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a b s t r a c t
This paper develops a multi-stable lattice structure consisting of tri-stable lattice cell which is made by
bistable laminates. The multi-stable lattice structure with N tri-stable lattice cells, which can exhibit 2N
stable states, is successfully designed and fabricated. The critical loads snapping lattice structure are
investigated by the experimental and ﬁnite element techniques. The method to simulate the behaviors
of contact and constraint between the neighboring bistable laminates are presented. The snap through
process of multi-stable lattice structures among multiple states are numerically simulated and experimentally validated. The multiple stabilities highlight the potential to achieve a smooth shape variation
in the large area multi-stable structures.
Crown Copyright Ó 2012 Published by Elsevier Ltd. All rights reserved.

1. Introduction
Multi-stable structures are growingly becoming attractive in
developing morphing and deployable structures [1–3], since they
are able to sustain signiﬁcant changes in shape without the need
for a continuous power supply. Bistable materials such as thermal-stress-based bistable laminates [4–10] and prestress-based
bistable shell [11–14] are the most fundamental components in
multi-stable structures.
Since 1981, many works on bistable laminates have been published. The cured curvature of bistable laminates can be predicted
with good precision by using analytical approaches [15–17]. In
addition, ﬁnite element analyses are a robust way to predict cured
shape and to simulate the snap through process [18–20].
To induce the snap-through process from one stable state to
another, the actuator materials such as shape memory alloy and
piezoelectric composites [21–23] have been employed. An adaptive
prototype of a multi-stable composite with integrated smart alloys
had been designed and manufactured by Hufenbach et al. [24].
Dano studied theoretically and experimentally the concept of using
shape memory alloy wires to effect the snap-through of unsymmetric composite laminates [25]. The concept of morphing and deployable structures based on a piezoelectric Macro-Fiber Composite
(MFC) actuator have been presented by Schultz et al. [26] and Tawﬁk Samer et al. [27]. Giddings combined a ﬁnite element model of
an MFC with a bistable asymmetric laminate model. Both the pre-
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dicted shape and the snap-through voltage of a piezo-actuated [0/
90] laminate compared well with the experimental results [28].
The interests have been recently extended to study the dynamic
behavior of bistable laminates. Vogl and Hyer centered on the lowest natural frequency and the associated mode shape for laminates
clamped at their midpoints, with special attention as to how these
vibration characteristics depend on the laminate side-lengthto-thickness ratio [29]. Arrieta analytically and experimentally
investigated the dynamics of cross-well oscillations and the key
dynamic features of snap-through [30].
There might be the requirement of the capacity transforming
among multiple states in some applications such as in variable
sweep wing and morphing airfoil to achieve aerodynamic performance gains [31]. In 2007, Mattioni et al. demonstrated that the
laminate with piecewise variation of the lay-up in the plan-form
can be multi-stable and a variable camber trailing edge resulting
in four equilibrium conﬁgurations was presented [31]. They also
addressed that the piecewise variation of the lay-up may lead to
unpredictable interactions between each stable state therefore
care must be exercised when considering multi-stable structures.
Most recently, a multi-stable composite twisting structure capable
of large deformations, simply consisting of two prestressed ﬂanges
joined to introduce two stable conﬁgurations has been explored by
Lachenal et al. [32]. They presented a prototype with multiple
conﬁgurations: (a) the straight, (b) the twisted and (c) the coiled
conﬁguration. But a sufﬁcient friction is needed to hold the straight
unstable conﬁguration, a thin wire holding the structure in its
coiled unstable conﬁguration.
To overcome the difﬁculty to precisely control the complicated
piecewise layups and to avoid the external force to hold the stable
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conﬁguration, a possible solution is to construct the multi-stable
structures by assembling the simple bistable laminates.
This paper developed a multi-stable lattice structure that can be
snapped among different states. The multi-stable lattice structure
consists of the tri-stable lattice cells which can offer three stable
conﬁgurations. The critical loads snapping lattice are investigated
by the experimental and ﬁnite element techniques. Finally, the
snap through process of multi-stable lattice structure among multiple states are numerically simulated and experimentally
validated.
2. Design and fabrication of multi-stable lattice structures
The ﬁrst step to construct a multi-stable lattice structure is to
ﬁnd a bistable component that is ﬁt to be assembled with each
other and the connection technique which has none or little inﬂuence on the bistability of the neighboring components. Through
the experimental study, we found that the longer rectangular
bistable laminate with the length several times width is an appropriate candidate of such components. The two rectangular bistable
laminates in extended states are bonded by a blot near the short
edge, the four rectangular bistable laminates assembling a tristable lattice cell. The assembling lattice cell exhibits an initial
plane geometric conﬁguration, see Fig. 1a. A plane stable conﬁguration is difﬁcult to achieve through manipulating the lay-ups of
laminates. The hole where the bolt is mounted is small enough
not to inﬂuence the bistablility of the connecting bistable
laminates. Each rectangular laminate is designed to obtain the
equal magnitude of curvatures at two stable states (extended
and bent conﬁgurations), which results in the close and smooth
contact when the lattice cell is bent to be the concave and convex
conﬁgurations, see Fig. 1b and c.
The multi-stable lattice structure can be obtained by adding the
more rectangular bistable laminates to the lattice cell. For example,
a multi-stable lattice structure consisting of two lattice cells gives
four stable conﬁgurations, see Figs. 2 and 3. It is noted that the
direction of additionally added rectangular laminates should be
carefully chosen. Different connection modes of neighboring rectangular laminates may lead to different multiple stable states.
The same concave conﬁguration between two neighboring rectangular laminates in longitudinal direction leads to four stable geometric conﬁgurations, as seen in Fig. 2, while the different
geometric conﬁguration (one concave and another convex) results
in four stable conﬁgurations as seen in Fig. 3. Considering the interaction of one lattice cell with neighboring lattice cell, the introduction of one tri-stable cell gives the structure two equilibrium
conﬁgurations and it is (in principle) possible to obtain 2N conﬁgurations by using N tri-stable lattice cells.
Several multi-stable lattice structures are fabricated. The material properties are listed as in Table 1. The size of each rectangular
bistable laminate is 140 mm  35 mm  0.25 mm with a stacking
sequence of [0/90]T. In the experiment, we ﬁrst manufactured a

Fig. 2. The four stable lattice structure with the same conﬁgurations between
neighboring rectangular laminates in longitudinal direction.

Fig. 3. The four stable lattice structure with different conﬁgurations between
neighboring rectangular laminates in longitudinal direction.

Table 1
Material properties of CFRP.
CFRP

E11 = 137.47 GPa, E22 = 10.07 GPa, G12 = 7.17 GPa, m12 = 0.23,
a11 = 0.37  10 6 °C, a22 = 24.91  10 6 °C, Thickness = 0.125 mm

square laminate of 150 mm  150 mm  0.25 mm by an autoclave
technique. Then, the square laminate was cut into four same size
rectangular laminates. It is reported that the laminate may lose
internal thermal stress and the snap-through load decreases obviously due to the moisture effect [33]. The bistable laminates used
in experiments have been exposed in the air and the effect of moisture should not be neglected. To quantify the effect of moisture, we
retested the bistable laminate by heating it and found that it regained a ﬂat shape when the temperature raised to 160 °C, which
is 20 °C lower than the curing temperature of laminate, 180 °C. It
is convenient to take consideration of moisture effect in FEA by
decreasing the initial curing temperature. Therefore, the ﬁnite element models of the bistable laminates are numerically generated
during the cool-down process using 160 °C as the initial temperature and the room temperature 20 °C as the ﬁnal temperature.
The four components of the lattice structure are connected by
the bolts. Although the holes must be drilled into the bistable laminates to ﬁx the bolts, the holes only affect the stress distribution
locally and have little inﬂuence on the bi-stability of the laminate.

Fig. 1. Three stable geometric conﬁgurations of tri-stable lattice cell.
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Fig. 4. The eight stable lattice structure with three lattice cells.

Fig. 5. Fabricated multi-stable lattice structures with four and six lattice cells.

A multi-stable lattice structure consisting of the three lattice
cells and its total eight stable geometric conﬁgurations are shown
in Fig. 4. Fig. 5 presents the examples of multi-stable lattice structures with four and six lattice cells.
3. Measurement of critical loads
The experiments are conducted to test the critical loads to snap
the tri-stable lattice cell in this section. A lattice cell used consists of
four rectangular laminates, which have the size of 140 mm 
35 mm  0.25 mm and stacking sequence of [0/90]T. The multi-stable lattice structures are snapped among different states by applying external force on the lattice cell. Considering it is easier way to
snap the lattice cell by applying the moment than by applying the
concentrated force, the snapping moment is tested. The lattice cell
is clamped at one end and the loads are applied at another end, see
Fig. 6. In experiments, the force at the end of the cantilever structure is recorded by gradually adding water in a small container until
the snap-through is induced. The total four samples are tested and
the force is measured to be 0.163 ± 0.007 N. Then the critical
moment to snap the lattice cell is obtained by multiplying the force
by the distance from the supports of 135 mm, which is 0.022 Nm.
The same testing procedure is also used to measure the critical
moment of single rectangular laminates, which is 0.013 Nm. As

expected, the lattice has almost twice critical load as the single rectangular laminate. The similar phenomenon was reported in the literature [34] where more critical load’s tests can be found. There are
three rectangular laminates bonding together in the multi-stable
lattice structure. At this case, the bonding should carefully be designed not to inﬂuence the bi-stability of laminates. Especially for
the connecting design as shown in Fig. 3, the longitudinal rectangular laminates will locally lose the stability if the three rectangular
laminates are fully bonded together by bolts. The bolts should be
fastened tightly enough to constrain their mutual movements and
not to have signiﬁcant inﬂuence on their snap-through. Therefore,
we do further tests to examine effects of the tightness of bolts on
critical moments and the little difference of critical moments is observed in experiment. This may be due to the fact that the bonding
area is very small and the bonding effect acts only near the bolts.
4. Numerical simulation methods
For complex structures it is necessary to employ numerical
methods such as ﬁnite elements to determine the multi-stability.
A numerical procedure to identify the equilibrium shapes and
the structural response of bistable structures has been established
with the commercial software ABAQUS. This simulation technique
is divided into two steps: the ﬁrst that reproduces the cool-down
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(a) Tri-stable lattice cell
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(b) Rectangular laminate

Fig. 6. Measurement of critical loads for tri-stable lattice cell and bistable rectangular laminate.

Fig. 7. Local bonding region of three rectangular laminates.

Table 2
Convergence of critical moments with the coefﬁcient of friction.
The coefﬁcient of friction

Critical moments (Nm)

0
0.125
0.250
0.325
0.500

0.0207
0.0207
0.0207
0.0207
0.0208

after the curing. The second step, the snap-through analysis, describes the elastic response of the structure when loaded.
Here, we use ﬁnite element method to solve the nonlinear problems of snap-through in multi-stable structures and predict each
equilibrium conﬁguration. The calculation is performed with ABAQUS in two steps as well. In ﬁrst step, the cool-down analysis is
carried out to generate an initial lattice structure that consists of
multiple tri-stable lattice cells and is allowed to be snapped among
multiple states. In second step, the snap-through process is simulated when loaded. During the application of the load, the structure
will ﬁrst deform elastically. Then, once the load reaches a critical
value, it will collapse and eventually rest on the other stable conﬁguration when the load is removed. The problem represents an
unstable collapse and arc-length methods are considered to be
the preferred tool.
The analysis is performed using 4-node general purpose
reduced integration shell elements (S4R) and geometrically nonlinear algorithms (NLGEOM). To avoid instabilities in the model
due to snap-through the STABILIZE command is used in ABAQUS/
Standard with a damping factor of 1  10 6. The detail discussion
about the inﬂuence of the damping factor can be found in the

literature [9]. The lattice cell is modeled using a composite shell
section to enable the use of a single layer of S4R elements. Total
5756 elements are used to model the curing shape and the snapthrough behavior. Convergence studies show that both a mesh
with 5756 elements and a ﬁner mesh with 22,404 elements give
the same curvature of 8.8 m 1 and same critical moment of
0.0207 Nm.
The speciﬁc issues for multi-stable lattice structures are the
interactions between two neighboring bistable laminates due to
their bonding and contact. The ﬁnite element model should be
effective to simulate both the cool down and snap through process.
The local bonding region of three rectangular laminates, which is
ﬂat and established before cool down, is shown as in Fig. 7. ABAQUS/Standard provides several options for modeling contact and
interaction problems. At ﬁrst, the tie constraints are imposed on
the nodes at holes to simulate the bonding constraints. Then, the
surface-to-surface contacts are deﬁned to explain the interaction
between two neighboring laminates. The initial model of each rectangular laminate will deform to a cylindrical shell after cool down,
the top laminate bending up, the middle laminate bending down
and the bottom laminate bending up. The full contact between
the top laminate and the middle laminate is able to allow thus
deformation whereas a gap between the middle laminate and the
bottom laminate has to be adopted to allow them to deform to
cylindrical shapes. The contact properties between two surfaces
can be chosen based on the geometric and loading conditions.
Mechanical contact property includes the constitutive model, the
damping model and the friction model. Since the deformation of
the multi-stable lattice structure in this study is assumed to be a
quasi-static problem, only friction property should be considered.
The inﬂuence of friction coefﬁcient on convergence of critical mo-
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Fig. 8. Finite element model and assembling pattern of a multi-stable lattice structure with three cells.

Fig. 9. Four stable geometric conﬁgurations simulated by FEM of a multi-stable lattice structure with three cells.

Table 3
Simulated and measured critical moments to snap the lattice cell.

0.020

Moment (Nm)

0.016
0.012

Specimens

1

2

3

4

Average

Measured critical moment
(Nm)
Simulated critical moment
(Nm)
Error (%)

0.0212

0.0225

0.0225

0.0215

0.0219

8.0

8.0

3.7

5.4

0.0207
2.3

0.008
0.004
0.000
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Fig. 10. Moments vs. angular displacements at the end of lattices by FEM.

ments to snap the lattice cell is listed in Table 2. It shows the
change of friction factor has little inﬂuence on the convergence.
So, the contact property with no friction effect is adopted.
5. Results
The multi-stable lattice structure with three lattice cells, as seen
in Fig. 4, is investigated to illustrate the snap through among multiple states. The ﬁnite element model and assembling pattern used

in ﬁnite element analysis are illustrated as in Fig. 8. The structure
consists of ten rectangular laminates and is made by putting ten
pieces of rectangular laminates together. The bonding is simulated
by ‘‘tie’’ constraint technique and the totally twelve surface-tosurface contacts are established between two neighboring
laminates. As mentioned above, since the lap regions are bonded
by bolts and the relative movements between different laminates
are restricted, the contact properties with no friction effect are
used. The diameters of holes are all 3 mm according with the
experimental sizes. The gap between middle laminates and bottom
laminates as mentioned above is chosen to be 3 mm which does
not only allow laminates to deform to cylindrical shape but also
enable the deformed laminates remain contact with each other.
The materials used are listed in Table 1. The two points at the
center of middle rectangular laminates are ﬁxed, see Fig. 8.
Fig. 9 presents four stable geometric conﬁgurations corresponding to the ﬁrst four experimental shapes in Fig. 4. Conﬁguration (1)
is ﬂat and obtained after cool down. The rectangular laminates
bend in the direction of short edge and remain the bistability. Then
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(a)

(b)

(c)

(d)

Fig. 11. Simulated snap-through process from conﬁguration (2) to conﬁguration (3), M represents the moment and h indicates the angular displacement.

a new analysis step is restarted using the results of cool down analysis as the initial condition. By applying the moments at two ends
of the multi-stable lattice, it will be snapped into conﬁguration (2).
Since the rectangular laminates have equal curvatures in two
directions, the snapped rectangular laminates in longitudinal
direction fully contact with the neighboring transverse rectangular
laminates in the left and right lattices. In the following up step, a
new analysis using conﬁguration (2) as initial condition is carried
out. The loads applied in last step are removed and new loads
are applied at the two ends of middle lattice. The multi-stable lat-

tice structure is transformed from conﬁguration (2) to conﬁguration (3). The rectangular laminates are all bending in longitudinal
direction in the conﬁguration (3) and a smooth wavy lattice can
be observed. In ﬁnal step, modifying the initial condition and
removing the last step’s loads, conﬁguration (3) is shifted to be
conﬁguration (4) with the application of the moment at left end,
which has an opposite sign to that applied in conﬁguration (1).
The left lattice recovers to its initial ﬂat state after cool down.
The other two lattices remain the concave and convex geometric
conﬁgurations respectively.

(a)

(b)

(c)

(d)

Fig. 12. Simulated snap-through process from conﬁguration (3) to conﬁguration (4), M represents the moment and h indicates the angular displacement.
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The curve of moments vs. angle displacements for a lattice
structure from the plane conﬁguration to the concave conﬁguration by FEM is plotted in Fig. 10. It can be observed that the
snap-through occurs when the moment reaches to a critical magnitude of 0.0207 Nm where the angular displacement is 6.2°. The
ﬁnite element analysis also captures the unloading process which
is difﬁcult to be identiﬁed by experiments. The displacements still
increase during unloading process and a maximum angle displacement is up to 32.1°, at which the lattice rests on new stable state.
We have measured the critical moments for four lattice samples
and the average measured critical moment is 0.0219 Nm. The deviation of predicted critical moment from the experimental one is
5.4%. The comparison between the predicted and experimental
critical moments is presented in Table 3. It is noted that each lattice should have the consistent critical moment since it is periodic.
The snap-through processes for conﬁgurations (2–4) are illustrated in Figs. 11 and 12 and the Von Mises stresses are included
in the ﬁgures. The moment and angular displacement with respect
to each shape are presented in Figs. 11 and 12 as well, which shows
the deformation gradually increases with the load changes. Fig. 11
demonstrates the shape change of middle lattice from the plane
conﬁguration to the concave conﬁguration. At this case, the two
lattices at its left and right sides exhibit as a rigid body movement
and have little inﬂuence on its snap through behavior except their
gravities. The maximum stress remains at the holes of the middle
lattice. Fig. 11b illustrates the critical state at which the moment
reaches to the critical value of 0.0207 Nm. Fig. 11c and d shows
the shape change during unloading. It can be seen that the deformation of lattice cell still increases until it rests on the new stable
sate although the load decreases. Fig. 12 demonstrates the shape
change of left lattice from the convex conﬁguration to the plane
conﬁguration. Similarly, the snap through of left lattice is almost
independent on the other two lattices. The location where the
maximum stress occurs shifts from the holes to the central point
of middle rectangular laminates at which the model is ﬁxed.
Fig. 12b illustrates the critical state at which the moment reaches
to the critical value of 0.012 Nm, which is almost half of the critical
moment from the plane conﬁguration to the concave conﬁguration. The similar phenomenon can be found in the Ref. [34].
Fig. 12c and d shows the shape change during unloading. When
the moment decreases to zero and the maximum angular displacement increases to 40.6°, the cell rests on the new stable sate.
The snap through processes of other conﬁgurations can be simulated by using the present method. It is clearly observed that the
rectangular laminates in longitudinal direction are bendable and
the rectangular laminates in transverse direction only act as the
connectors. If adding more lattices in transverse direction, they
also can be snapped into another state depending on the assembling pattern and the bonding design.
6. Conclusions
A multi-stable lattice structure has been developed in this
study. At ﬁrst, the longer rectangular bistable laminate with the
length several times width is used to construct a tri-stable lattice.
Then the multi-stable lattice structure is assembled by using tristable lattice cell. The bolts are employed to bond the rectangular
laminates together and it shows that the connection has little
inﬂuence on the bistability of the neighboring components. Two
different connection modes of neighboring rectangular laminates,
which may lead to different geometric conﬁgurations, are presented. Several multi-stable lattice structures are designed and
fabricated. Considering the interaction of one lattice cell with
neighboring lattice cell, the introduction of one tri-stable cell gives
the structure two equilibrium conﬁgurations and it is (in principle)

possible to obtain 2N conﬁgurations by using N tri-stable lattice
cells. The concept is validated with an example of a multi-stable
lattice structure with three lattice cells, which exhibits eight stable
geometric conﬁgurations.
The ‘‘tie’’ constraint and surface-to-surface contact are used to
simulate the interactions between two neighboring bistable laminates due to their bonding and contact. The friction effect has little
inﬂuence on the snapping loads of lattice cell. The critical loads are
experimentally measured and numerically predicted using ﬁnite
element method. The predicted critical moment of the lattice cell
is 0.0207 Nm, which results in an error 5.4% compared with the
experimental result. The ﬁnite element analysis captures the
unloading process and the deformation during snap-through,
which is difﬁcult to be observed in experiments. Taking a multistable lattice consisting three lattice cells as an example, the continuous shape change among four stable geometric conﬁgurations
are successfully simulated. It shows that the cells with no loading
exhibit as a rigid body movement and have little inﬂuence on the
snap through behavior of the cell loaded except the gravity. A full
and smooth contact between the longitudinal and transverse laminates is demonstrated and the smooth multi-stable wavy lattice
can be obtained, when the lattice deforms to the concave or convex
conﬁguration. The results show that the multiple stabilities highlight the potential to achieve a smooth shape variation in the large
area multi-stable structures.
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