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a b s t r a c t

As a new kind of smart materials, shape memory polymer composites (SMPCs) are being used in large in-
space deployable structures. However, the recovery force of pure SMPC laminate is very weak. In order to
increase the recovery force of a SMPC laminate, an alloy film was bonded on the surface of the laminate.
This paper describes the post bulking behavior of the alloy film reinforced SMPC laminate. The energy
term associate with this in-plane post buckling have been given .Based on the theorems of minimum
energy, a mathematical model is derived to describe the relation between the strain energy and the mate-
rial and geometry parameters of the alloy film reinforced SMPC laminate. The finite element model (FEM)
is also conducted to demonstrate the validity of the theoretical method. The relation between the recov-
ery force and the material geometry parameters were also investigated. The presented analysis shows
great potential in the engineering application such as deployment of space structures.

Crown Copyright � 2013 Published by Elsevier Ltd. All rights reserved.
1. Introduction

Since the room inside a spacecraft is usually extremely limited,
so reliable, lightweight and cost effective mechanisms for the
enfoldment and deployment of trusses, solar arrays or other de-
vices are needed [1–3]. Recently, a considerable interest has been
placed on the use of shape memory polymer composites (SMPCs)
[4,5], which are space-qualified, high deployed stiffness and high
restoring strains and high strength-to-weight ratio making them
appropriately used in constructing deployable space structures
[6–8]. The shape memory polymer (SMP) and their composites
can be bended and recovered when subjected to an external stim-
ulus such as Joule heating, light, magnetism or moisture and so
forth [9]. Among these SMP, the thermo-responsive SMP are the
most common [10,11], which is usually heated through bonded
on the surface of the SMPCs laminate with ohmic heating element.

Fiber post-buckling is a characteristic response that is occurred
in the compression side of a SMPC laminate when the space struc-
ture has been packaged. Recently the buckling and post-buckling
analyses for advanced composites, which are made by high modu-
lus reinforcement with soft substrate, have been broadly studied
[12–15]. In 2004, Chen et al. have elucidated nonlinear aspects of
buckling behavior of composites at some periodic modes. Through
the use of finite element method, it was found that the herringbone
pattern has minimum energy among several patterns [16]. The
wrinkles in a layered structure have been surveyed by Huang
et al. The structure comprises of a stiff film bonded to a compliant
substrate, which in turn is bonded to a rigid support. By minimiz-
ing energy, the wavelength and the amplitude of the wrinkles for
different substrates with the consideration of their moduli and
thicknesses have been obtained [17]. Post-micro-buckling behavior
of elastic memory composite, expressions of the location of neutral
strain surface, critical stress/strain and micro-buckle wavelength of
SMPC laminate were studied by William in 2007 [18]. The buckling
mechanics of silicon Nanowires (SiNWs) on elastomeric substrates
were investigated by Ryu et al. [19]. In 2010, Xiao et al. developed a
continuum mechanics theory for the in-surface buckling of one-
dimensional nanomaterials on compliant substrates. Simple ana-
lytic expressions are obtained for the buckling wavelength, ampli-
tude and critical buckling strain in terms of the bending and
tension stiffness of nanomaterials [20].

It should be noted that the recovery force of pure SMPC lami-
nate is not large enough to deploy the structure because of the fric-
tion among the deploying process of the space structures.
Therefore, it is necessary to increase the recovery force of the lam-
inate. Placing an alloy film on the surface of the laminate is an
alternative way of increasing the recovery force. In addition, much
of the previous works were focus on the post buckling response of
the pure SMPC laminate, and relative little work has been done
on the post buckling response of such a system. This research focus
on the post-bulking behavior of the alloy film enforced SMPC lam-
inate in a soft state.
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In this paper, the post buckling behavior of an alloy film rein-
forced SMPC laminate which can be used in actively deformable
structures is investigated. A new style of post buckling theory that
accounts for material parameters and geometrical character of the
laminate and alloy film is established. The analytic solution is ob-
tained via the minimum energy method for this post buckling re-
sponse. The recovery force and recovery moment reinforcement
function of the alloy film on the SMPC laminate have been dis-
cussed. This work discussed the reinforced effect of the recovery
force and moment related to the alloy film on the SMPC laminate.
In addition, the relation between the recovery force and geometry
parameters (thickness and curvature) has also been investigated.
The influence factors, such as the thickness of the alloy film, the
curvature of the structure have also been investigated too.
2. Theoretical analysis

An alloy film was firstly bonded on the surface of the SMPC lam-
inate, and then an external electric filed was applied on the alloy
film. While at a temperature near or above the shape memory
polymer’s thermal transition temperature Tg, a certain bending
strain was applied on the laminate. As illustrated in Fig. 1, the
bending strain is realized through bending the laminate around
cylinder. When the material is in rubber state, the stiffness of
shape memory polymer matrix is reduced significantly and post
buckling occurs at the compressed area of the laminate. The defor-
mation mode performs shearing type buckling. Also as previously
stated, fiber post-buckling is the primary deformation mode that
allows soft-resin laminates to achieve high effective strains [21].
2.1. Structure strain energy

The cross section of the laminate is further divided into three
areas. As illustrated in Fig. 2, in the range of 0 6 z 6 zcb, when the
laminate undergoes compression strain and fiber post buckling
behavior occurs; in the area where zcb 6 z 6 zns, the laminate only
endure compression strain; in the range of zns 6 z 6 zh, the lami-
nate only subjects tensile strain. Plastic deformation and failure
of the substrate and fiber have not been considered in the whole
process.

Now derive energy expression of the fiber reinforced laminate
with bonded electrical heating alloy film during the flexion
Fig. 2. Strain state of cross-section.

Fig. 1. Illustration of bending deformation for laminate.
deformity process. Supposing the fiber in the laminate as a beam,
the bending of beams with moderately large rotations but with
small strains can be derived using the principle of minimum en-
ergy principle. Assuming the fiber, alloy film and substrate of
shape-memory material are linear elastic, the strain energy expres-
sion of body element DV can be approximated as follows:

DUs ¼ 1=2rijeijDV

¼ 1=2ðrxxexx þ ryyeyy þ rzzezz þ sxycxy þ sxzcxz þ syzcyzÞDV ð1Þ

In the laminate’s bending process, the strain exx along the longitudi-
nal direction is bigger than width strain eyy and radial strain ezz, thus
the strain eyy and ezz can be ignored. Additionally, because Y–Z plane
has been constrained rigidly by the cylinder, the shear strain cyz in
X–Z plane can be ignored too. So strain energy of the substrate in Eq.
(1) can be simplified as:

DUs ¼ DUxx þ DUxy þ DUxz ð2Þ

In addition, to get the total energy of the whole system, the buckling
strain energy of the fiber DUf and tensile strain energy of alloy film
DUd need to be considered, thus the total energy expression can be
described as following:

DUT ¼ DUs þ DUf þ DUd ¼ DUxx þ DUxy þ DUyz þ DUf þ DUd ð3Þ
2.2. Deformation process

Post buckling would likely occur at an inner face of a unidirec-
tional fiber reinforced SMP laminate when it is subjected to bend-
ing moment [22,23]. To maintain the force equilibrium of the
system, the neutral axis of the laminate will shift toward the outer
surface of the laminate, thus realized the structure’s large geomet-
rical deflection deformation without failing [24]. Fiber post-buck-
ling is a characteristic response that is occurred in the
compression side of the laminate. It can be linear or non-linear
depending on the strain level [25]. In the present study, L, W and
h represent the length/widen and thickness of the laminate sepa-
rately. Here, the SMPC laminate’s permissible strain is emax = 10%
thus the post buckling behavior is in linear elastic range.

According to the observation of William et al. [18], the initial
shape of the fiber is straight. During the bending process, the ini-
tially straight reinforcement fibers deform into a wavy shape.
And the wavy geometry appears to be sinusoidal in the plane of
the laminate.

y ¼ A cos
px
k

� �
ð4Þ

where A is the amplitude, and k is the half-wave length. The fiber’s
macroscopic strain along Y-axis can be expressed as:

exx ¼
DL
L
¼ 1

2L

Z L
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As illustrated in Fig. 3, L denote the original length of the fiber,
it is also the initial length of the laminate when it was fabri-
cated. Initially, the reinforcement fibers are straight. During
the bending process, the fiber which lay on the outside of the
laminate micro-buckle, takes on a sine wavy geometry. And
DL is the difference between fiber’s initial length and the length
after deformation.

According to Eqs. (1) and (2), it can be obtained:

exx ¼
1
4

Ap
k

� �2

ð6Þ



Fig. 3. The post-buckling of fiber reinforced SMP composite under compressive loading.
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According to Eq. (6), we can derive the amplitude of the buckling
wave as following:

A ¼ 2
k
p

ffiffiffiffiffiffiffiffiffiffi
�exx
p

ð7Þ

Considering the laminate’s deformation along negative Y axis, and
according to composites plane theory, the strain exx of the laminate
can be obtained as:

exx ¼ kðz� znsÞ ð8Þ

where k is the curvature, Zns is the position of the neutral surface.
Substitute Eq. (7) into Eq. (4), gives

y ¼ 2
k
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðzns � zÞ

q
cos

px
k

� �
ð9Þ
2.3. Flexural strain energy of fiber

Assuming the fiber in the laminate as a buckling beam and con-
sidering small strain and large displacement effect, the buckling
strain energy equation of unidirectional fiber with length of L can
be expressed as:

Uðf single fiberÞ ¼
1
2

Ef If

Z L

0

d2y

dx2

 !2

dx ð10Þ

Based on the experiment of Douglas Campbell, carbon fibers are dis-
tributed in the laminate evenly. At the shape memory’s glass tran-
sition temperature, deform the sample along the cylinder, fibers
within a polymer matrix can micro-buckle, taking on a sine wavy
geometry and the fibers in Y direction undergo the same buckling
deformation [26]. According to the investigate of Xin [27], the total
buckling strain energy of the fibers can be evaluated as following:

Uf ¼
2WLkpv f Ef If

k2d2 zcbð2zns � zcbÞ ð11Þ

where the symbols Ef, If, vf stand for the Young’s modulus, the mo-
ment of inertia, and Poisson’s ratio respectively.

2.4. Shearing strain energy Uxy

In the bending deformation process of the laminate, the defor-
mation along the circumference direction of the laminate has been
constrained by the rigid cylinder, so the shearing strain energy Uxy

of the substrate can be expressed as:

Uxy ¼
1
2

Z zcb

0

Z W

0

Z L

0
v sGsc2

xydxdydz ¼ vsGskWzcbL zns �
1
2

zcb

� �
ð12Þ

In the above equation, W, L represent the laminate’s width and
length respectively, and vs, Gs denote the Young’s modulus and Pois-
son’s ratio of the substrate.
2.5. Shearing strain energy Uyz

During the bending deformation process, the radial deformation
of the laminate has been completely restrained, thus the displace-
ment in Z direction equals to zero. Then the expressions of the sub-
strates’ shearing strain energy Uyz can be described as follows:

Uyz ¼
1
2

Z zcb

0

Z W

0

Z L

0
vsGsc2

yzdxdydz ¼ LWkv sGsk
2

4p2 ln
zns

zns � zcb

� �
ð13Þ
2.6. Shearing strain energy

Uxx In the area of zns 6 z 6 zm, the substrate and fiber is under
tensile or compression strain. According to the parallel connection
model of composites, the total strain energy of substrate and fiber
in the area of zns 6 z 6 zm can be calculated as following by using
the equal strain assumption:

Uxx ¼
1
2

Z zm

zcb

Z W

0

Z L

0
Exxe2

xxdxdydz

¼ 1
6

Exxk2LW ½ðzm � znsÞ3 þ ðzns � zcbÞ3� ð14Þ

In which Exx = msEs + mfEf.

2.7. Shearing strain energy of the alloy film

The alloy film which has been bonded to the outer surface of the
laminate only enduring tensile strain, hence, similar to the expres-
sion Uxx in Eq. (14), the strain energy of alloy film can be evaluated
as follows:

Ud ¼
1
2

Z tþzm

zm

Z W

0

Z L

0
Eme2

xxdxdydz

¼ 1
6

Emk2LW½ðzm þ t � znsÞ3 þ ðzns � zmÞ3� ð15Þ
2.8. Total strain energy

Thus the total energy can be expressed as:

UT ¼ Ud þ Uxx þ Uxy þ Uyz þ Uf ð16Þ

Therefore the total energy of the whole system is obtained as
following:

UT ¼
1
6

Emk2LW½ðzmþ t�znsÞ3þðzns�zmÞ3�þ
1
6

Exxk2LW½ðzm�znsÞ3

þðzns�zcbÞ3�þv sGskWzcbL zns�
1
2

zcb

� �

þ lwkvmGmk2

4p2 ln
zns

zns�zcb

� �
þ2WLkpv f Ef If

k2d2 zcbð2zns�zcbÞ ð17Þ
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3. Expressions of key parameter

The model parameters used in numerical example are listed in
Table 1:

The relation of the total strain energy as a function of the
parameters (zns/t) has been shown in Figs. 4 and 5. It is can be seen
that Uxx and Ud decrease with the increasing of Uxy, Uyz and Uf, the
minimum energy equilibrium point can be got from the sum of the
five terms by using the principle of minimum energy.

The relationship between energy and the position of neutral
surface is illustrated in Fig. 6. Comparing the total energy expres-
sion’s first three items and the last two items to see which one is
much smaller, therefore the model can be further simplified by
neglecting the smallest one. The result shows that the curves
Uxx + Uxy + Ud and Uyz + Uf + Uxx + Uxy + Ud are almost the same with
the change of the neutral surface, therefore the last two terms
Uyz + Uf, it’s the energy terms of the fiber and the substrates’ shear-
ing strain energy can be ignored for simplicity.

Thus the total energy of the whole system can be simplified as:

UT ¼
1
6

Emk2LW½ðzm þ t � znsÞ3 þ ðzns � zmÞ3� þ
1
6

Exxk2LW½ðzm

� znsÞ3 þ ðzns � zcbÞ3� þ v sGskWzcbL zns �
1
2

zcb

� �
ð18Þ

The minimum energy principle has been adopted to solve parame-
ters zns and zcb.

@UT ðzns ;zcbÞ
@zcb

¼ 0
@UT ðzns ;zcbÞ

@zns
¼ 0

8<
: ð19Þ

According to Eq. (19), the analytical expression of the critical buck-
ling position and neutral axis position can be derived as follows:

zns ¼ zm þ
Emkt þ v sGs � g

Exxk
ð20Þ

zcb ¼ zm þ
Emkt � v sGs � g

Exxk
ð21Þ
Table 1
Basic parameters for the component.

Parameter
category

Geometric parameter Material
parameter

Parameter
name

Length
(cm)

Width
(cm)

Thickness
(cm)

Diameter
(lm)

Modulus
(GPa)

SMPC
laminate

30.5 15.2 0.2 1

Alloy film 30.5 15.2 0.01 10
Fiber 30.5 7 230
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Fig. 4. Energy vs. ratio of neutral surface positions to thickness.
In which g¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEmktÞ2þðGsv sÞ2þ2EmktGsv sþ2Gsv sExxkzm�Exxk2Emt2

q
Variables zns, zcb need to satisfy the condition of 0 6 zcb < zns < -

t + zm, thus the following expression can be derived from Eq. (20)
under the condition 0 6 zcb:

k 6
4vsGsðExxzm þ EmtÞ

ExxðEmt2 þ 2Emtzm þ Exxz2
mÞ

ð22Þ

Obviously, the fibers in substrate starting buckling only if zcb > 0.
Thus the critical curvature kcr can be got when zcb = 0:

kcr ¼
4v sGsðExxzm þ EmtÞ

ExxðEmt2 þ 2Emtzm þ Exxz2
mÞ

ð23Þ

The critical curvature of the laminate without alloy film can be ob-
tained by setting the thickness of the alloy film t = 0:

kcr ¼
4v sGs

zmExx
¼ 4vsGs

zmðmsEs þ mf Ef Þ
ð24Þ

Because exx = k(z � zns), the critical strain of the laminate can be ex-
pressed as:

ecr ¼ kcrðz� znsÞ ¼ 4
h

fExx
z� 1þ Emt

Exx
� f

h
ðg þ Gsv sÞ

� �� �
ð25Þ

where f and h are:

h ¼ v sGsðEmt þ ExxzmÞ ð26Þ

f ¼ Exxz2
m þ Emt2 þ 2Emtzm ð27Þ
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Fig. 5. Energy vs. ratio of neutral surface positions to thickness.
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At the area of composite’s compression micro buckling (0 6 z < zcb),
the fiber’s bulking amplitude A can be expressed as:

A ¼ 2
k
p

ffiffiffiffiffiffiffiffiffiffi
�exx
p

ð28Þ

Substituting Eq. (25) into (28) gives:

A ¼ 4
k
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h

fExx
1þ Emt

Exx
� f

h
ðg þ Gsv sÞ

� �
� z

� �s
ð29Þ

The initial deformation is ignored and the deformation along Y neg-
ative direction is the only one to be considered, thus eyy = 0 and
ezz = 0.

On the basis of composite plate theory, recovery moment can be
evaluated as:

Mx ¼ Bije0
xx þ Dijk ð30Þ

And the expression of recovery force can be expressed as:

Nx ¼ Aije0
xx þ Bijk ð31Þ

where e0
xx ¼ kzns; lxx denotes Poisson’s ratio. Bij is coupling stiffness,

Dij is bending stiffness.
Assuming the maximum strain absolute value of the laminate’s

inner side is emax. The following relationship can be derived from
Eq. (5):

4
h

fExx
1þ Emt

Exx
� f

h
ðg þ GsvsÞ

� �
6 emax ð32Þ
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Fig. 7. Neutral plane and critical buckling position during the bending process.
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4. Results and discussion

As shown in Fig. 7, with the curvature increasing gradually, the
location of critical buckling and the location of neutral surface
changed correspondingly. Meanwhile, fiber buckling occurs at the
inner compressive side of the laminate. As the curvature further
increasing, zcb and zns move toward the outer surface which subject
to tensile stress. Meanwhile, zcb moves toward to zns rapidly, which
results in the decreasing of the compressing non-buckling area
from initial value to zero gradually. Besides, to further investigate
the effect of alloy film thickness on critical curvature, Fig. 10 has
been plotted according to Eq. (24). It can be observed that when
z (mm)

Fig. 9. Amplitude trends vs. curvature.
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Fig. 10. Recovery moment vs. curvature.
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the thickness of substrate is kept a constant, as the increasing of
alloy film’s thickness, the critical curvature decreases
correspondingly.
Fig. 12. Finite element model of the laminate (

Fig. 13. Series strain distribution of the l
The change trend of strain value along the thickness direction
of the substrate is illustrated in Fig. 8. In the compressive side of
the laminate, at the position of z = 0, the thickness value of alloy
A) finite element meshes; (B) ply scheme.

aminate from the bending sequence.
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film is different while the strain value is the same. From the po-
sition of z = 0 to the laminate’s neutral section, the value of com-
pression strain continues to decline. Yet from neutral section to
the outer tensile side of the laminate, tensile strain increase
from zero gradually. Different alloy film thickness relates to dif-
ferent strain rate, as the alloy film thickness gets bigger, the
strain rate gets smaller.

According to the Eq. (29), Fig. 9 reveals the distribution of fiber
buckling amplitude in thickness direction with different curvature.
At some fixed curvature, from the laminate’s compressive side to
neutral surface the amplitude decreases. At the position of z = zns, -
the value of amplitude is zero. As the further increasing of the cur-
vature, the neutral axis shifts to the outside of the laminate and at
the same time, the amplitude increases as well.

Based on Eq. (30), the recovery moment is plotted in Fig. 10 as a
function of curvature with different alloy film thicknesses. It is
apparent that the recovery moment is highly dependent on alloy
film thickness (Fig. 10). As the thickness of the alloy film increased
from 0 mm to 0.1 mm, the recovery moment increased by approx-
imate 10 times. Thus, bonded the SMPC laminate with alloy film
can dramatically increase the recovery moment.

Because SMPCs laminate’s permissible strain is emax = 10%,
based on Eq. (31), the allowable range of critical curvature k
and alloy film thickness can be figured out. As illustrated in
Fig. 11, with the increase of the laminate’s permissible curvature,
the thickness of alloy film needs to be deduced. More specifi-
cally, the permissible curvature and alloy film thickness must
within the area under the curve. Otherwise, it will result in
material failure.
5. Finite element model verify

Detailed simulations of the post buckling response of the SMPCs
laminate have been carried out with the ABAQUS package. Thin
shell elements have been used to model the laminate, and a 4-node
reduced integration shell elements (S4R5) with 5� of freedom per
node have been adopted, as it performs well for large rotations
with only small strains.

Fig. 12 is the finite element model of the laminate. Fig. 13 shows
a series of strains along X direction from the bending sequence of a
uni-direction laminate with the same material properties and
geometry of the theoretical model. The laminate is subjected to
opposite-bending. As the thickness of the alloy film increases from
0.02 mm to 0.1 mm, the theory data and simulation result of the
strain along X direction are given in Fig. 14, which illustrates that
the simulation data agrees with theoretical value.
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Fig. 14. Strain results for theory and simulation.
6. Conclusions

A theoretical model for the symmetric deformation of an alloy
film reinforced SMPC laminate under a fixed curvature has been
derived using a minimum energy principle. Using the proposed
theory, a series of closed form solution of the location of neutral
surface, critical curvature, recovery moment, and amplitude of
the wavelength as a function of the prescribed curvature, geometry
and material properties of the folded laminate was obtained. The
recovery force and recovery moment reinforcement function of
the alloy film geometry parameters (thickness and curvature) on
the SMPC laminate have been investigated. It is reveals that as
the thickness of the bonded alloy film increased from 0 mm to
0.1 mm, the recovery moment increased by almost 10 times. The
allowable range of critical curvature and alloy film thickness have
been figured out based on SMPCs laminate’s permissible strain
emax = 10%. It is apparent that with the increase of the laminate’s
permissible curvature, the thickness of alloy film needs to be re-
duced. These conclusions and detailed analyses are essential for
many future applications which use the reinforce behavior of alloy
film in smart matrix composite laminate, such as deployable an-
tenna, trusses, solar array. Next work will consider the non-linear
response of the fiber and the thermal mechanical characteristic
of the matrix.
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