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Stability analysis of dielectric elastomer film actuator
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Dielectric elastomer (DE) is the most promising electroactive polymer material for smart actuators.
When a piece of DE film is sandwiched between two compliant electrodes with a high electric field, due
to the electrostatic force between the two electrodes, the film expands in-plane and contracts
out-of-plane so that its thickness becomes thinner. The thinner thickness results in a higher electric
field which inversely squeezes the film again. When the electric field exceeds the critical value, the
dielectric field breaks down and the actuator becomes invalid. An elastic strain energy function with
two material constants is used to analyze the stability of the dielectric elastomer actuator based on the
nonlinear electromechanical field theory. The result shows that the actuator improves its stability as the
ratio k of the material constants increases, which can be applied to design of actuators. Finally, this
method is extended to study the stability of dielectric elastomers with elastic strain energy functions

containing three and more material constants.

dielectric elastomer, actuator, electroactive polymer, stability, elastic strain energy function

1 Introduction

Electroactive polymer (EAP) is one of the materials with
special mechanical and electrical performance, which
can generate several kinds of mechanical responses
when exposed to an induced electric field!''?\. Dielec-
tric elastomers, featuring super large deformation
(380%), high elastic energy density (3.4 J/g), high effi-
ciency, high responsive speed, good reliability and dura-
bility, are the most promising electroactive polymer ma-
terial for actuators'* ).

In recent years, the dielectric elastomer’s stability
analysis is one of the most popular issues, especially
after Suo et al. proposed the electromechanical stability
theory of dielectric elastomers”®*. In their paper, Suo
et al.”®**! indicated that any free energy function can be
used to analyze the electromechanical stability of di-
electric elastomer. For example, they used the elastic
strain energy function with one material constant to
analyze the stability of an ideal elastic elastomer subject
to biaxial stress. The results revealed the relation be-
tween the nominal electric displacement and the nominal

electric field. It was proved theoretically for the first
time that the pre-stretching could enhance the dielectric
elastomer’s stability. Meanwhile, the critical breakdown
electric field strength was predicted using this
method?* ). Norrisa®” used the Ogden elastic strain
energy model to analyze the elastic elastomer’s stability.
The relation among critical actual electric field, nominal
strain and the pre-stretching ratio of dielectric elastom-
ers was obtained accurately. Meanwhile, as a particular
case, the Neo-Hookean model which was a simplified
model of Ogden model was introduced to give more
concise and accurate results. Further research was done
on the stability of Neo-Hookean silicone based elas-
tomer by Diaz-Calleja’s group. The Hessian matrix un-
der two special loading conditions was deduced. Fur-
thermore, the stable domain and unstable domain of di-
electric elastomers were determined. These results can
help us understand the stability performance of Neo-
Hooken silicone more thoroughly[m. An elastic strain
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energy function with two material constants was used to
analyze the stability performance of dielectric elastom-
ers by our group. The introduction of material constant
ratio k offered a great help in analyzing the stability of
various dielectric elastomers’”>. The relation between
the nominal electric displacement and nominal electric
field of different dielectric elastomers can be derived
directly using this model.

This paper takes the dielectric elastomer free energy
function as the coupling of elastic strain energy function
with two material constants and the electric energy den-
sity function to study the stability performance of the
dielectric elastomer electromechanical coupling system,
as well as the accurate relationship among the nominal
electric field, the nominal electrical displacement and
the stretch ratio. Such an analysis method is extended to
analyze the performance of the dielectric elastomer cou-
pling system with more material constants.

2 Electromechanical coupling theory of
dielectric elastomers

In its working condition, dielectric elastomer is subject
to an electric field applied by the compliant electrodes
spread on the DE film’s surfaces. It will contract along
the thickness direction due to the electro-static force.
Meanwhile an in-plane elongation occurs, developing
large strains perpendicular to the voltage direction, then

"1 Tt is the process of the

the film becomes thinnert
coupling effect of the mechanical field and the electric
field”* . The energy function of the dielectric elas-
tomer electromechanical coupling system can be written

as follows!*®

G=LLLW(A4,4,4,D")- FAL - F,A4L, -UQ, (1)
where W(A,,4,,4;,D7)is the free energy function, L,
L, and L; are the original dimensions of DE, U is the
electric voltage, Q is the charge on each surface, F; and
F, are the pre-stretch forces, as shown in Figure 1. Let
the stretch ratios in the three main directions be A, A,
A3, respectively. Since the dielectric elastomer is as-
sumed to be incompressible, we have A;=1/4;4,. The

nominal stress and the nominal electric field are defined
as follows
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where s; and s, are the nominal stresses and can be de-
rived from the un-deformed state by dividing the
pre-stretch force by the area before deformation, i.e.,
s1=F1/(L,L3) and s,=F,/(L\L3). L;, i=1, 2, 3 are the origi-
nal dimensions of DE, F;, i=1,2 denote the pre-stretch
forces. Similarly, the nominal electric field can be de-
E=U/L; and the
displacement as D =Q/(L,L,), while the real electric
field defined as E=U/(A3L;) and the real electrical
displacement as D=Q/(A,L1A;L,).

fined as nominal electrical
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Figure 1 Dielectric elastomer electromechanical coupling system.

Egs. (2), (3) and (4) are the non-linear algebraic equa-
tions which are used to solve the three generalized coor-
dinates A;, 4, and D™. Keep F; and F) as regular vectors,
and only let voltage U change. When the voltage is very
small, the Hessian matrix is positive definite; when the
voltage reaches one critical value Uy, the Hessian
matrix is not positive and its determinant det(H)=0. By
combining eqgs. (2), (3) and (4), the critical E_
determined under any pre-stress state.

The Hessian matrix of the dielectric elastomer elec-
tromechanical coupling system can be written as follows

can be

[ otw aw ow
oA} 0404,  OAOD”
e o'w o'W o'W . )
0404,  8A}  9A,0D”
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3 The strain energy function with two
material constants

Because the dielectric elastomer is incompressible, only
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two of the three main stretch ratios A;, 4,, A3 are inde-
pendent. So W( Ay, A, 43, D~)[26734]

~2
W (g0, D7) =W Ja) 40— A 5%

where W(Ay, A, D
dielectric elastomer electromechanical coupling system,

(6)

") is the free energy function of the

Wo(A1, A2) is the elastic strain energy function, and the
second term on the right is the electric energy density

experiments. Evidently, the material constants are dif-
ferent for different dielectric elastomer materials (such
as BJB TC-A/BC, HS3silicone, CF19-2186 silicone,
VHB 4910)"'?¥ and different structural dielectric elas-
tomer drives (such as rolling, folding, stacking, flat-
ting)[z_ﬁ]. Substituting eqs. (7) and (8) into egs. (2), (3)
and (4) leads to the nominal stress and the nominal elec-
tric field respectively as follows

function. Here the elastic strain energy function adopts aW 3,2 3
the Mooney-Rivlin model with two terms!****!, 5= ﬂq HA =4 T) +GAT+ 21/12 )=
Wl dy) =522 + 25 + 27257 =3) + D7 e ©)
2 p; A4,
G -2 -2 21,2
SAT LT+ AL -3), ™) oW _ i}
2 =g =H ks W)+ GA A -
- M, 02 2 -2 ,-2
W ) :D = + + _3 + -
(44, D7) =D (A + Ay + A7 A7 = 3) Dzj{%_z (10)
G .2 .2 .20 D? 5.5
AT LA =) A -
2 2¢ ~ 8W D 11_212_2 (1 1)
(®) e
where ¢ and G are material constants determined by Then the Hessian matrix can be expressed as
| _ 3D, G 2D 2D 5 |
B e b e R e
_ 3,3 2D 5 —4 52 Yy 4,2 2D 5.
H = 2uy7 " +2G AL, + A7 14347 47)+ GG, +/11)+—/72 AT A4 ()
s e L
- g g -
Clearly, when G=0, egs. (9), (10) and (11) become
w _ 3,0, D7
5= M = AR A (13)
o
ow L. D5
$y= =M = B = A (14)
04,
- _OW D™ . _,..,
—=—A4". 15
- oD~ £ 2 (13)
And the Hessian matrix can be simplified as
I 4,2, 3D 2D 2D"
P34 A + /%4/12 N A A ﬂz
: 3, __3D”2__2D__
H=| 2072 +20 113/123 HAIL A+ =207 =277 . (16)
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Evidently, the condition of G=0 is the case which has
been studied by Zhao and Suo®®®).

4 Stability analysis

Pre-stretch uniformly the DE film, such that the stretch
ratios in the two directions are equal, i.e.,
S =8, =5, (17)
b=l =2 (18)

Substituting eqs. (17) and (18) into egs. (9), (10) and
(11), we have the dimensionless quantities as follows

ARy

~ 6_

D =\/’1 Ly -8, (19)
JueG G y7, uG

~ 2 .8 -6

£ :J}“ A S s o
UG € G y7, uG

Let 1=kG, where k is constant. Then egs. (19) and (20)
become

JD?G: k(z"—l)mg—zz—%/‘ti Q1)
E- -2 -8 - S .3

= kA=A +1-2-227 (22
NG/ &g \/( ) G @2)

When £ is assigned different constants, the stability of
DE materials can be analyzed by considering the
pre-stretch ratio as variant. Figure 2 shows the relation

ship between D™ /\/eG and E~/~G/& when k=1, 2,

1.5
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2.5 and 5, respectively. In each case, s/G takes different
values such as 0, 1, 2, 3, 4, 5, and E™ reaches its peak
values. Before £~ reaches its peak value, the Hessian
matrix is positive definite while after the peak value, the
Hessian matrix is negative definite. Simply speaking, in
the peak point, det(H) =0. As the value s/G increases,
the nominal electric field decreases under any constant £,
which implies that increasing the prestretch ratio can
improve the stability of the DE actuator.

Given that £=2,4,5, the maximum value of the nomi-

nal electric voltage £, =0.93vV2G/¢, 0.817V4G/ ¢,

0.792V5G/e. If G=0.25x10°Pa, £=4x10"" F/m,
then £, ~1.04x10°, 1.29x10° and 1.40x10° V/m,

which are approximate to the magnitudes of the reported
breakdown fields®. Furthermore, in this case we obtain

the critical stretch A€ =1.37,1.32,1.30, and the corre-
sponding strain in the thickness direction equals 46%,
42%, 41%, which agrees the fact that it can not exceed
40% of the experimental value!*.

Figure 3 reveals the relation between the two dimen-

sionless quantities A,/ 4" and E~/ JG /& when k takes
different values of 1, 2, 2.5 and 5, respectively, where
ﬂqp represents the pre-stretch ratio of dielectric elastomer
and A, is the stretch ratio generated by the electric field.
As the nominal stress increases, EN/m will

1.5
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Figure 2 The nominal electric field v.s. the nominal electric displacement when the value k changes. (a) D/(sG)"*=1; (b) D/(¢G)"*k=2; (c)

D /(eG)"*k=2.5; (d) D/(eG)"*k=5.
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Figure 3 The nominal electric field v.s. the ratio 4, / A7 when k changes. (a) 4 / ALk =1; (b) 4 / ALk =2; (¢) 4/ ATk =2.5; (d) 4 / ATk =5.

decrease, which implies that the pre-stretch process be-
fore electrical activating may enhance material’s stability.

The electrostriction experiments on the pre-stretching
dielectric elastomer by Pelrine's group showed that when
the two in-plane pre-stretch ratios increase from 0% to
500%, the breakdown electric field increases from 18 to
218 MV/m, mounting up 1100%"" 7). This means that the
electromechanical stability performance is evidently
enhanced. Our numeric molding by applying the
Mooney-Rivlin elastic strain energy function has ob-
tained the same result as Pelrine's, as well as Suo’s con-
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Figure 4 The nominal electric field v.s. the extension ratio when &
changes.
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Figure 4 reveals the relation between the stretch ra-

tiod and E~/\kG/e under the condition of s/G=0
when £ takes different values. For example, when £=0.1,
E o = 3.18140.1G/&. Clearly, the critical electric field
of the dielectric elastomer electromechanical coupling
system increases with the increasing of k. This means
that with a higher value of £, the system is more stable.
These results are useful in the design of dielectric elas-

tomer actuators.

5 Stability analysis based on strain ene-
rgy function with multi-material-constants

5.1 Elastic strain energy function

Based on the above-related research method, other elas-
tic strain energy functions can be proposed, such as the
strain energy functions with three terms: Ishihara- Za-
horski function and Yeoh function, etc. The following is
to introduce them respectively.

5.1.1 Yeoh function.

Wowﬂa:%uﬁ+ﬂ§+ﬂfzz;2—3>+§(ﬂf+z§+
2'172/1272 —3)2+%(ﬂ12 +222 +//l172ﬂ272 _3)3.
23)
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5.1.2

Wo(dsAy) =

Ishihara-Zahorski function.
B+ B4 202 =94 SO A

PRYEI) %«zf T T P e )

(24)
U, G, N in egs. (23) and (24) are material constants de-
termined by experiments. Note that the values of 1, G, N
are different, their same written form is just for the con-
venience of expression and contrast.
5.1.3 Klosne-Segal function.

Wo(%ﬂq)— M+ 2+ 478"~ 3)+ A7+ 47+

A =3+ 2 +ﬂfﬂ§ -3+

S At AR -3 25)

5.1.4 Biderman function.

WoOns) =502 4 22+ 0227 =34 S0 + 22+

A3 4 TG A A -

%(ﬂ;z F 2+ A2 -3, (26)

U, G, N, M in eqgs. (25) and (26) are the material con-
stants also determined by experiments.

5.1.5 Ogden function. The Ogden model includes
several material constants proposed by Ogden in 1972,
in which the elastic strain energy function is written as

y7, -
Moy )=3 p% ALY =3), (27)
p= -1
where g, is the material constant determined by experi-
ments, and o, is a constant (positive or negative real
number).

5.2 Stability analysis

The constants are different in different elastic strain en-
ergy functions for different DE materials. Therefore dif-
ferent elastic strain energy functions can be used to ana-
lyse different dielectric elastomer electromechanical
coupled systems. The following content is to introduce
the analysis methods by applying different elastic strain
energy functions. In the followings, we pre-stretch the
DE film uniformly so that the stretch ratios in the two
orthogonal directions are equal. The following relation-
ships are obtained

S =8, =5, (28)

Jy=ly= A (29)
5.2.1 Stability analysis based on Yeoh function. The
following is the free energy function:

W (4,20, D7) =§<ﬂf + 23+ A0 -3)+

G .
SH A AL =Y
D
(30)
Substituting it into egs. (2), (3) and (4), we can write
the nominal stress and the nominal electric field respec-

S GRTIRY R

tively as
5 = aZ—M AP A 4260 + 2 + A7
N =& B3N+ 25 + 4747 -
3 (h -4 47) - DNzﬂq 2, G31)
0

w 2 ,-3 2 -2
a1, M= AR 20 A A

(A~ 4747+ 3N(zf + A5+ A -

§y =

3 (4 - 472" -2 ﬂ(% (32)
__ oW D,
E =0 " . — A7, (33)

Dimensionless factors k; and %, which can be charac-
terized by dielectric elastomer material and structure are

induced, u=kG=k,N, where 1, G and N are the ma-

terial constants. Then the relationship between nominal
electric field and the electrical displacement can be
given respectively as
D~ 6 2 -4 6
—= kA -D+2Q2A°+ AT -+
NeG { l
3—"1(2/12 + A2 (A8 -
k,

1/2
1)—%/15} . (34

E

N [kl A= +222+ 27 HAT -2+
&

1/2
—3} . (3%

Further, the analytical solution of stability perform-
ance for dielectric elastomer electromechanical-coupled
system can be calculated based on egs. (34) and (35),

3k—kl(2,12 e O ) W
2
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with the similar process mentioned in section 4.
5.2.2 Stability analysis based on VIshihara-Zahorski

function. The free energy function can be expressed as

Whda D) =50 4 224 272257 =3+ G 4
R e

~2
A7) -3) +’§—gz;2z;2. (36)

Substituting it into egs. (2), (3) and (4), we obtain the
nominal stress and the nominal electric field respec-

tively:
=G = B G + 2

N + 23 + 4705724 = 247 2,7) -

D 2, (37)
5= ;”Z—m IR G 4 A +

N + 23 + 47052020, =227 2,7) -
D;W, (38)
EN:%:%A 252 (39)

Let u=kG=k,N , where 4, G and N are the material
constants, and k; and &, are the constants related to the
DE material and the composition of the system. Hence,
the formulations of the nominal electric displacement and
the nominal electric field can be induced respectively.

D~ 6 8 2
— = A -+ (A" -A7)+
\NeG [ !
ok 1/2
LA+ AHA -S|, (40)
k, G
E” 2 48 -6
—=| k(AT -AT)+(1-A")+
Gle { 1
ok 1/2
Lo a2 L @
k, G

By egs. (40) and (41), and taking the tension ratio as
the variable with the right material constants k, and £, ,
the nominal electric field and the electrical displacement

can be evaluated and electromechanical stability per-
formance can be analyzed.

5.2.3 Stability analysis based on Klosne-Segal func-
tion. The free energy function can be given by

B Y G ., .
WAy, A, D ):%(/11%,122 + A4 2122—3)+?(,112+222+

prox —3)+E<zf2 35 %%2 37y

—(/11 + A A2 =3 2 /11 .

(42)

Substituting it into egs. (2), (3) and (4), we obtain the

following expressions of the nominal stress and the
nominal electric field:

=S = = A+ GAT + AR +

- AN+ 257 + 2025 —3)(%2 —zﬁ>+
MU + 17+ 3223 =3 (2 = 27 =2 ﬂl%‘z
(43)
5= ZZ U = 2707+ G253 + 222 +

AN+ 257 + 4205 =3) (=457 + A2 2y) +
BMA7 + 257 + 4025 =3 (=27 + A7 2y) -

DTNZA%‘% (44)
cmres

where pu=kG=kN=kM , u, G, N and M are mate-
rial constants, and ki, k> and k3 are constants related to
the DE material and the composition of the system. The
expressions of the nominal electric field and the electri-
cal displacement can be induced as

D~

R L CARS | A /12)+ ‘(212”4
VeG { ky
A -21H)+ k‘ QA+ 27 =3)* (A% -
3
1/2
,12)_i,15} (46)
G b
.

122{2
kz(

m{lﬁ(fz —AH+A-21%+

“o3)(1-A" )+k1(2/12 + A7 =3)?

3

x(l—ﬂ)—iﬁr (47)
. .
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Similarly, eqs. (46) and (47) can be used to analyze
the stability performance of DE.
5.2.4 Stability analysis based on Bidermanl function.
The free energy function can be expressed as below

Wy DO =BG 23 4 27207 =3+ S 4 22 +
%*2,12*2_3)2+E(,112+j,22+,11*2,12*2_3)3+

—(/11 + 2 AL 3)+ ﬂq A

(48)

Substituting it into egs. (2), (3) and (4), we can write
the nominal stress and the nominal electric field as

ow

§) = ——=p(A = AT+ 2G (AR + A3 +
o
AP0 =3 = AT ) HINGE + 25 + 7057~
~2
- AP BN MGAE =47 = 2705, (49)
5, = aw =u(Ay — A2 253 + 2G(112 + A7 +
04y
A7 =3)( Ay = AP + 3N (AL +
A+ 472257 =3 (A — 472470 ) +
2 -3 DNz -2 73
M (2,20 = 2;°) - A4, (50)
- _ W _D .,
E 51
A o (51)

Introduce the dimensionless factors &y, k, and k3, and
let u=kG=kN=kM, where u, G, N and M are the
material constants. The nominal stress and the nominal
electric field of dielectric elastomer can be written as

D~

JeG

= {kl A =D +2QA% + 274 =3)A5 -1+

%(uz +274 3248 —1)+/]§—1(18 -

2 3
1/2
,12)—%,15} , (52)
£ _ k(A2 =2 +222 + 27 =3 -
NGlég

A )+k1(2/12 + A3 -+

2

1/2
k
L M-ty } . (53)

Evidently, egs. (52) and (53) are also capable of ana-

lyzing the stability performance.
5.2.5 Stability analysis based on Ogden function. The
system free energy function is expressed as follows

N
WA dg D) =S S22 £ 2% 4 47 5% —3) +

A7 (54)

The nominal stress and the nominal electric field of
the dielectric elastomer electromechanical-coupled sys-
tem can be expressed respectively by the following
equations

W& a1 gmay-l e, DT
S == Dy AT AT ) ==, (55)
o4 o &
aW Y a a - —
s= = DA AT A 21%2 (56)
ﬂ’l p=1
~_ow _D .,
E 57
=T 57
We postulate that g =k, =kypy =+ =kyuy, ke,

ks, -+, ky are material constants. By substituting them
into eqgs. (55), (56) and (57), the nominal electric field
and the nominal electrical displacement can be evaluated.
Evidently, they are functions that take the stretch ratio 4
as the variable parameter. The relationship between the
nominal electric field and the nominal electrical dis-
placement can be derived by changing the value of s/4.

D~ :|:(/1al+4 _1—2(11-%—4)_'_ p

(ﬂa2+4 /1—20t2+4) +

&ty 2
L(ﬂa3+4_l—2a3+4)+‘”+L(laN+4_
3 N
1/2
a2y S } (58)
H
E — |:(/Ial—4 _i—zal )+ (laz _ 1—20{2—4) +
&Ly kZ
L(ia3—4_ﬂ—2a3—4)+‘“+L(ﬂaN—4_
3 N
1/2
PN } _ (59)
H

6 Conclusion

This paper discusses the stability analysis methods of
dielectric elastomer by applying the elastic strain energy
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function with two material constants. The results show

that for dielectric material with larger dimensionless
constant £, its stability performance is higher. The ex-
pressions are educed to analyse the stability performance
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