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Abstract
There are various applications for shape memory polymer (SMP) in the smart materials and
structures field due to its large recoverable strain and controllable driving method. The
mechanical shape memory deformation mechanism is so obscure that many samples and test
schemes have to be tried in order to verify a final design proposal for a smart structure system.
This paper proposes a simple and very useful method to unambiguously analyze the
thermoviscoelastic shape memory behavior of SMP smart structures. First, experiments under
different temperature and loading conditions are performed to characterize the large
deformation and thermoviscoelastic behavior of epoxy-SMP. Then, a rheological constitutive
model, which is composed of a revised standard linear solid (SLS) element and a thermal
expansion element, is proposed for epoxy-SMP. The thermomechanical coupling effect and
nonlinear viscous flowing rules are considered in the model. Then, the model is used to predict
the measured rubbery and time-dependent response of the material, and different
thermomechanical loading histories are adopted to verify the shape memory behavior of the
model. The results of the calculation agree with experiments satisfactorily. The proposed
shape memory model is practical for the design of SMP smart structures.

Keywords: shape memory polymer, shape memory model, thermomechanical behavior,
large deformation

(Some figures may appear in colour only in the online journal)

1. Introduction

Shape memory polymer (SMP) and its composite structure
system is becoming a new research direction in the smart
materials and structures field [1–15]. As a kind of smart
active deformation material, shape memory polymer has many
advantages such as its obvious shape memory effect, large
recoverable strain (up to 400%), controllable driving method,
flexible design of the glass transition temperature, etc [4–6].
There are various applications for SMP in smart material
and structure systems such as space deployable devices,
bio-medical devices, textile products, sensors, etc [7–11].

Shape memory polymer is a special kind of polymer
which can perceive external stimulus (such as heat [12, 13],
magnetism [14, 15], light [16–19], electricity [20–22], etc).
The material has certain shape memory effects. If it is given
a load under certain conditions, the material can alter its
shape and fix it thereafter if the external environment changes;
the material can then perfectly recover to its initial shape if
the external conditions change back to their original state.
This ‘remember initial shape–fix deformation state–recover
to original shape’ cycle is called the shape memory effect
(SME) [23–26]. Using thermal active SMP as an example,
when heated to above the glass transition temperature Tg

0964-1726/14/055025+14$33.00 1 c© 2014 IOP Publishing Ltd Printed in the UK

http://dx.doi.org/10.1088/0964-1726/23/5/055025
mailto:yj_liu@hit.edu.cn
mailto:lengjs@hit.edu.cn


Smart Mater. Struct. 23 (2014) 055025 J Chen et al

the material can be deformed under external force; then the
temperature is reduced to below the glass transition while
keeping the external force applied; and then the external force
is unloaded and the given shape is kept; when heated to above
the glass transition temperature again the SMP can recover to
its initial shape automatically [1, 7].

Shape memory polymer has been researched for over
twenty years, and has gradually become more widely used
because of its unique advantages over other smart materials.
The mechanical shape memory deformation mechanism is so
obscure that many samples and test schemes have to be tried
in order to verify a final design proposal for a smart structure
system.

Thermal active SMP, in particular epoxy-SMP, is the main
focus of this paper. The shape memory effect of thermal active
SMP can be described by the three-dimensional thermome-
chanical cycle of stress–strain–temperature. There is some
research work on the shape memory behavior of SMP, but
it is not definitive. Tobushi, as early as 1997, introduced a slip
friction unit into the traditional linear viscoelastic three-unit
model to describe the freezing strain of the SMP material based
on linear viscoelastic theory and systematically studied the
constitutive behavior of shape memory polyurethane, estab-
lishing a four-unit phenomenological thermodynamic con-
stitutive equation [27]. In order to describe the constitutive
relation of the material under large strain conditions, Tobushi,
in 2001, revised the linear model by proposing a nonlinear
deformation model [28]. Using this model, Tobushi obtained
the stress–strain and stress–temperature relationships at 20%
strain level, and the results agreed with experiments, indicating
that the model was suitable for shape memory polyurethane
materials. However, this model is just one-dimensional and
the slip friction unit is very confusing. On the other hand, Liu
et al developed a two-phase transition microstructure constitu-
tive model of shape memory polymer [29]. The model defined
two internal state parameters in shape memory polymer: the
frozen phase and the active phase. The frozen phase is the
freezing part of the material in the cooling process, with the
assumption that the frozen phase and active phase inherit
the same stress. On this basis, a three-dimensional, linear
elastic, small deformation rate independent constitutive model
was proposed. Based on the transition mechanism proposition
between the frozen phase and the active phase proposed by
Liu, Chen and Lagoudas developed a nonlinear constitutive
model. The model further described the stress recovery and
strain storage mechanism in the shape recovery process of the
thermomechanical cycle [30, 31]. The theoretical predictions
of the model complied with experimental results by Liu [29].
Based on the phase transition theory, Barot and Rao also
carried out some further research [32]. In addition, Qi also
put forward a new constitutive model of SMP. The model
was a 3D finite deformation model which assumed that the
material has three-phase structure: the rubbery phase (RP),
the initial glassy phase (IGP) and the frozen glassy phase
(FGP) [33]. The advantage of this model is that there is no
use of the concept ‘storage strain’ in the model and the model
is not confined to elastomeric polymer or vitreous polymer
modeling—it can be used for modeling of any other material

that has an SME. This model is more accurate than that of
Liu for simulation of the material property changes in the
high-temperature to low-temperature cooling process [29]. Kai
Yu investigated the underlying physical mechanisms for the
observed multi-shape memory behavior and the associated
energy storage and release by using a theoretical modeling
approach [34]. Qi Ge developed a simple theoretical solution
which is based on a modified standard linear solid (SLS)
model with a Kohlrausch–Williams–Watts (KWW) stretched
exponential function to predict the temperature-dependent
free recovery behavior of amorphous SMPs [35]. Kai Yu
also reported a unified approach to predict shape memory
performance under different thermotemporal conditions such
as the shape fixity and free recovery of thermorheologically
simple shape memory polymers [36]. There are some other
models to characterize the mechanical behavior of SMP, but
almost all of them are very complex and need too many model
parameters, and many model parameters do not have any
physical meaning [37, 38]. Moreover, due to high modulus
of SMP in the glassy state, the release of stress is significantly
affected by the thermal expansion of the polymer, which then
leads to creep and stress relaxation, which are not considered
well in many works.

As described above, various thermomechanical transitions
such as the glass transition or melting transition can be
utilized for shape memory modeling. For polymers using
the glass transition to achieve shape memory, the underlying
physical mechanism of shape memory effects is the dramatic
chain mobility (or relaxation time) change as the temperature
traverses the glass transition temperature (Tg).

This work focuses on modeling the strain–stress–
temperature response of epoxy-SMP. Using the framework
of multiplicative decomposition of the deformation gradient,
a rheological model based on a revised standard linear
solid (SLS) element and a thermal expansion element is
employed to develop a nonlinear viscoelastic finite strain
constitutive model. Guided by similar developments in the
area of the elasticity model for glassy and rubbery polymers,
the rubbery response of the material is represented by the
Mooney–Rivlin energy function and the high stiffness of
the glassy state is modeled using Hencky’s strain energy
function. All experiments are carried out from the virgin state
of the material. After all experiments have been presented in
section 2, the constitutive model is detailed in section 3. The
model parameters are identified in sections 4 and 5. A final
discussion of the comparison of simulations and experimental
results for epoxy-SMP is given in section 6.

2. Experimental investigation

2.1. Material

The epoxy-SMP used in this paper was synthesized and
processed by Leng’s research group [1, 7]. Uniaxial tensile
test samples were cut following the standard ASTM-D638,
Type IV. Samples 5.8 mm wide, 115 mm long, 2.5 mm thick
and of gauge length 25 mm were machined using a laser cutting
machine. The test specimens used in the DMA experiment
were 1.8 mm × 4.8 mm × 18.5 mm. All experiments were
performed on epoxy-SMP in its virgin state.
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Figure 1. Uniaxial tensile experiments on epoxy-SMP. The temperature conditions are 60, 80 and 100 ◦C and the strain rates are
0.33× 10−2 s−1 and 0.67× 10−2 s−1.

2.2. Isothermal uniaxial tensile experiments

When considering the effect of the temperature and strain rate
on the mechanical performance of epoxy-SMP, the mechanical
performance in the vicinity of the glass transition temperature
is the primary concern. Isothermal tensile experiments were
conducted using a Zwick/Roell test machine. An extensometer
was used to measure the strain during the experiments, and
a matched temperature control box provided the low- and
high-temperature environments. Samples were pre-loaded to
0.1 MPa before the stress measurement to ensure good contact.
The temperature conditions were set as 60, 80 and 100 ◦C,
and two different strain rates (0.33× 10−2 s−1 and 0.67×
10−2 s−1) were applied. The environmental temperature was
controlled by the supporting program and the target tempera-
ture was held for 5 min before the start of the test.

The measured true stress versus logarithmic strain curves
for two different strain rates are summarized in figure 1. The
true stress and true strain are used in this paper without further
description.

It can be seen that during the loading process, the observed
stress level exhibits strong strain rate sensitivity. For example,

the observed stress level for 0.33× 10−2 s−1 is higher than that
for 0.67× 10−2 s−1 under the same temperature conditions.
That is to say the modulus and the strength become higher
when the applied strain rate increases. The observed stress
level also exhibits strong temperature sensitivity; for example,
the observed stress level for 100 ◦C is lower than that for
60 ◦C under the same strain rate level. That is to say the elastic
modulus and the strength of the epoxy-SMP become lower
when the temperature increases. Note that a yielding effect
can be detected in the tensile test below the glass transition
temperature of epoxy-SMP.

2.3. DMA experiments

Dynamic mechanical analysis (DMA) was used to study
the viscoelastic properties of the material within a certain
temperature range. The DMA test was performed to obtain
the strain response of the material under low oscillation
stress level, to study the thermomechanical properties (such as
storage modulus, loss modulus, loss angle, etc) under different
temperature conditions. The glass transition temperature Tg is
defined as the peak temperature of the loss angle, which is the
ratio of the storage modulus to loss modulus.

3
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Figure 2. Storage modulus (a) and loss angle (b) of epoxy-SMP.

DMA tests were conducted using a Mettler Toledo Corpo-
ration DMA/SDTA861e machine to characterize the dynamic
thermomechanical properties of epoxy-SMP. The tensile mode
was used in the test, and a scanning temperature range from
25 to 250 ◦C. A small dynamic load at a frequency of 1 Hz
was applied to the specimens and the rate of temperature rise
was 5 ◦C min−1.

As shown in figure 2, the glass transition temperature
Tg of epoxy-SMP is 92.17 ◦C. In the low-temperature range
25–80 ◦C, the modulus is high and the material is in a glassy
state; the material can be treated as a glassy material. In
the mid-temperature range 80–120 ◦C, the modulus decreases
sharply. In the high-temperature range 120–200 ◦C, the modu-
lus is very low; the material becomes very soft and is in a rub-
bery state or even a flowing state if the temperature continues to
increase, so the material can be treated as a rubbery material.
Therefore, the glassy modulus of epoxy-SMP is 2.03 GPa
(25 ◦C) and the rubbery modulus of epoxy-SMP is 13 MPa
(120 ◦C).

2.4. Thermal expansion experiments

The coefficients of thermal expansion (CTE) were measured
using a temperature control box and a laser displacement
sensor. The test sample was 38.38 mm× 1.71 mm× 3.08 mm.
The sample was gripped vertically at one top of the ends.
The laser displacement sensor was placed directly under the
sample. The temperature was increased from 50 to 120 ◦C at a
rate of 1 ◦C min−1. The change of the specimen’s length was
recorded. The experimental result is shown in figure 3.

The lope of the thermal strain is defined as the CTE. From
the experiments we can conclude on some thermal expansion
characteristics of the epoxy-SMP. Under low-temperature
conditions, the material is hard, the modulus is high and the
CTE is relatively smaller. While the CTE of the material
becomes larger, the modulus is lower when the temperature
continues to rise beyond the glass transition temperature. The
CTE of the material has an apparent change in the vicinity
of the glass transition temperature Tg. Therefore, we have to
consider the thermal expansion strain in the constitutive model
because the thermal strain is very obvious with respect to the
test samples in the experiments.

The CTE of the glassy state was obtained to be αg =

1.17× 10−4 ◦C−1 and the CTE of the rubbery state was
obtained to be αr = 2.35× 10−4 ◦C−1.

Figure 3. Thermal expansion performance of epoxy-SMP.

3. Constitutive theory of epoxy-SMP

3.1. Preview of the constitutive model

Thermoplastic epoxy-SMP exhibits a two-phase structure
composed of a soft segment and a hard segment. The hard
segment is responsible for the permanent shape, with a higher
glass transition temperature (Tg), while the soft segment
enables fixation of the temporary shape, with a lower Tg.
During the shape memory cycle, the hard segment remains
hard and provides the polymer with the shape-memorizing
capability, while the soft segment softens upon heating above
Tg or hardens on cooling below Tg and provides the elastic
recovery properties of the polymer [33].

These segments are incompatible, which results in the
formation of soft and hard domains. In the framework of
multiplicative decomposition of the deformation gradient, and
inspired by Qi and Boyce [39], we use a nonlinear spring
element to represent the rate independent behavior of the soft
domains, which is hyper-elastic, while a Maxwell element is
used to describe the rate-dependent behavior of the hard part,
which is viscoelastic. We call this two element form a revised
standard linear solid (SLS) element. In addition, due to the
apparent temperature dependence of the stress–strain curves,
we use a thermal element to represent the thermal expansion
effects (figure 4).
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Figure 4. The proposed rheological constitutive model of
epoxy-SMP.

The shape memory mechanism as illustrated in figure 4
makes the relationship between the thermal viscoelastic prop-
erties and the shape memory effect of the material sufficiently
clear. The mechanical properties of the dashpot are character-
ized by its viscosity or relaxation time, which strongly depend
on the temperature. As the temperature crosses the glass
transition temperature, the viscosity can change dramatically.
During a shape memory cycle, first, the material is deformed
at a high temperature above Tg where the viscosity is very
low. Therefore, the dashpot does not present much resistance
to the deformation and thus develops a viscous strain close to
the overall deformation of the material. As a result, the spring
attached to the dashpot is in an almost undeformed state and
the energy is stored mainly in the equilibrium branch. In the
second step, the temperature is lowered to below Tg while
the deformation is held constant. Decreasing the temperature
below Tg leads to a dramatic increase of the viscosity in the
dashpot. In the third step, the external load is removed. Because
the viscosity is extremely high, the Maxwell element behaves
like an elastic solid. Unloading will lead to elastic deformation
of the springs in both the equilibrium and nonequilibrium
branches due to the requirement of force balance. However,
since the modulus of the spring in the Maxwell element is
generally much higher than that of the spring in the equilibrium
branch, the new deformation in the nonequilibrium branch is
very small and much of the deformation introduced at the
high temperature is fixed. Nonetheless, this causes an energy
redistribution among the two springs. In the recovery step, the
temperature is raised above Tg. As a result, the viscosity in
the dashpot is dramatically decreased, the force in the spring
attached to the dashpot drives the viscous strain back to zero,
and the shape is recovered. Note that two features in the
dashpot play an important role. First, it is the viscous strain
that is frozen or memorized. Therefore, it is critical to allow
the development of viscous strain during the programming
step for the subsequent shape recovery behavior. Second,
the dramatic change in viscosity is essential for the shape
memory effect. When the viscosity is low, deformation of the
material allows the development of a large viscous strain; in the
subsequent cooling step, the viscosity becomes extremely high
and thus the viscous strain developed at the high temperature is
locked. During recovery, increase of the temperature reduces
the viscosity and thus unlocks the viscous strain and recovers
the shape.

The constitutive equations of the four basic elements of
our rheological model are outlined in the following. Through-
out the paper, we refer to the Maxwell element that is associ-
ated with the deformation resistance of the soft domain of the
epoxy-SMP as ‘network A’, while the nonlinear spring element
associated with the effect of the hard domain is referred to as
‘network B’.

3.2. Total deformation and stress

The deformation gradient of the material is decomposed
into the product of the thermal deformation gradient and
the mechanical deformation gradient, while the mechanical
deformation gradient is the further decomposition of the elastic
deformation gradient and the viscous deformation gradient.

Suppose that any material point is at X before deformation
(reference configuration), then is transformed to point x in
the current configuration after the deformation under external
force. The deformation gradient is defined as

F= ∂x/∂X. (1)

The total deformation gradient F of the material is
expressed as follows:

F=FMFT =FeFvFT, (2)

where FM is the total mechanical deformation gradient, caus-
ing the change of stress; FT is the thermal deformation gradi-
ent, causing the thermal strain; Fe is the elastic deformation
gradient; and Fv is the viscous deformation gradient.

The corresponding stress is the sum of the deviator stress
caused by network A, the deviator stress caused by network
B and the hydrostatic part due to mechanical volumetric
deformation. The total Cauchy stress (true stress) of the
material is

σ = σ̄A+ σ̄B+ p1, (3)

where σ̄A is the stress caused by the soft domain (or network
A) and σ̄B denotes the stress caused by the hard domain (or
network B). p is the hydrostatic stress.

The volume change of epoxy-SMP under mechanical
loading is very small compared with the thermal expansion
and the isochoric deformation. We assume that the hydrostatic
stress satisfies the following relationship:

p=
1
3
σ kk = k

ln J
J
, (4)

where k is the bulk modulus. J = det(FM) denotes the
volumetric strain.

3.3. Thermal expansion

Suppose that the material is isotropic, then the thermal defor-
mation gradient is

FT =2
1/3
T 1, (5)

where2T = det(FT) is the volume deformation due to thermal
expansion. 1 is the second specific tensor.

5
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As a kind of polymer material, the coefficient of thermal
expansion (CTE) of epoxy-SMP is apparently related to tem-
perature. We can write the volume deformation at temperature
T of the material as the combination of the rubbery part and
the glassy part:

2T(T, Ti, t)= 1−αr[T0− Ti(T, t)] −αg[Ti(T, t)− T ], (6)

where αr is the CTE of the material in the rubbery state, αg
is the CTE of the material in the glassy state, T0 is the initial
temperature, and Ti is a temperature variable related to the
current temperature T and time t . We can use the internal
virtual temperature Tv to replace the temperature variable Ti.Tv
is the environmental temperature which could transform the
thermal-nonequilibrium material under temperature T to be in
a thermal-equilibrium state [40]. Obviously the minimum of
Tv is Tg. The relationship of the internal virtual temperature
Tv with the current temperature T can be written as

dTv

dt
=−

1
τR
(Tv− T ). (7)

For a material that is in thermal equilibrium in its initial
state, the initial condition is Tv(T0, t0)= T0. The parameter τR
denotes the structural relaxation time due to the volume creep
described in the following section.

3.4. Structural relaxation

The structural relaxation of a material is expressed as the
volume relaxation response to the temperature. The structural
relaxation time is a variable which describes the micro-
movement of the molecules within the polymer, and it is related
to the viscosity, modulus, temperature, and molecular structure
of the material [10, 41].

To obtain the structural relaxation time of the material
in any state, we make the time–temperature shift factor of
the Adam–Gibbs function equal to that of the Williams–
Landel–Ferry (WLF) equation [37, 42, 43]. Then the structural
relaxation time function of the material in any state is described
as follows:

τR = τRg exp
(
−

C1

log e

(
C2(T − Tv)+ T (T − Tg)

T (C2+ Tv− Tg)

))
, (8)

where C1 and C2 are two material constants and τRg =

τR (Tg) is the structural relaxation time of the material at the
glass transition temperature. The constants C1,C2, τRg and
Tg can be obtained through thermomechanical experiments.
Specific discussion about the structural relaxation time will be
presented in section 5.1.

3.5. Mechanical response: network A

The mechanical deformation of epoxy-SMP is decomposed
into a hyper-elastic part and a viscoelastic part. Thus, the total
strain energy can be expressed as the sum of the two parts:

ψ =WA+WB, (9)

where WB is the free energy of the viscoelastic part of the
material and WA denotes the free energy of the rubbery state
of the material.

The Mooney–Rivlin function is commonly used to describe
the hyper-elasticity of rubbery material [44–46]. This function
is widely used in engineering due to its good applicability
under medium deformation conditions. Here, we use this
function to describe the rubbery state part of the material in
the glass transition process:

WA =C10(λ
2
1+ λ

2
2+ λ

2
3− 3)+C01(λ

−2
1

+ λ−2
2 + λ

−2
3 − 3), (10)

where C10 and C01 are two material parameters and can be
determined through uniaxial tensile experiments, and the λi are
stretches in the principal planar directions. For the initial state
where λ1 = λ2 = 1, we have ∂2WA

∂λ1∂λ2
(1, 1)= 2µA,C10+C01 =

1
2µA, whereµA is the initial shear modulus of the hyper-elastic
part (network A).

Therefore, the deviator stress σ of the hyper-elastic part
can be obtained from the Mooney–Rivlin function as follows:

σ̄A =
2
J
(C10+ I1C01)B̄M−

2
J

C4B̄2
M, (11)

where BM =FMFT
M is the left Cauchy–Green deformation, I1

is the first invariant of BM, J = det(FM), and FM is the total
mechanical deformation gradient.

3.6. Mechanical deformation response: network B

The coupling of the elastic part and the viscous part in
network B can the considered as the reason for the viscoelastic
deformation of the material in the glass transition process,
thus the isochoric mechanical deformation gradient can also
be expressed as follows:

FM =FeFv, (12)

where Fe is the elastic deformation gradient and Fv denotes
the viscous deformation gradient.

For the elastic part in network B, in order to describe
the nonlinear elastic properties of the material, the large
deformation nonlinear Hencky function is considered [47–49].
The Hencky function is a revised strain energy function where
the strain ε in Hooke’s law is replaced by the natural logarithm
of the stretch ln λ.

We make use of the isochoric part of Hencky’s strain
energy function,

WB =µB(ln Ue) : (ln Ue), (13)

where the elastic stretch tensor is found from the polar
decomposition of the elastic deformation gradient, Fe =ReUe
with RT

e Re = 1. Therefore, the deviatoric part of the Cauchy
stress of network B can be determined:

σ̄B =
2µB

J
Re(ln Ue)RT

e , (14)

6
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where J = det(FM). µB is the initial shear modulus of the
elastic part in network B.

For viscous flow of the SMP material during the deforma-
tion process, assuming that the inelastic viscous flow is New-
tonian fluid, the following relationship can be obtained [50]:

γ̇v =−
s
ηs
, (15)

where γ̇v is the viscous strain rate, s is the equivalent stress
of network B, s =

[ 1
2 σ̄B : σ̄B

]1/2
= ‖σ̄B‖/

√
2, and ηs is the

viscosity of the material.
Obviously, the coefficient of viscosity of the epoxy-SMP

in the vicinity of the glass transition relates to temperature.
Based on Eyring’s work [33], we extend the glassy viscous
flowing rules for use in the glass transition process by intro-
ducing the time–temperature shift factor (section 3.4). The
viscous flowing control equation in the glass transition process
of the polymer can be written as follows:

γ̇v =
sy
√

2ηsg

T
Qs

exp
[
−

C1

log e

(
C2(T − Tv)+ T (Tv− Tg)

T (C2+ Tv− Tg)

)]
× sinh

(
Qs

T
s
sy

)
, (16)

where ηsg is the viscosity at the glass transition temperature
and sy is the yielding stress. Qs is the active energy of the
stress free state. The yielding effect of the material should not
be considered if just a small deformation occurs. Then, the
first order approximation of the above equation at s = 0 can
be obtained:

γ̇v =
sy

2ηsg
exp

[
−

C1

log e

(
C2(T − T f )+ T (T f − Tg)

T (C2+ T f − Tg)

)]
× ‖σ neq

‖. (17)

As the experiments in section 2.2 show, when the material
undergoes large deformation, the yielding effect or even cracks
occur in the tensile test below the glass transition temperature,
so the yielding and post yielding effects must be considered in
the constitutive model. As discussed by Westbrook [38], the
Boyce post-yielding law can be used for the yielding stress in
equation (16):

sy = h
(

1−
sy

syg

)
, sy(t = 0)= sy0, (18)

where h is the hardening modulus of the material, sy0 is
the yielding stress of the initial configuration, and syg is
the yielding stress of the material at the glass transition
temperature.

Without loss of generality, for the deformation tensor of
the material, the viscous stretch rate tensor equals the viscous
spatial velocity gradient if the spin rate is ignored:

Dv = Lv, Lv = ḞvF−1
v , (19)

where Dv is the viscous stretch rate tensor, Lv is the viscous
spatial velocity gradient of the material, and Fv is the viscous

deformation gradient. Recalling the previous Newton fluid
assumption, the following flow equation can be obtained:

Dv =−
M
ηs
, (20)

where M := dev(CeS) is the Mandel stress, Ce is the right
Cauchy–Green deformation tensor, Ce = FT

e Fe, and S is the
second Piola-Kirchoff stress of network B, S= JeF−1

e σ̄BF−T
e .

The differential equation that controls the viscous flowing
of the material can be obtained from equations (19) and (20)
as follows:

Ḟv =−
1
ηs

MFv. (21)

3.7. Overview of the constitutive model

Each part of the proposed rheological model of epoxy-SMP
has been established, as summarized in table 1.

The model parameters are identified through thermo-
mechanical experiments in section 5.

4. Application to uniaxial tension

After inspection of the proposed constitutive equations, we
found that the stress in network A is easy to obtain from the
total mechanical deformation tensor, because the mechanical
deformation is known in reality, while the stress in network
B is difficult to obtain because the viscous deformation is
controlled by a differential flowing equation. To verify the
model, the uniaxial tensile state is considered. Therefore, the
constitutive equations are detailed for uniaxial stress loading in
order to identify all material parameters from the experiments.

For the uniaxial tensile test, the micro stress tensor is

σ = σ1e1⊗ e2, (22)

where σ is the Cauchy stress. For the uniaxial tensile test, the
eigenvalue of the deformation gradient tensor is the stretch λ.
The micro deformation gradient is denoted as

FM = λ1e1⊗ e2+ λ2[e2⊗ e2+ e3⊗ e3],

J = det(FM)= λ1λ
2
2.

(23)

The deviatoric part of the deformation gradient is

F̄M = λe1⊗ e2+
1
√
λ
[e2⊗ e2+ e3⊗ e3],

where λ=
(
λ1

λ2

)2/3

. (24)

Then we come to the stress in network A from equa-
tion (11). Iteration of the stress in network A is obtained as
follows:

(σ̄A)
n
=

2
J n (C10+ I n

1 C01)(B̄M)
n
−

2
J n C01(B̄2

M)
n, (25)

where (BM)
n
= (FM)

n(FT
M)

n and J n
= det(Fn

M).
The hydrostatic pressure iteration can also be obtained as

follows:

pn
= 3k

ln J n

J n , (26)
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Table 1. The thermo-viscoelastic constitutive model of epoxy-SMP.

Stress response: σ = σ̄A+ σ̄B+ p1, where

σ̄A =
2
J (C10+ I1C01)B̄M−

2
J C01B̄2

M

σ̄B =
2µB

J Re
B(ln Ue

B)R
et
B

p= 3k ln J
J , J = det(FM)

Deformation: F=FTFeFv, where

FT =2
1/3
T 1,2T(T, T f )= 1−αr(T0− Tv)−αg(Tv− T )

Ḟv =−
1
ηs

MFv, ηs =−
s
γ̇v

with

γ̇v =
sy

2ηsg
exp

[
−

C1
log e

(
C2(T−Tv)+T (Tv−Tg)

T (C2+Tv−Tg)

)]
‖σ̄B‖, s =

[
1
2 σ̄B : σ̄B

]1/2

where k is the bulk modulus of epoxy-SMP, and is obtained
from the total shear modulusµ=µA+µB and Poisson ratio ν

k =
2µ(1+ ν)
3(1− 2ν)

. (27)

The nonequilibrium stress is more complicated because
the viscous deformation of the initial state is unknown except
for the elastic deformation. Therefore, the nonequilibrium
stress is updated by updating the elastic deformation tensor.

From equations (19)–(21), the relationship between the
elastic deformation and the viscous deformation can be
obtained as follows:

FeLvFT
e =−

Beσ̄B

ηs
. (28)

To solve the nonlinear viscous flowing equation, the back-
ward Euler updating algorithm [51] of the left
Cauchy–Green deformation tensor can be obtained by using
equation (28) as follows:

1
2

ln Bn+1
e +

1t
ηs
(σ̄B)

n+1
−

1
2

ln Btrial = 0, (29)

where Btrial = (Fn+1)(Cn
v)
−1(Fn+1)T = (Fn+1)(Fn)−1Bn

e
(Fn)−T (Fn+1)T is the coupling term between the nth step
and the (n+ 1)th step of the left Cauchy–Green deformation
tensor.

As previously mentioned, the stress tensor of network B
at the nth step obtained from the Hencky model is

(σB)
n
= 2µB ln(Bn

e )
1/2. (30)

Substituting equation (30) into equation (29), the left
Cauchy–Green deformation tensor can be obtained as follows:(

1+
2µB1t

ηn+1
s

)
ln Bn+1

e = ln((Fn+1)(Fn)−1

×Bn
e (F

n)−T (Fn+1)T), (31)

where the initial condition is Be(t = 0)= I .
Therefore, the iteration of the total stress of the constitu-

tive model can be obtained as

σ n
= (σ̄B)

n
+ (σ̄A)

n
+ pn . (32)

5. Determination of the epoxy-SMP material
parameters

To obtain the material parameters in the proposed model, some
experiments were performed and then simulated. The model
was implemented in a User Subroutines code.

5.1. Thermal expansion model

Using the thermal expansion model to simulate and fit the
thermal expansion experiment, the parameters in the thermal
expansion model can be determined. The thermal strain of
epoxy-SMP in the cooling process from 120 to 60 ◦C is
considered. The time–temperature shift factor in section 3.3
is defined as ek = exp

(
−

C1
log e

(
C2(T−Tv)+T (T−Tg)

T (C2+Tv−Tg)

))
. Then,

the relationships of the time–temperature shift factor versus
temperature and the virtual variable versus temperature can be
obtained as shown in figure 5.

As shown in figure 5, there is a large mutation around
the glass transition temperature for both the time–temperature
shift factor and the virtual variable Tv. The time–temperature
shift factor is very large at low temperature, resulting in a long
structural relaxation time, and more time is needed for the
material to reach the equilibrium state. The time–temperature
shift factor is small in the high-temperature range and therefore
results in a shorter structural relaxation time for the material to
reach the equilibrium state. The thermal expansion model can
describe the epoxy-SMP structural relaxation phenomenon in
the vicinity of the glass transition temperature nicely. It can
also be seen that the glass transition temperature is the limiting
value of the internal variable temperature. The equilibrium
temperature of the material at high temperature is just the initial
environmental temperature, while the equilibrium temperature
of the material at low temperature is the glass transition
temperature.

The thermal expansion is simulated as shown in figure 6.
The thermal expansion model parameters can be obtained
through the simulation by using the CTEs of the glassy
and rubbery states and the glass transition temperature. The
model parameter C1 is always chosen as 17.44 for amorphous
polymers [37]; therefore, we can obtain C2 = 85 ◦C, τRg =

20 s.
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Figure 5. The time–temperature shift factor (a) and the internal variable Tv (b).

Figure 6. Thermal expansion simulation of epoxy-SMP.

5.2. DMA simulation

The DMA experiment can characterize the viscoelasticity of
the material, thus we can obtain the viscosity information
through simulation of the DMA experiment. A dynamic dis-
placement load is applied in the simulation; the nominal strain
amplitude is 0.005, the frequency is 1 Hz, thus the vibration
strain is εnom = 0.005 sin(2π · t); the simulation temperature
range is 70–120 ◦C. As epoxy-SMP is a viscoelastic material,
the stress to strain lag phase is δ, δ = 2π f ·1, where 1 is the
lag time and f is the frequency. The DMA test is simulated
without considering the yielding effect because the material
only undergoes small deformation. The DMA simulation result
is shown in figure 7.

The simulation result for ηsg = 2× 107 Pa s−1 gives the
best fitting to the experiment.

5.3. Uniaxial tensile test

The initial shear moduli of network A and network B are
determined through the uniaxial tensile test at temperatures of
T > Tg + 20 K and T < Tg − 20 K respectively. Room tem-
perature (22 ◦C) and high temperature (120 ◦C) are chosen for
the experiments (as shown in figure 8). The initial linear range
of the test figure is chosen to obtain the initial modulus. It can

be determined that the initial Young’s moduli of epoxy-SMP
are E0g = 2.16 GPa and E0r = 12.89 MPa for the glassy and
rubbery states, which agree well with the DMA test values of
2.03 GPa (25 ◦C) and 13 MPa (120 ◦C).

Suppose that the Poisson’s ratios of epoxy-SMP are the
same as those of a typical amorphous polymer material [48],
that is a glassy state with νg = 0.35 and a rubbery state with
νr = 0.5. As the linear elastic initial state equation is µ =

E0
2(1+ν) , the shear moduli in networks A and B can be obtained
as µA = 4.30 MPa and µB = 800 MPa. The Mooney–Rivlin
model constants are obtained by fitting the uniaxial tensile test
data (120 ◦C) of epoxy-SMP, so we get C01 =−8.20× 107 Pa,
C10 = 8.42× 107 Pa. The initial shear modulus in network A
can also be determined as C01+C10 =µA/2, µA = 4.4 MPa.
The other model parameters are obtained by simulation of the
uniaxial tension test of epoxy-SMP at 80 ◦C at a strain rate of
0.33× 10−2 s−1; the fitting result is shown in figure 9. The
simulation yields the yielding stress in the initial state sy0 =

108 Pa, the yielding stress at the glass transition temperature
sys = 35sy0, the active energy of the stress free state Qs =

1.8× 103 J, and the strain hardening modulus h = 800 MPa.
Finally, all the model parameters are determined as shown in
table 2.

6. Verification of the constitutive model

We will compare the mechanical test data with the numerical
simulation results under different conditions to verify the
proposed model. The subsequent experiments are isothermal
uniaxial tensile experiments under different temperature con-
ditions and thermodynamic cycle experiments.

Before the verification, recall that the viscosity in equa-
tion (16) also involves the time–temperature shift factor (sec-
tion 5.1), therefore we can explain the shape memory effect of
epoxy-SMP from this perspective through our proposed con-
stitutive model. For SMP at high temperature, the molecular
chains move extensively, meaning that the molecular structure
can quickly relax to reach an equilibrium state to adapt to
environmental temperature changes, so that the viscosity of the
material (describing the amount of micro-molecular motion
of the material) becomes low, and changes instantly with
temperature. If it is cooled at this time after deformation, the
time to reach the equilibrium state will be very long because

9
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Figure 7. Simulation of the DMA test: storage modulus (a) and loss angle (b).

Figure 8. Mechanical properties of epoxy-SMP at temperatures of 22 ◦C (a) and 120 ◦C (b) with a strain rate of 0.67× 10−2 s−1.

Table 2. Model parameters of epoxy-SMP.

Parameter Value Physical meaning

αg 1.17× 10−4 ◦C−1 CTE of glassy state
αr 2.35× 10−4 ◦C−1 CTE of rubbery state
Tg 92.17 ◦C Glass transition temperature
ηsg 2× 107 Pa s−1 Viscosity in glassy state
µA 4.30 MPa Initial shear modulus of network A
µB 800 MPa Initial shear modulus of network B
C10 −8.20× 107 Pa Mooney–Rivlin model constant
C01 8.42× 107 Pa Mooney–Rivlin model constant
sy0 108 Pa Yielding stress in initial state
syg 35sy0 Yielding stress at Tg
Qs 1.8× 103 J Active energy of the stress free state
h 800 MPa Strain hardening modulus
C1 17.44 WLF parameter
C2 85 ◦C WLF parameter
τRg 20 s Structural relaxation time at Tg

of the sharp reduction of the heat energy and the slowing
down of the molecular movement of the molecular chain; this
nonequilibrium state results in storage of the strain energy
of the material. When reheated to above the glass transition
temperature, the molecular chains move extensively again, so
that the material quickly reaches an equilibrium state, thus
expressing the shape recovery of the material.

6.1. Mechanical properties under thermal field

The isothermal uniaxial tensile tests at different temperatures
and different strain rates are simulated through the proposed
constitutive model, the yielding model (equation (18)) is
used in the simulation, and finally the simulation results are
presented in figure 9.

10
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Figure 9. Simulations of the uniaxial tensile tests: the temperature conditions are 60, 80 and 100 ◦C and the strain rates are 0.33× 10−2 s−1

and 0.67× 10−2 s−1.

It can be seen from the comparison between the test
data and the simulation data that the simulation results agree
well with the test results. The developed constitutive model
can explain well the simple static mechanical properties of
epoxy-SMP in the isothermal uniaxial tensile test such as
the yielding effect, the influence of different strain rates
on the stress of the material, and the different mechanical
performance below and above the glass transition temperature.

6.2. Mechanical properties of the thermo-mechanical cycle
experiments

For further verification of the proposed constitutive model, a
more complicated thermomechanical test is conducted. The
thermomechanical cycle test is executed, and the test process
is as follows: stretch the sample to reach a certain strain
(e.g. 10%) under high temperature conditions (120 ◦C); the
environmental temperature undergoes a cycle from high to
low and then to high under the condition that the displacement
is kept constant; the temperature and the reaction force of the
sample’s ends are measured throughout the whole procedure.
Figure 10 shows the test curve.

The thermomechanical cycle test is simulated by using
the experimentally measured temperature change and strain
change as the input of the simulation. The stress changes
are detected in the simulation and then compared with the
experimental data.

The temperature is maintained after the sample is stretched
to about 4.5% strain. Epoxy-SMP shows a stress relaxation
effect like a typical polymer material (the stress decreases
while the strain remains unchanged). The stress reaches a
steady level after about 10 min of maintaining the load,
then the temperature decreases to below the glass transition
temperature, 36 ◦C, under the condition that the strain is still
maintained. As a consequence of the contraction due to the
decrease of the thermal strain and the constraints due to the
clamps between the sample’s ends, there is a stretch between
the sample and the clamps, which results in a stress increase in
the cooling process. The constraint force reaches a maximum
when the temperature decreases to its lowest level (at about
1000 s). Soon afterwards, the SME of epoxy-SMP is frozen
in the cooling process, which results in a sharp decrease of
the stress. When the temperature increases again, the stress
decreases sharply due to the relaxation, which is a result of the
thermal expansion between the sample and the clamps.
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Figure 10. Thermomechanical cycle test: (a) temperature changes with time, (b) true stress changes with temperature, (c) true stress changes
with time, (d) true stress changes with time in the stretching stage.

Figure 11. Predicted shape memory cycle.

In the predicted shape memory cycle, the strain increases
in the loading process when the material is in the rubbery
state, and then the strain is maintained in the cooling process,
where after the small elastic strain recovers, the whole shape
is temporarily fixed. On heating back to high temperature,
the strain maintained in the material is totally released; this
results in shape restoration, and we can see that the strain is
released rapidly around the glass transition region, as shown
in figure 11.

The proposed method can effectively describe the com-
plex mechanical properties of epoxy-SMP such as the stress
changes with time in the thermomechanical cycle test, espe-
cially in the stretching stage and the frozen stage. The model
can also predict well the stress changes with temperature of

epoxy-SMP in the thermomechanical cycle test and can clearly
predict shape memory behavior.

7. Conclusion

A rheological constitutive model based on a revised stan-
dard linear solid (SLS) element and a thermal expansion
element is proposed for SMP material by considering the
structural relaxation and viscoelastic properties to characterize
the mechanical behavior of epoxy-SMP. Then, verification of
the model is conducted through various experiments. Analysis
of the experimental data shows a nonlinear viscoelastic and
thermal effect of the material. The model is used to predict the
measured stress–strain–temperature curves for various loading
histories. The results show that the constitutive model can
forecast the response under different temperature and loading
conditions well. Furthermore, the model predictions of the
thermomechanical cycle agree with the experiments, but most
importantly the proposed method can clearly predict the shape
memory behavior of SMP and is very useful for the design of
SMP structures.
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