Composites Science and Technology 86 (2013) 76–81

Contents lists available at SciVerse ScienceDirect

Composites Science and Technology
journal homepage: www.elsevier.com/locate/compscitech

Cured shape and snap-through of bistable twisting hybrid [0/90/metal]T
laminates
Fuhong Dai ⇑, Hao Li, Shanyi Du
Center for Composite Materials and Structures, Harbin Institute of Technology, Harbin 150001, China

a r t i c l e

i n f o

Article history:
Received 26 June 2012
Received in revised form 3 June 2013
Accepted 30 June 2013
Available online 13 July 2013
Keywords:
A. Hybrid composites
A. Laminate
A. Smart materials
B. Non-linear behavior
C. Residual stress

a b s t r a c t
This paper presents a bistable twisting CFRP-metal hybrid laminate which has an external isotropic
metallic layer. Different from the pure unsymmetric CFRP laminate and the hybrid unsymmetric laminate
with an inner metallic layer, the laminate presented can be transformed from one negative curvature to
another negative curvature instead of from one negative curvature to another positive curvature. Their
room temperature shapes can be a unique paraboloid shape, a twisted cylindrical shape, or a twisted
cylindrical shape that can be snapped through to another twisted cylindrical shape. The cured shape of
the hybrid laminate is studied using analytical, ﬁnite element and experimental techniques. The investigation is focused on the hybrid laminate with lay-up of [0/90/metal]T, and shows that the principal direction of cured curvature is 45°. The predicted cured shape and the snap-through loads agree well with
experimental results.
Ó 2013 Elsevier Ltd. All rights reserved.

1. Introduction
Bistable composite laminates have been proposed to generate
novel morphing and deployable structures within a range of engineering sectors [1–5]. The advantage of this approach is that while
energy must be expended to snap the structure between states, no
energy is required to hold the structure in the new state. For decades of years, the cured curvature of bistable laminates have been
predicted with good precision by using analytical approaches [6–
9]. In addition, ﬁnite element analysis has been developed as a robust way to predict cured shape and to simulate the snap through
process [10,11]. The factors inﬂuencing the cured shape and bistable behaviors of unsymmetric laminates, including slippage [12],
imperfection [13], ﬁber orientation [14], moisture [15,16] and aspect ratio [17,18], have been investigated. To induce the snapthrough process from one stable state to another, the actuator
materials such as shape memory alloy and piezoelectric composites have been employed [19–22]. The interests have been recently
extended to study the dynamic behavior of bistable laminates as
well [23,24]. The low load carrying capability and restrictive geometries of such pure composite laminates are signiﬁcant design limitations [25]. One interesting idea to emerge is the hybridization of
unsymmetric laminates that can give more design freedom of
cured curvatures and snapping load [26,27].
Summarizing the work in open literature, several types of cured
shapes of unsymmetric laminates after cooling down can be found:
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saddle and two cylindrical shapes for cross-ply laminate; twisted
saddle and two twisted cylindrical shapes for angle-ply laminates.
These laminates are either pure unsymmetric laminates or hybrid
laminates with an inner orthotropic layer (CFRP-metal). They have
the same feature that their cured curvatures have the opposite sign
(kxx = kyy) in two stable states.
This work presents a new bistable hybrid laminate with an
external orthotropic metallic layer, whose curvatures have the
same sign (kxx = kyy) in two stable states. Analytical techniques
are used to carry out parametric studies of bitable hybrid laminates. These studies are veriﬁed by ﬁnite element analysis and
experiments.
2. Analytical models
For unsymmetric laminates, the thermally induced directional
deformation of the single layer results in large out-of-plane deformations. To take into account the large bistable deformations, the
linear strain–displacement relations must be extended by non-linear terms [6,7,9,11,27]:
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where the index 0 refers to laminate reference plane, where u0 and
v0 are the x- and y- reference-surface displacements, w is the z-displacement, and the e0s are the strains at the reference plane, ex, ey
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and exy the total strains. Total potential energy of the laminate are
given by
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where Lx and Ly are the two side-lengths of the laminate and H is
the laminate thickness. In Eq. (2), Q terms represent the transformed reduced stiffness. The thermal expansion coefﬁcient is represented by a and DT is temperature difference with respect to a
reference state.
A practical way to solve this problem is the use of approximate
expressions for both curvatures and strains-displacement relations, as functions of unknown coefﬁcients. Generally, a solution
to Eq. (2) can be obtained assuming the out-of-plane displacement,
w, is of the form:

wðx; yÞ ¼

1
2
ðax2 þ by þ cxyÞ
2

ð3Þ

where the coefﬁcients a and b represent the curvatures in the x- and
y-directions respectively in the global coordinate system. The coefﬁcient c represents the twist curvature.
For a cross-ply [0n/90n] or [0n/metal/90n] laminate, the direction
of principal curvature coincides with the global axes of laminate.
Thus the coefﬁcient c is zero, which can be neglected.
In contrast to the cross-ply laminate, the principal curvature’s
direction has an angle of h with respect to the global axes for a laminate with lay-up of [0/90/metal], as seen in Fig. 1a. The angle h is
dependent on the ﬁber orientations of the single layer. It is advantageous for stability analysis to formulate the displacement in the
principal curvature system and to perform a transformation into
the global coordinate system according to the transformations
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where u, v and w are x-, y- and z-displacements in the global coor ; v and w
 are x-, y
-and z-displacement in principal
dinate system. u
curvature coordinate system.
Therefore, we use the principal curvature coordinate system to
solve Eq. (2). Geometrical assumptions for the out-of-plane displacements with the general second-order approach are given by

 x; y
Þ ¼
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1
2 Þ
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2

and conditioning number of the system of solving equations. Here,
the displacements are approximated by using the following
polynomials:

ð6Þ

Using the displacement approximations (5) and (6) and in the
strain displacement relation (1) substituting the resulting expressions into (2), the total potential energy of laminate becomes a
function dependent on the coefﬁcients am,bm (m = 0, 1, . . ., 7).
The principle of the minimum total potential energy requires
the ﬁrst variation to be zero
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dP
dP
dam þ
dbm ¼ 0
dam
dbm

ð7Þ

To satisfy this condition, every summand in Eq. (7) must be
zero, which results in a coupled non-linear algebraic equation system. The equation group is solved with specially-written mathematical software. These solutions should be checked for their
stability by means of d2P, which has to be positive for a stable
deformation state. The basic shapes of the hybrid laminate with
an external orthotropic layer are shown in Fig. 1.
Another issue about the cured shape prediction of hybrid laminates is the slippage effect. In this study, a ‘slip coefﬁcient’ l is
introduced to describe slipping at the metal–ﬁber interface, which
relies on the materials and manufacturing processes used so it
must be found experimentally. We use the dimensionless slip coefﬁcient deﬁned by Daynes and Weaver [27]:
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where ecure
and ecure
are the reference-plane strains at cure in the ﬁm
f
ber and the metal layer respectively. Ef and Em are the ﬁber and the
metal Young’s modulus. Vf is the ﬁber volume fraction. am and mm
are the metal thermal expansion and Poisson’ ratio. H is the total
thickness of laminate and t is the thickness of metallic layer. The
subscript f, m and r refer to the directions of ﬁber, the metal and
the direction transverse to the ﬁber respectively. More details can
be found in the literature [27].

ð5Þ
3. Finite element models

where the coefﬁcients a0 and b0 deﬁne the principal curvatures of
-directions respectively.
laminate in the 
x- and y
For the description of the in-plane deformations, several
approximations can be found in the literature. The robustness
and reliability of the modeling framework depend on the scaling

(a)

(b)

The commercial ﬁnite element code ABAQUS is employed to
perform the non-linear analysis. The cool-down is simulated by
applying an initial temperature and a ﬁnal temperature to all of
the nodes of the model in ﬁrst step. Then in second analysis step,

(c)

(d)

Fig. 1. Basic shapes of hybrid laminates with an external isotropic metal layer:(a) reference shape at curing temperature; (b) paraboloid shape (c) and (d) twisted cylindrical
; z:principal curvature coordinate system).
shapes at room temperature (x, y, z: global coordinate system; 
x; y
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Table 1
Thermo-mechanical properties of CFRP and metal.
CFRP

Aluminum

E11 = 126 GPa, E22 = 8.8 GPa, G12 = 4.47 GPa, m12 = 0.3,
a11 = 0.25  106/°C, a22 = 34  106/°C, thickness = 0.125 mm
Ef = 211 GPa, mf = 0.6
Em = 70 GPa, am = 23.6  106/°C, thickness = 0.24 mm

Fig. 4. The measurement for snapping twist moment.
Fig. 2. The illustration of imperfection regions.

snap-through process is simulated by applying loads such as force
or moment to the edge of laminate. The analysis is performed using
4-node general purpose reduced integration shell elements (S4R)
and geometrically non-linear algorithms (NLGEOM). The CFRP prepreg material studied is T300/QY8911 and the external isotropic
layer is aluminum layer. The thermo-mechanical properties of
these materials are listed in Table 1.
Slippage effects are simulated by the modiﬁcation of the coefﬁ k in accordance with Eq.
cients of thermal expansion from ak to a
(10). The effective thermal expansion in the ﬁber direction is given
by lecure
m =2DT and in the metal layer the effective thermal expansion coefﬁcient in calculated using ecure
m =DT. The thermal expansion
transverse to the ﬁber direction remains unchanged. The reference-plane total strain in the metal layer at cure ecure
can be determ
mined by Eq. (9).
For this hybrid laminate studied in this paper, an imperfection
must be introduced to ﬁnite element model to obtain the correct
cured shape. Different imperfections can be used by changing
material properties such as modulus and thermal expansion. The
region where the imperfection is introduced has also important
inﬂuence on the cured shape. The imperfection region used on
the hybrid laminate is shown in Fig. 2. The two rectangular regions
along the diagonal are chosen to introduce the imperfection on
thermal expansion of aluminum layer, by changing the thermal
expansion coefﬁcient with the percentage of c. The introduced
imperfection is deﬁned as aimperfection = am.(1 + c).

cooled down to room temperature of 20 °C. It can be seen that the
direction of the principal curvature is constantly 45°. The stable
twisted shape is a cylindrical shell for square laminates. Two stable
twisted shapes for rectangular laminate with size 300  50 mm are
shown in Fig. 3. The laminates always deform towards the same
side of x–y plane in two stable states.
The distance L between the two corner points of cylindrical
shape and the deﬂection H are measured. The principal curvatures
for square laminates can be calculated by the measured results,
which are also presented in Fig. 3. For the rectangular laminate,
it is difﬁcult to directly calculate the curvature. The distances between the two corner points of twisted cylindrical shape and the
deﬂection at the corner are measured to be 230 mm and 83 mm
respectively.
To investigate the snap through behavior, a simple experiment
was set up as shown in Fig. 4. The twist moment is applied to the
edge of laminate by two cantilevers on the pulley. The distance between two cantilevers is 65 mm. The forces are recorded and the
twist moments are obtained by multiplying the force by the distance. The critical twist moment snapping the laminate are measured to be 0.125 Nm for 100  100 mm [0/90/Al] laminate and
0.196 Nm for 150  150 mm. The twist moment is not obtained
for rectangular laminate with size of 300  50 mm since the equipment fails to work to measure it.

4. Experiments

A series of bistable twisting hybrid laminates is analyzed to
compare with the experimental measurements, and to begin
examining how changes in geometry affect the shape. The changes
of curvature shapes for various side-lengths are depicted by analytical, ﬁnite element model and experimental results in Fig. 5. These
solutions are found using the analytical model presented in Section
2 accounting for slippage effects.

Within this work, several experimental investigations have
been carried on laminates made of CFRP and aluminum. Three laminates
were
manufactured:
[0/90/Al]T
(100  100 mm,
150  150 mm, 300  50 mm), see Fig. 3. These hybrid laminates
have been processed at a curing temperature of 180 °C and slowly

5. Results

Fig. 3. Manufactured hybrid laminates.
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Fig. 6. Cured curvature vs. the metallic thickness for [0/90/Al] 100  100 mm
square laminates.

Branch AB shows the curvature of the stable paraboloid shape
which corresponds to the shape in Fig. 1b and occurs in the case
of small laminates. The critical side length for the paraboloid shape
is where the paraboloid shape becomes unstable, which deﬁnes the
bifurcation point. After this bifurcation point, the paraboloid shape
exists only theoretically as an unstable equilibrium state but not in
reality indicated by the line BC. Instead of the paraboloid shape,
two equivalent stable solutions (BD and BE) are calculated as the
side length increases. An interesting result is that both principal
curvatures in two stable states have the same sign instead of pure
unsymmetric laminates and hybrid laminates with an inner isotropic layer. Branch BD represents the curvature a0 of twisted

(a)

(b)

cylindrical shape and the curvature b0 of another twisted cylindrical shape. BE indicates the secondary curvature a0 of twisted cylindrical shape and the secondary curvature b0 of another twisted
cylindrical shape, which asymptotically approach to zero with
increasing side length. The ﬁnite element and experimental results
are also plotted in Fig. 5 and found to be in close agreement with
slippage coefﬁcients of 0.2 applied to the aluminum hybrid laminates. The values of these slippage coefﬁcients are selected on
the basis of the experimentally observed laminate curvatures.
Fig. 6 plots the curve of curvatures vs. the metallic thickness. It
is clear seen that the curvature increase as the metallic thickness
decreases. For thin laminates, two stable twisted cylindrical shapes
are observed, where the paraboloid shape is unstable. At a critical
thickness, the bifurcation point is reached and only one stable
paraboloid shape occurs instead of two cylindrical geometries
form. The ﬁnite element solution correlates well with the analytical one before the bifurcation point. The ﬁnite element predicts a
bifurcation point greater than that by analytical model. The analytical critical thickness is 0.85 mm but 1.0 mm by ﬁnite element.
Fig. 7 demonstrates three room temperature shapes after cooling down predicted by ﬁnite element analysis for 100  100 mm
hybrid laminate. For the pure unsymmetric laminate and hybrid
laminate with an inner metallic layer, ﬁnite element method predicts an unstable saddle shape without imperfection when the side
length is larger, which coincide with the analytical solution.
Although both analytical model and ﬁnite element method can
give the unstable shape for the hybrid laminate, they are quite different in shape. The analytical model gives an unstable paraboloid
shape with the equivalent curvature in two principal curvature
directions, whereas the cured shape predicted by ﬁnite element
method without imperfection introduced is a cylindrical shell,
which is not in reality, as shown in Fig. 7a. Two stable twisted
cylindrical shapes shown in Fig. 7b and c agree with the analytical
prediction and the experimental results. The principal curvature
direction is 45° with respect to the global axes.
In order to evaluate the effect of the imperfection magnitude,
the 100  100 mm laminate is employed in order to evaluate the
effect of the imperfection magnitude, as shown in Fig. 8. It shows
that increasing imperfection tends to increase the cured curvature.
The deviation at different imperfection from the average curvature
is 13.76/m. The difference between minimum imperfection 5%
and maximum imperfection 5% is 5.61%. It should be noted that
too small imperfections, 1%, 0% and 1%, result in a cylindrical
shape with the principal curvature direction along the global axes,
which is unable to be observed in experiments. To check the
change in curvature prediction induced by the slippage effect,
the calculation on the 100  100 mm laminate is conducted again
without the slippage effect and with 10% scatter of thermal expansion coefﬁcient of aluminum ply. The results are shown in Fig. 9. It
shows that the predicted curvatures with and without the slippage
effect both vary linearly to the scatter of the aluminum thermal
expansion coefﬁcient. The experimental cured curvature is 12.8/
m. The predicted curvature only considering the slippage effect is

(c)

Fig. 7. Three room temperature shapes predicted by ﬁnite element analysis.
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Fig. 9. Effects of slippage and thermal coefﬁcient scatter on cured curvatures
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13.6/m, which leads to an error 6.3%. However, the predicted
curvature without the slippage effect is 14.9/m, which leads to
an error 16.4%. The predicted curvature by the model with the slippage effect is 10% less than that by the model without the slippage
effect. If both considering the slippage and the scatter of thermal
expansion (using the thermal expansion 5% less than the original
model), the predicted cured curvature is 12.7/m, which is nearly
consistent with the experimental result. Therefore, the change in
curvature prediction should be the sum of the inﬂuences of slippage effect and the numerical scatter of original model.
Two stable shapes for 300  50 mm hybrid laminate are presented in Fig. 10. These shapes are consistent with the experimental shapes. The accurate characterization of these shapes may need
the other technique, which is beyond this paper. The distance
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Fig. 8. Effects of imperfection magnitude on cured curvatures (Lx = Ly = 100 mm,
H = 0.49 mm, t = 0.24 mm).

0.005

Fig. 11. Loads vs. displacements during snap through process for the [0/90/Al]
100  100 mm square laminate.

between two corner points from ﬁnite element analysis, as seen
in Fig. 10a, is 223 mm and the experimental distance is 230 mm,
which results in an error 3%. The predicted deﬂection is 85 mm
and the measured deﬂection is 83 mm. It means ﬁnite element
analysis predicts a larger curvature than the experimental
curvature.
Finally, the snap though analysis is carried out on two laminates:
100  100 mm and 150  150 mm. In ﬁrst analysis step, the laminate deforms to one of twisted shapes after cooling down. The
cooling-down is simulated in ﬁrst step and then second analysis
step is restarted by applying twist moments to two edges. The loading scheme is indicated as in Fig. 7b, which matches with the
experimental set-up. The simulated critical twist moment for
100  100 mm hybrid laminate is 0.115 Nm, which results in an
error 8.0% compared with the experimental moment of 0.125 Nm.
While the simulated critical moment for 150  150 mm hybrid laminate is 0.184 Nm, which has an error of 6.6% compared with the
experimental one of 0.196Nm.
The load–displacement curve at points C1, C2 and A1 for
100  100 mm laminate are plotted in Fig. 11. All the initial displacements are obtained at the end of cooling down analysis,
which is induced by thermal stress. It shows that the displacement
at point C1 has an initial value of 30.6 mm and decreases to a very
small value with the increase of loads. The initial displacement at
point A1 is 19.5 mm and decreases with the increase of loads as
well. In contrast to point C1, the displacement at point C2 increases
as the load increases. The load gradually reaches to a critical value
of 0.115 Nm. At this case, the displacements at three points change
further although the load almost remains constant, which means
that the collapse of laminate occurs at the critical load.

6. Conclusions
This paper presents a bistable twisting CFRP-metal hybrid laminate which has an external isotropic metallic layer. The investigation is focused on the hybrid laminate with layup [0/90/metal]T.

Fig. 10. Two stable shapes for 300  50 mm hybrid laminate predicted by ﬁnite element method.
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The out-of-plane displacement of laminate has been solved analytically in the principal curvature coordinate system. Both the
analytical and ﬁnite element models can capture two stable geometric and their predictions agree well with the experimental
results. It is found that there exist three possible cure shapes:
paraboloid, ﬁrst twisted cylindrical and secondary cylindrical
shapes. The laminate presented in this paper can be transformed
from one negative curvature to another negative curvature. The
principal curvature direction is shown to be 45° with respect to
the global axes. The slippage effect is included in the analytical
and numerical calculations, which has signiﬁcant inﬂuence on
the correct cure shape. An imperfection must be introduced to
ﬁnite element model to obtain the correct cured shape. The two
rectangular regions along the diagonal have been chosen to introduce the imperfection, which succeed to predict the correct shape.
The snap through process have been investigated numerically and
experimentally. The predicted snap-through loads correlate well
with experimental results.
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