with the geometric dimensions were 18 mm ×
mm for 2D and 18 mm × 4 mm × 3 mm for 3D, respectively. Elements
ith four nodes and four integral points (2D elements) and elements
ith eight nodes and eight integral points (3D elements) were used,

espectively. To match experimental boundary conditions, the left end
as completely fixed, while the right end could only be deformed along

he stretch direction. The displacement condition applied on the right
nd was 18 mm. Fig. 9(b) compares the results between simulations
nd experimental measurements at different temperatures. It is found
hat our model can capture isothermal uniaxial tension behaviors at
ifferent temperatures. As expected, the stress in the 3D case is less than
hat in the 2D case, in which the volume change can be only effective
n two directions in the plane with a deformation constraint in the third
irection.

.3. Shape memory cycle simulation

.3.1. Isoconcentration shape memory cycle simulations
A cuboid with dimensions given by 20 mm × 15 mm × 3 mm was

dopted and 7200 (3D) elements were used. As same as the experi-
ental set shown in Fig. 4(a), the specimen was firstly stretched from

ts initial length to 30 mm at 283 K. Then we maintained its length
nd rise the temperature from 283 K to a high temperature 𝑇ℎ. We
lso removed all constraints and made all boundaries traction-free in
he next step. Finally, we decreased the temperature from 𝑇ℎ to 283

in the last step. During the cycle, the water content was kept at its
nitial value. The two sides of the strip were completely fixed, except for

he displacement along stretched direction at one side. Other surfaces
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were traction-free. The shape memory behavior was represented by the
normalized displacement 𝑢𝑟𝑛.

An example of a shape memory process under 𝜙 = 0.24 and 𝑇ℎ =
343 K is studied, and the 𝑢𝑟𝑛 from experiments and simulations at
different temperatures are shown in Fig. 10(a). During stretching (step
1) and heating (step 2), simulations and experimental results are in full
agreement, because the same 𝑢𝑟𝑛 value is predefined. Therefore, results
in step 1 and step 2 are not emphasized in the following discussions.
At the end of step 3, shape fixed ratios 𝑅𝑓 are 71% from experimental
records and 75% from simulated results which means that 𝑅𝑓 can be
captured by this model. In free recovery process (Step 4), 𝑢𝑟𝑛 decreases
as temperature decreases. Although there are some differences between
experimental and simulated results, our model captures the main trends
of 𝑢𝑟𝑛. At the end of step 4, 𝑅𝑐 are 83% and 73% from experimental and
imulated results, respectively. The possible reason for the difference
etween experimental and theoretical results is that the parameters
tilized in shape memory process simulations are identified from the
sothermal uniaxial tension and the isothermal uniaxial tension may
ot capture all properties of SMHs during shape memory cycle.

Shape memory behaviors of SMHs under different 𝑇ℎ and initial
olymer volume fraction were studied, where three different temper-
tures 313 K, 328 K and 343 K and three different 𝜙, namely 0.12, 0.17,
.4, were adopted. The 𝑢𝑟𝑛 varying with 𝑇 under different 𝑇ℎ are shown
n Fig. 10(b). For each 𝑇ℎ, simulations and experimental results are con-
istent. Note that three simulated curves correspond to different 𝑅𝑓 at
he end of step 3, but coincide during step 4 because 𝑁 is independent

of the thermal history in our model. Experimental observations showing
the similar trends and differences among the curves may be caused by
experimental error. Fig. 10(c) shows 𝑢𝑟𝑛 as a function of 𝑇 under various

during step 3 and step 4. We can notice that all 𝑢𝑟𝑛 versus 𝑇 curves
btained from experiments and simulations display approximately the
ame trends during step 4 and the values of 𝑢 versus 𝑇 are dependent
11

𝑟𝑛 T
n 𝑅𝑓 . At the end of step 3, 𝑅𝑓 initially increases and then reaches two
similar values as decreasing polymer volume fraction, which means that
𝑅𝑓 may do not vary monotonically with 𝜙. As shown in Fig. B.1(b), the
discrepancy between experimental and simulations may be caused by
the inaccuracy prediction of the maximum value of 𝑅𝑓 by the fitting
function 𝐶1𝜙(1 − 𝜙)𝐶2 . To get a more comprehensive understanding of
the influence of 𝑇 and 𝜙 on 𝑅𝑓 , other simulations with 𝑇ℎ = 320 K,
333 K and 𝜙 = 0.35, 0.1 are added to Fig. 10(b) and (c), respectively.
As indicated in Fig. 10(d), 𝑅𝑓 monotonically increases with 𝑇ℎ, while
𝑓 firstly increases and then decreases. Specifically, 𝑅𝑓 varies 77.6%

→ 78.0% → 61.1% corresponding to 𝜙 varying 0.1 → 0.17 → 0.4,
respectively.

The experiments demonstrate that the shape fixed ratio 𝑅𝑓 is not
a monotonic function of polymer volume fraction as our theoretical
analysis which explains this behavior even if the agreement is only
qualitative.

4.3.2. Thermo-aqueous shape memory simulations
Additive numerical simulations were implemented to capture

thermo-aqueous coupled shape memory behaviors of SMHs. The ge-
ometric model, element type and dimensions were the same as in
Section 4.3.1. Four simulations with various 𝜂 values (0.1,0.2,0.3,0.4)

ere implemented and simulations for each 𝜂 were compared with
xperimental results. As illustrated in Fig. 5(a), six steps were set up
n these simulations following the same procedure as in experiments.

Fig. 11(a) shows the displacement contours of SMHs along the
tretching direction during temperature-water content controlled shape
emory cycle. SMHs keep their deformed shape rather than recover

heir initial shape during step 5, which indicates a quite different
ehavior compared with temperature-induced shape memory cycle, in
hich SMHs can recover their initial shape (shown in Section 4.3.1).

he interpretation of this feature is that: as 𝑇𝑔 increases due to the
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Fig. 10. Shape memory cycle results with constant water content: (a) normalized displacement as a function of temperature and snapshots of SMHs during the whole shape
emory process from experimental and simulation results, (b) comparison between numerical predictions and experimental results at different fixed temperatures, (c) comparison

etween numerical predictions and experimental results with different polymer volume fraction, and (d) shape fixed ratio 𝑅𝑓 as a function of 𝜙 from experimental observations
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increase of 𝜙 during step 4, the chain mobility decreases and the
programmed shape is maintained. There are two opposite effects on
SMHs: the dissociation of dynamic bonds leads to the recovering of
initial SMHs shape, namely T-SME, while the increase of 𝑇𝑔 leads to
he maintenance of the deformed shape, namely W-SME. During step
, the effect of W-SME is dominant. During step 6, the chain mobility
ecreases due to the increase in water content, and the SMHs samples
an go back to their initial configurations. It can be found that the shape
emory behavior caused by temperature and water are coupled and

ur model can capture this key feature.
Fig. 11(b) shows the displacement 𝑢𝑟 at the one end of SMHs varying

ith 𝜙 obtained from simulations and experimental results with various
from step 4 to step 6. All simulations can capture the trend of 𝑢𝑟

arying with 𝜙 for each 𝜂. It can be seen that the simulations of
𝑟 increase with 𝜂 at fixed 𝜙. A relatively better result is obtained
hen 𝜂 = 0.2, which is used in the following simulations. There is a

elatively large error when 𝜙 is greater than 0.4, which is probably
ttributed to the failure of visco-elasticity and the coupling of water
olecule diffusion and nonlinearities due to large deformations taken

nto account in our model.

.4. Discussion

Here a micro-macro constitutive model is developed to capture the
hermo-aqueous behaviors for double network shape memory hydrogels
ith potentially dynamic bonds. This model considers the temperature-
ater responsive association or dissociation of dynamic bonds for

he temporary network and for the permanent network water-induced
hain mobility through the Fox–Flory equation. This theoretical model
s embedded into a UEL subroutine of ABAQUS software to simulate
12

he mechanical answer of SMHs and characteristic features have been a
emonstrated as (1) the stiffness of SMHs increases with temperature,
2) the shape fixed ratio increase and then decrease with water content,
3) the thermo-aqueous coupling shape memory behavior. The repre-
entative mechanism of hydrophobic interaction is introduced into our
heoretical model to investigate association and dissociation of dynamic
onds. Therefore, our model can be used for a wider range of material
ystems. It is worth noting that it does not consider the viscoelastic
ehavior of SMHs under low water content and the coupling of thermal-
luid transport-finite deformation. The differences between simulations
nd experimental results may result from these two limitations and
hese sophisticated and challenging issues will be investigated in the
uture.

One can conclude that T-SME can quickly fix the programmed
hape of SMHs, but the maintenance of this shape will require the
emperature to be controlled within a small range, which is uneasy.

-SME also can realize the shape programming of SMHs, however, a
ot of time is required to remove the unwanted water. Furthermore, a
ow shape fixed ratio occurs due to the reduction of the water content.
herefore, the combination of the two stimuli allows for a rapidly
ixing programmed shapes of SMHs and an extension of the effective
emperature range to maintain temporary shapes.

The proposed constitutive model of SMHs may find potential appli-
ations ranging from the fabrication of micro-devices of sensors, actu-
tors and functional components for biomedical and soft robotics (Shi-
lee et al., 2019; Zhan et al., 2018; Carrico et al., 2017). Traditional
abrication methods of soft matter device require mold design and are
enerally restricted to the fabrication of simple shapes. Recently, 4D
rinting of hydrogels was employed to fabricate hydrogel devices (Zhao
t al., 2021; Zhang et al., 2019). However, printable responsive and
ctive materials for soft sensors and actuators are inadequate (Shiblee
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Fig. 11. (a) Contours of displacement 𝑈1 of SMHs along the stretching direction during the shape memory cycle. (b) Displacement of one end of the strip as a function of 𝜙, the
water content decreases or increases during thermo-aqueous coupling shape memory cycle.
Fig. 12. Geometry and mesh of simulation models: (a) 360 2D elements for SMHs and R2D2 element for box under 2D case, and (b) 3276 3D elements for SMHs and R3D4
elements for box under 3D case (half of model).
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et al., 2019). Our work may provide a convenient method for fabrica-
tion of soft sensors and actuators by using the temperature and water
coupling SME of SMHs.

Two illustrative simulations to fabricate complex shapes by using
temperature-water induced SME of SMHs are presented. The two-
dimensional and three-dimensional geometry models of SMHs with
their meshes are depicted in Fig. 12(a) and (b), respectively. External
boxes are rigid bodies with fixed boundary conditions and surface-to-
surface contact of frictionless property is set between the outer surface
of SMHs and the inner surface of the box. The conditions of temperature
and polymer volume fraction are applied sequentially in four steps, that
13

w

is,
Temperature(𝑇 ) ∶ 283 K → 283 K → 343 K

→ 343 K → 283 K
olymer volume fraction(𝜙) ∶ 1.0 → 0.4 → 0.4 → 1.0 → 1.0

Fig. 13 illustrates the 2D and 3D displacement contours of SMHs
nder a specific constraint at initial time, end of step 2 and end of
inal step. Subjected to step 1, the water content of SMHs increases
nd SMHs with simple shape starts to swell, but due to the existence
f the boundary constraints, the buckling occurs, which results in the
omplicated shape of SMHs. Then, through step 2, these complicated
hape can be quickly maintained utilizing the T-SME of SMHs, however
hich needs the temperature to be kept in a small range. Third, the
ater content of SMHs is lowered, which can realize the maintenance
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Fig. 13. The deformed configurations of SMHs at initial time, end of step 2 and end of final step: (a) 2D case and (b) 3D case.
f the complicated shape in a wide range of temperature, so finally
he temperature can be recovered to room temperature and the desired
hape is obtained permanently. It can be found that temperature and
ater content are the same in initial and final states and SMHs with

imple shapes are deformed into complex shapes. Specifically, the
ircular SMHs are converted into a corrugated shape and the spherical
MHs are converted into a shape similar to a sieve. Note that tradi-
ional hydrogels do not have this capability given by elasticity. These
esults may provide new solutions for the fabrication of micro-devices
ith sophisticated configurations of sensors, actuators and functional

omponents based on hydrogels.

. Conclusions

In this work, thermo-aqueous coupling SME of double network
MHs is investigated. In conditional four-step shape memory cycles,
he water contents of SMHs play a significant role in the shape fixed
atio, which first increases and then decreases with water content.
his implies that a critical water content corresponding to the highest
hape fixed ratio exists. To explore the coupling effect of temperature
nd water on SME of SMHs, a well-designed six-step experiment is
onducted, where the key features of SMHs are identified. Based on
xperimental results and transient network theory, a micro-macro con-
titutive model is developed by utilizing temperature responsive energy
arrier and water associated aggregation strength. The ‘‘hydration ef-
ect’’ and temperature-water responsive association and dissociation of
ynamic bonds are involved in this theory, where additionally, the
aximum value of water-associated polymerizable molecular chains
er unit volume is proposed. As a validation, this theory is embedded
nto a user element subroutine of ABAQUS software to simulate the
echanical behavior of SMHs under isothermal uniaxial tension and

hape memory cycles. The theoretical predictions and experimental
esults show good agreement. Based on SMHs thermo-aqueous shape
emory effect investigated in this work, a new fabrication method for

he of micro-devices of sensors, actuators and functional components is
roposed and may be used in the field of biomedical and soft robotics.
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Appendix A. Details of tangential stiffness matrix

In the present section, detailed derivations of tangential stiffness
matrix

(

𝐾𝑢𝑖𝑢𝑘
)𝛼𝛽

also called matrix AMATRX are listed. The form of

tangential stiffness matrix is expressed as (Chester et al., 2015)

(

𝐾𝑢𝑖𝑢𝑘
)𝛼𝛽

= −
𝜕
(

𝑅𝑢𝑖
)𝛼

𝜕𝑢𝛽𝑘
= ∫𝑣

(

𝜕N𝛼

𝜕𝑥𝑗

(

𝐴𝑖𝑗𝑘𝑙
) 𝜕N𝛽

𝜕𝑥𝑙

)

𝑑𝜈 − ∫𝑎
N𝛼N𝛽 𝜕𝑡𝑖

𝜕𝜇𝑘
𝑑𝑎,

(A.1)

where 𝐴𝑖𝑗𝑘𝑙 = 𝐽−1𝐹𝑗𝑚𝐹𝑙𝑛(𝐴𝑅)𝑖𝑚𝑘𝑛. 𝐀 and 𝐀𝑅 are defined in current con-
figuration and reference configuration, called spatial tangent modulus
and referential tangent modulus, respectively. The first P-K stress
𝐏 = 𝐽𝝈𝐅−𝑇 is defined to derive 𝐀𝑅 and according to Eq. (28), 𝐏 is
obtained as

𝐏 =
𝐺1
𝐽0

(

𝐽 2∕3
0 𝐅 − 𝐅−𝑇

)

+ �̃�
(

�̃��̃�𝑇𝐅−𝑇 − 𝐅−𝑇 )

+ 𝐺𝐼𝐼 (𝝇 − 𝐈)𝐅−𝑇 +𝐾
(

𝐽 2𝐽0 −
𝐽
𝜙

)

𝐅−𝑇 .
(A.2)

Hence

𝐀𝑅 = 𝜕𝐏
𝜕𝐅

=
𝐺1
𝐽0

(

𝐽 2∕3
0

𝜕𝐅
𝜕𝐅

− 𝜕𝐅−𝑇

𝜕𝐅

)

+ �̃�
(

𝜕𝐅
𝜕𝐅

𝐅−1(𝜙0)𝐅−𝑇 (𝜙0) −
𝜕𝐅−𝑇

𝜕𝐅

)

+ 𝐺𝐼𝐼

(

(𝝇 − 𝐈) 𝜕𝐅
−𝑇

𝜕𝐅
+
𝜕 (𝝇 − 𝐈)
𝜕𝐅

𝐅−𝑇
)

+𝐾
(

2𝐽𝐽0 −
1
𝜙

)

𝐅−𝑇 ⊗ 𝜕𝐽
𝜕𝐅

+ 𝐾
(

𝐽 2𝐽0 −
𝐽
𝜙

)

𝜕𝐅−𝑇

𝜕𝐅
.

(A.3)
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𝛯

Fig. B.1. (a) Fitting results from uniaxial tension test at 10 ◦C and 80 ◦C. Fitting result of 𝐶1(1 −𝜙)𝐶2 , where we assumed that 𝑅𝑓 equals to zero for pure water and dry polymer
network and two points (0,0) and (1,0) are added.
The component form is expressed as

(

𝐴𝑅
)

𝑖𝑗𝑘𝑙 =
𝐺1
𝐽0

(

𝐽 2∕3
0 𝛿𝑖𝑘𝛿𝑗𝑙 + 𝐹−1

𝑙𝑖 𝐹
−1
𝑗𝑘

)

+ �̃�
(

𝛿𝑖𝑘𝐹
−1
𝑙𝑏 (𝜙0)𝐹−1

𝑗𝑏 (𝜙0)

+𝐹−1
𝑙𝑖 𝐹

−1
𝑗𝑘

)

+ 𝐺𝐼𝐼
(

−
(

𝜍𝑖𝑚 − 𝛿𝑖𝑚
)

𝐹−1
𝑙𝑚 𝐹

−1
𝑗𝑘 + 𝛯𝑖𝑚𝑘𝑙𝐹−1

𝑗𝑚

)

+ 𝐾𝐽
(

2𝐽𝐽0 −
1
𝜙

)

𝐹−1
𝑗𝑖 𝐹

−1
𝑙𝑘 −𝐾𝐽

(

𝐽𝐽0 −
1
𝜙

)

𝐹−1
𝑙𝑖 𝐹

−1
𝑗𝑘 .

(A.4)

In Eq. (A.4), 𝜩 = 𝜕𝝇
𝜕𝐅 and according to Eq. (20), its component form is

erived as

𝑖𝑚𝑘𝑙 =
𝜕𝜍𝑖𝑚
𝜕𝐹𝑘𝑙

= 𝑒−�̄�𝑑 (𝑇−𝑇0)
𝜕𝐹𝑖𝑎
𝜕𝐹𝑘𝑙

𝐹−1
𝑎𝑏 (𝑇0)𝐹

−𝑇
𝑏𝑐 (𝑇0)𝐹 𝑇𝑐𝑚

+ 𝑒−�̄�𝑑 (𝑇−𝑇0)𝐹𝑖𝑎𝐹−1
𝑎𝑏 (𝑇0)𝐹

−𝑇
𝑏𝑐 (𝑇0)

𝜕𝐹 𝑇𝑐𝑚
𝜕𝐹𝑘𝑙

+
𝜕𝐹𝑖𝑎
𝜕𝐹𝑘𝑙

[

∫

𝑇

𝑇0
�̄�𝑑𝐹

−1
0 (𝛬)𝐹−𝑇

0 (𝛬)𝑒−�̄�𝑑 (𝑇−𝛬)𝑑𝛬

]

𝑎𝑏

𝐹 𝑇𝑏𝑚

+ 𝐹𝑖𝑎
𝜕

𝜕𝐹𝑘𝑙

[

∫

𝑇

𝑇0
�̄�𝑑𝐹

−1
0 (𝛬)𝐹−𝑇

0 (𝛬)𝑒−�̄�𝑑 (𝑇−𝛬)𝑑𝛬

]

𝑎𝑏

𝐹 𝑇𝑏𝑚

+ 𝐹𝑖𝑎

[

∫

𝑇

𝑇0
�̄�𝑑𝐹

−1
0 (𝛬)𝐹−𝑇

0 (𝛬)𝑒−�̄�𝑑 (𝑇−𝛬)𝑑𝛬

]

𝑎𝑏

𝜕𝐹 𝑇𝑏𝑚
𝜕𝐹𝑘𝑙

= 𝑒−�̄�𝑑 (𝑇−𝑇0)𝛿𝑖𝑘𝛿𝑎𝑙𝐹
−1
𝑎𝑏 (𝑇0)𝐹

−𝑇
𝑏𝑐 (𝑇0)𝐹 𝑇𝑐𝑚

+ 𝑒−�̄�𝑑 (𝑇−𝑇0)𝐹𝑖𝑎𝐹−1
𝑎𝑏 (𝑇0)𝐹

−𝑇
𝑏𝑐 (𝑇0)𝛿𝑚𝑘𝛿𝑐𝑙 + 𝛿𝑖𝑘𝛿𝑎𝑙(𝐴𝐴)𝑎𝑏𝐹 𝑇𝑏𝑚

+ �̄�𝑑𝐹𝑖𝑎𝐹−1
𝑎𝑐 𝐹

−𝑇
𝑐𝑏

𝜕𝑇
𝜕𝐹𝑘𝑙

𝐹 𝑇𝑏𝑚 + 𝐹𝑖𝑎(𝐴𝐴)𝑎𝑏𝛿𝑚𝑘𝛿𝑏𝑙

= 𝑒−�̄�𝑑 (𝑇−𝑇0)𝛿𝑖𝑘𝐹
−1
𝑙𝑏 (𝑇0)𝐹−𝑇

𝑏𝑐 (𝑇0)𝐹 𝑇𝑐𝑚
+ 𝑒−�̄�𝑑 (𝑇−𝑇0)𝐹𝑖𝑎𝐹−1

𝑎𝑏 (𝑇0)𝐹
−𝑇
𝑏𝑙 (𝑇0)𝛿𝑚𝑘 + 𝛿𝑖𝑘(𝐴𝐴)𝑙𝑏𝐹 𝑇𝑏𝑚

+ �̄�𝑑𝛿𝑖𝑚
𝜕𝑇
𝜕𝐹𝑘𝑙

+ 𝐹𝑖𝑎(𝐴𝐴)𝑎𝑙𝛿𝑚𝑘,

(A.5)

where (𝐴𝐴)𝑎𝑏 =
[

∫ 𝑇𝑇0 �̄�𝑑𝐅
−1
0 (𝛬)𝐅−𝑇

0 (𝛬)𝑒−�̄�𝑑 (𝑇−𝛬)𝑑𝛬
]

𝑎𝑏
. Moreover, the

following well-known equations are used in derivation process of
Eqs. (A.4) and (A.5)

𝜕𝐹𝑖𝑗
𝜕𝐹𝑘𝑙

= 𝛿𝑖𝑘𝛿𝑗𝑙 ,
𝜕𝐹−𝑇

𝑖𝑗

𝜕𝐹𝑘𝑙
= −𝐹−1

𝑙𝑖 𝐹
−1
𝑗𝑘 ,

𝜕𝐽
𝜕𝐹𝑖𝑗

= 𝐽𝐹−𝑇
𝑖𝑗 , 𝑑

𝑑𝑥 ∫

𝜑(𝑥)

𝜓(𝑥)
𝑓 (𝜏)𝑑𝜏 = 𝑓 [𝜑(𝑥)]𝜑′(𝑥) − 𝑓 [𝜓(𝑥)]𝜓 ′(𝑥).

(A.6)
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Fig. B.2. The effect of �̄�𝑑 on SMHs during shape memory cycle.

Appendix B. Parameters determination

B.1. Parameter: 𝜙0, 𝜆0

The synthesized hydrogels intrinsically contains a certain content of
water which results from the material fabrication process. It is assumed
that the absorption of the water into the dried SMHs is a free-swelling
process, that is 𝐽0 = 𝜆30 and 𝐺𝐼𝐼 = 0, �̃� = 0, so 𝜎 is expressed as:

𝜎 =
𝐺1

𝜆30

(

𝜆20 − 1
)

+𝐾
(

𝜆30 −
1
𝜙0

)

, (B.1)

where 𝜙0 = 0.24 according to our experiments, 𝜎 = 0 and we take
𝐾 = 100𝐺𝐼 . By solving Eq. (B.1), we obtain 𝜆0 = 1.6087.

B.2. Parameters: 𝑇0, 𝐺𝑇𝐼 , 𝐺
𝑇
𝐼𝐼 , 𝑇𝑟𝑒𝑓 , 𝑘𝑑0∕𝑘𝑎0, 𝛥�̄�𝑑 − 𝛥�̄�𝑎, 𝛥�̄�

These parameters can be determined through results of uniaxial
tension texts. Two total shear modulus are defined 𝐺𝑇𝐼 = 𝐽𝐽0𝑁𝑃 𝑘𝑏𝑇
and 𝐺𝑇𝐼𝐼 = 𝐽𝑁𝑃 𝑘𝑏𝑇 for permanent and temporary, respectively. In this
condition, 𝜎 can be represented as

𝜎 =
𝐺𝐼
𝜆0

(

𝜆2 − 1
𝜆

)

+ 𝐺𝐼𝐼
(

𝜆2 − 1
𝜆

)

, (B.2)

where �̃� = 0 and 𝐺𝐼 = 𝐺𝑇𝐼 are used. Since Methylcellulose is not
gelation at 𝑇0 = 10 ◦C (Li, 2002), we obtain that 𝐺𝐼𝐼 = 0 at this
temperature. By fitting uniaxial tension results at 10 ◦C and 80 ◦C

𝑇 𝑇
(Fig. B.1(a)), we obtained that 𝐺𝐼 = 12.8 kPa and 𝐺𝐼𝐼 = 42.68 kPa.
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From previous section, we have 𝐺𝐼𝐼 = 𝑓 (𝑇 )𝐺𝑇𝐼𝐼 and

(𝑇 ) = 1

1 + 𝑘𝑑0
𝑘𝑎0

exp
⎛

⎜

⎜

⎝

−
𝛥�̄�𝑑−𝛥�̄�𝑎−2

(

𝑇−𝑇𝑟𝑒𝑓−𝑇 ln 𝑇
𝑇𝑟𝑒𝑓

)

𝛥�̄�

𝑘𝑏𝑇

⎞

⎟

⎟

⎠

.

(B.3)

We take 𝑇𝑟𝑒𝑓 equal to initial programmed temperature, i.e. 𝑇𝑟𝑒𝑓 = 283
K. We choose 5 temperatures (293 K, 303 K, 333 K, 343 K, 353 K)
to fit parameters and compare them with other temperatures, then we
obtained that 𝑘𝑑0∕𝑘𝑎0 = 8.94, 𝛥�̄�𝑑 − 𝛥�̄�𝑎 = −1000.45∕𝑁𝐴 and 𝛥𝑆 =
1148.3∕𝑁𝐴, where 𝑁𝐴 is Avogadro’s constant.

B.3. Parameters 𝐶1, 𝐶2

Parameters 𝐶1, 𝐶2 fitted from data points of the variation of shape
ixed ratio 𝑅𝑓 vs. polymer volume fraction 𝜙 as shown in Fig. B.1(a).

We assume that the maximum value of 𝐶1(1 − 𝜙)𝐶2𝜙 equal to 1, which
means that all molecular are polymerized and we obtain that 𝐶1 = 12.85
and 𝐶2 = 4.236.

B.4. Parameters: 𝜂, �̄�𝑑

Parameters 𝜂 associated with water-induced shape memory cycle
cannot be determined directly by experiments listed in Section 2, where
𝑁𝑃 can be determined but it is difficult to distinguish 𝑁𝑃1 and 𝑁𝑃 2.
Simulations with different 𝜂 during thermo-aqueous coupling shape
memory cycle are discussed in Section 4.3.2. It is difficult to determine
�̄�𝑑 from simple mechanical experiments introduced in Section 2 and
we make �̄�𝑑 = 0.0001 and simulations with various �̄�𝑑 was shown in
Fig. B.2. It can be found the value of �̄�𝑑 has no effect on results within
a certain range.

Appendix C. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ijsolstr.2023.112395.
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