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Abstract Curvature saturation has been observed in bi-stable composite laminates when the
side length exceeds a critical value. This is the curvature which the stable cylindrical shell
converges to after cooling down. Conventional models of the displacement field fail to
predict the correct shapes. This is especially true when the laminate forms a wound-up
cylinder which can occur when the longer side is several times the critical length. This paper
presents a saturated curvature model to predict the cured shape for bi-stable laminates. The
finite element analysis is also carried out to capture the cured shape. Both the analytical
model and finite element method give the accurate cured shape. The cured shapes are
measured experimentally. The results from the proposed model and finite element analysis
are compared with the experimental and show a good agreement.
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1 Introduction

Bi-stable composite laminates have been proposed as a method to generate morphing or
deployable structures within a range of engineering sectors [1–3]. Bi-stable composite
laminates are relatively thin unsymmetric laminates, which exhibit as two structurally stable
shapes as a result of thermal mismatch between the composite plies giving rise to a residual
stress field during manufacture [4, 5].

Since 1981 several models have been developed to investigate relating variations in
composition and architecture to laminate behavior [6–9]. Many factors influencing the cured
shape and bi-stable behaviors of unsymmetric laminates, including slippage [10], imperfec-
tion [11], fiber orientation [12] and moisture [13], have been investigated.

Recently, high-order and refined analytical models have been proposed to capture the
cured cross section shape. Pirrera et al. combined a Ritz model with path-following
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algorithms to study bi-stable plates’ behavior and a refined higher-order model proposed to
improve the inherently poor conditioning properties of Ritz approximations of slender
structures. The increased degrees of freedom within the model were shown to accurately
reflect buckling loads. The complex, experimentally observed snap-through geometry is
captured analytically [14, 15]. The convergence properties of orthogonal polynomials were
exploited to find detailed solutions for the cross section deformations of unsymmetric
laminates [16].

Finite Element Analysis (FEA) has widely been used for calculation of the room
temperature shapes and snap-through of unsymmetric laminates [17]. The detail shape
change of unsymmetric laminates with complex geometry and the local shape change are
able to be captured in finite element simulation. A finite element model including the
observed laminate composition was implemented within commercial software ANSYS to
predict the cured shapes of the test-laminates by Giddings [18]. The finite element model
was also able to predict edge and corner effects which were shown to be related to localized
increases in the through-thickness components of shear stress. Predictions from a nonlinear
finite element based methodology using the ABAQUS code were used to examine the
change in geometry for a subset of configurations, namely, rectangular, trapezoidal and
triangular [19]. A characterization using experimental techniques to map the surface profiles
of a series of arbitrary layup laminates has been researched and used to validate the existing
modelling techniques to predict room-temperature shapes [20].

The works mentioned above are mainly focus on the cured shape and snap-through of
unsymmetric laminates with a not-too-long length of side. One of stable shape of the
laminate with a very longer length side deforms to be a wound-up cylinder. In the open
literatures, the longer bi-stable tapes or tubes are focused on the bi-stability and deployment.
Schultz fabricated a series of composite tape springs and explored an analytical model to
determine the necessary conditions for neutral stability [21]. Guest and Galletly developed a
simple two-parameter model for bi-stable tube and an analytical criterion for stability was
derived where bending and twisting are decoupled [22, 23].

The cured shapes of bi-stable laminates are related to the cross section shapes in the
directions both orthogonal and parallel to the cylinder directrix. The cross section shape in
the direction parallel to the cylindrical directrix has been captured by using high order
analytical model or finite element method [14–16, 23]. However, the accurate cured shape of
bi-stable laminates with very longer sides, especially in the direction orthogonal to the
cylindrical directrix, is still not well understood. With attention switching to the design of
mechanisms incorporating bi-stable laminates for actuation, there is an increasing impor-
tance placed on the accuracy and the sensitivity of modelling techniques to accurately
predict out-of-plane deflections.

In fact, curvature saturation has been observed in bi-stable composite laminates when the
side length exceeds a critical value by many researchers. Schlecht used both the finite
element and the extended Classical Lamination Theory (CLT) to predict the cured shape
based on the temperature dependent material data. He observed the large error of cured shape
at the side length of 260 mm. The extended CLT predicts greater displacements in z-
direction and smaller displacements in x-direction than the measured values [24]. Dai’s
investigation also exhibited the similar phenomenon that the extended CLT solution gave a
large deviation in cured shape at the side length of 300 mm [25].

This paper focuses on the cured shape predicton of bi-stable laminates with the side
length exceeding a critical value. A saturated curvature analyltical model and FEA are
developed to predict the cured shape for the large length laminates. The expriments are
conducted to validate the present modelling techniques.
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2 Analytical Model

2.1 Rayleigh-Ritz Model

The Rayleigh-Ritz method is widely used to predict bi-stable unsymmetric laminates’ cured
shape. For unsymmetric laminates, the thermally induced directional deformation of the single
layer results in large out-of-plane deformations. To take into account the large bi-stable
deformations, which are often many times over the laminate thickness, the linear strain–
displacement relations must be extended by non-linear terms It is assumed that the laminate
obeys the Kirchhoff hypothesis, and that hypothesis is used in conjunction with the Von
Karman approximation to the geometrically nonlinear strain-displacement relations [5–8, 26]:
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Where the index 0 refers to laminate reference plane, where u0 and v0 are the x- and y-reference-
surface displacements, w is the z-displacement, and the ε0s are the strains at the reference surface,
εx, εy and εxy the total strains. Total potential energy of the laminate is given by [26]
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Where, Lx and Ly are the two lengths of the laminate and H is the laminate thickness. In Eq. (2),

the Q terms represent the transformed reduced stiffness, α is the thermal expansion coefficient.
A practical way to solve this problem is the use of approximate expressions for both

curvatures and strains-displacement relations, as functions of unknown coefficients. Geo-
metrical assumptions for the out-of-plane displacements of cross-ply laminates lead to the
general second-order approach

w x; yð Þ ¼ 1

2
a0x

2 þ b0y
2

� � ð3Þ

Where, the coefficients a0 and b0 represent the negative curvatures in the x- and y-
directions respectively. All three curvatures are assumed constant throughout the plate.

For the description of the in-plane deformations, several approximations can be found in the
literatures [5–8, 14–16, 26]. The robustness and reliability of the modelling framework depend on
the scaling and conditioning number of the system of solving equations. A high order complete
polynomial approximating the displacement field has been proposed by Pirrera and Cerami [14,
16]. They carried out calculations at orders 3, 5, 7, 9 and shown that increasing orders do not lead
to major differences in the bifurcation diagram. Actually, by respecting the essential boundary
conditions and imposing symmetries, this number can be reduced. Here, the mid-plane displace-
ments are approximated by using the following polynomials with 14 unknown coefficients:

u0 ¼ a1xþ a2yþ a3xyþ a4x2yþ a5xy2 þ a6x3 þ a7y3

v0 ¼ b1xþ b2yþ b3yxþ b4y2xþ b5yx2 þ b6y3 þ b7x3
ð4Þ
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Using the displacement approximations (3) and (4) and in the strain displacement relation
(1) substituting the resulting expressions into (2),the total potential energy of the laminate
becomes a function dependent on the coefficients am, bm (m00,1,…,7).

The principle of the minimum total potential energy requires the first variation to be zero

dΠ ¼ dΠ
dam

dam þ dΠ
dbm

dbm ¼ 0 ð5Þ

To satisfy this condition, every summand in Eq. (5) must be zero, which results in a
coupled non-linear algebraic equation system. The equation group is solved with specially-
written mathematical software. These solutions should be checked for their stability by
means of δ2Π, which has to be positive for a stable deformation state.

2.2 Saturated Curvature Model

The typical curve of cured curvature with respect to side length could be found everywhere
[5–8], as seen in Fig. 1. The point B is the bifurcation point at which the unsymmetric
laminate deforms into a cylindrical shell instead of a saddle shape. The cured curvature can
be well predicted by using Rayleigh-Ritz model when the side length is short. However, the
cured shapes are not represented well by Rayleigh-Ritz model when the side length become
longer. The point C is a critical point at which the cured curvature’s saturation occurs. That
means the cured curvature always remains constant when the side length of laminates
exceeds the critical value. The curvature is defined as the saturated curvature, which can
be obtained according to the valure at point C in Fig. 1 by conventinal Rayleigh-Ritz model.

The Fig. 2 shows the displacements of unsymmetric laminates deforming into a cylinder.
Where, θ is the angular position of point x, as measured from the vertical z-axis, Δx (u0)

is the displacement in x-direction, w is the deflection in z-direction. When the x is small
enough, the displacements can be well described by Eqs. (3) and (4). While the x exceeds a
critical value and the curvature saturation occurs, the displacements of w and u0 become
periodical functions of x. At this case, the displacements are many times greater than thermal
elongation of laminates. Thus, it should be reasonable to assume the in-plane elongation
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Fig. 1 Typical bifurcation paths
of cured curvature vs. side length
of unsymmetric laminates
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strain negligible. To explain the periodical displacement fields, a modified displacement
fields, termed as the saturated curvature models, are given by

u0sc ¼ 1
R Sin asxð Þ � x

w0
sc ¼ R� RCos asxð Þ ð6Þ

Where u0sc is the displacement in x-direction, andw0
sc is the deflection in z-direction, R is equal

to 1/as, as is the saturated curvature which is determined by the change of cured curvature that
remains in range of 0.01 as the side length is increased by 10 %. The expressions of u0sc and w0

sc

are used to describe the deformed shape when the side length exceeds the critical value.

3 Finite Element Analysis

The commercial finite element code ABAQUS is here employed to predict the cued shape.
ABAQUS offers two procedures, in which both RIKS and STABILIZE methodologies are
capable of solving a nonlinear system of equations. The cool-down analysis predicts the
various equilibrium configurations. The physical process itself takes a considerable time to
complete (a few hours depending on the curing cycle that the material requires) and therefore
it can be considered as a quasi-static process. A ‘*Static’ step was used to perform a non-
linear static analysis and a ‘*Static, stabilize’ step was used to perform the pseudo-dynamic
non-linear analysis. The cool-down was simulated by applying an initial temperature and a
final temperature to all of the nodes of the model.

4 Experiments

Several experimental studies have been carried out on bi-stable laminates made of CFRP.
The material system is T300/5222A prepreg and its properties are given in Table 1.

The prepregs are put on a aluminum tool and into a vacuum bag first, then they are cured
in the autoclave at cured temperature 180 °C and cooled to room temperature 20 °C. Figure 3

Table 1 Thermo-mechanical properties of CFRP

CFRP E110137.47 GPa, E22010.07 GPa, G1207.17 GPa, ν1200.23,

α1100.37×10-6/°C, α22024.91×10-6/°C, Thickness00.125 mm

Fig. 2 The displacements of
unsymmetric laminates deform-
ing into a cylinder
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presents seven manufactured laminates. All the laminates have the same layups [0/90] with
dimensions of 140×140 mm, 300×50 mm, 300×70 mm, 300×100 mm, 300×300 mm, 500×
100mm, 1000×200mm, seen Fig. 3. The laminates with 300mm length and different widths of
300 mm,100 mm,70 mm,50 mm are used to examine the width effect on the cured shape.

The section shape in the direction orthogonal to the cylindrical directrix were accurately
measured. The three laminates with the length of 300 mm and different widths of 50 mm,
70 mm and 100 mm, as shown in Fig. 4, have the nearly same arc lengths after defroming into
cylindrical shapes, but a little differences in curvature, 13.09,13.17 and 12.87 m-1,respectively.

5 Results

In order to understand the differences between the Eqs. (3, 4) and Eq. (6), the displacements
from Rayleigh-Ritz model and saturated curvature model are compared in Figs. 5 and 6. The
horizontal coordinate x represents the distance from the original point to the position at the x as
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shown in Fig. 2. Both Rayleigh-Ritz model and saturated curvature model give the almost same
prediction of displacement filed at the very small x value. The differences between the two
models increase as the horizontal coordinate increases. As mentioned above, the conventional
Rayleigh-Ritz model is a single function on the horizontal position x, while the actual
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Fig. 5 Comparisons of displacements from conventional Rayleigh-Ritz and saturated curvature model
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displacements are periodical functions on the horizontal position x. Actually, the cured cylin-
drical shell has a saturated curvature of 13.17 m-1 and a radius of cured cylinder of 76 mm,
which is obtained according to the curvature at point C in Fig. 1. The differences between two
models increase rapidly at the length exceeding a critical value of 152mmwhere Side-length To
Critical-Value Ratio (STCR) is greater than 1.0.

The cross section shape of the laminate with the dimension of 140×140 mm and a STCR
of 0.92, is plotted in Fig. 7. The cured shape from the experiment, finite element simulation,
predictions of conventional Rayleigh-Ritz and saturated curvature models agree well. The
finite element and the curvature saturated model give nearly consistent results which is a
little less than the experimental value. The conventional Rayleigh-Ritz model gives a little
larger deflection and smaller horizontal displacement.

The cured shapes of laminates with dimensions of 300×300 mm, 500×100 mm and
1000×200 mm are respectively shown in Figs. 8, 9 and 10. The STCRs with regard to the
side length of 300 mm, 500 mm and 1000 mm are respectively 1.97, 3.29 and 6.58. Again,
the good agreements between the experiment and the three predictions by using FEM,
Rayleigh-Ritz and saturated curvature model are found at the small length with a STCR
less than 1.0. The difference between the experiment and Rayleigh-Ritz model increases

0.5 1.0 1.5 2.0 2.5
0

50

100

150

200

250

300

D
is

pl
ac

em
en

ts
 in

 z
-d

irc
tio

n 
w

 (
m

m
) 

Ratio of side lenth to critical value 

 Conentional Rayleigh-Ritz
 Satureated curvature model

Fig. 6 The difference of dis-
placements between conventional
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Fig. 9 Cross section shape of the laminate with the dimension of 500×100 mm
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greatly when the side length is greater than the critical value. The similar results were also
reported by Schlecht [24] and Dai [25]. When STCR exceeds 2.0, the solutions from
conventional Rayleigh-Ritz model completely diverge to the correct cured shape. It can be
found that the unsymmetric laminates deform into a wound-up cylinder when the side length
is many times greater than the critical value. The coiled cross section shape is captured by
FEM and saturated curvature model instead of conventional Rayleigh-Ritz model.

To examine the accuracy by the three methods, FEM, conventional Rayleigh-Ritz and
saturated curvature model, the coordinates of points at the end of side are listed in Table 2.
There are four 140×140 mm samples, two 300×300 mm samples, two 500×100 mm
samples and two 1000×200 mm samples in experiments. The variations of their measured
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Fig. 10 Cross section shape of the laminate with the dimension of 1000×200 mm

Table 2 The coordinates of points at the end of cross section shape

140×140 mm 300×300 mm 500×100 mm 1000×200 mm

X(mm) Z(mm) x(mm) z(mm) x(mm) z(mm) x(mm) z(mm)

Experiments 31.3±0.4 mm 61.5±0.5 mm 108.2±0.5 mm 70.0±0.5 mm 151.8±0.7 mm -9.6±0.6 mm 1.1±0.6 mm 13.2±0.8 mm

FEM 29.9 (-1.4) 60.2 (-1.3) 105.3 (-2.9) 72.4 (2.4) 155.0 (3.2) -6.7 (2.9) 3.5 (2.4) 22.5 (9.3)

Conventional
Rayleigh-
Ritz

32.3 (-3.0) 60.0 (-1.5) 148.1 (39.9) 97.7 (27.7) — — — —

Saturated
curvature
model

30.0 (-1.3) 60.5 (-1.0) 105.8 (-2.4) 69.8 (0.2) 151.4 (-0.4) -11.4 (-1.7) 13.3 (11.9) 42.9 (29.7)
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sizes after cured are included in the table. The value in the brackets represents the difference
between the calculated and the experimental results. For the laminate with the dimension of
140×140 mm, the maximum differences of both vertical and horizontal displacements
between the experiment and the three methods are less than 1.5 mm. The differences tend
to increase with the increasing of side length. The differences of vertical displacements
between FEM and the experiment are 2.4, 2.9 and 9.3 mm respectively at the side length of
300, 500 and 1000 mm. The differences of vertical displacements between the saturated
curvature model and the experiments are 0.2, -1.7 and 29.7 mm at side length of 300, 500
and 1000 mm. While the differences between conventional Rayleigh-Ritz model and the
experiments are too large to represent the correct shape when STCR is greater than 1.97.

The two cured stable shapes of the laminate with the dimension of 1000×200 mm are
presented in Fig. 11. One is an extended geometric configutation and another is a wound-up
geometric shape. The finite elment correctly predict the two satble cured shape.

6 Conclusions

The cured shape of bi-stable laminates with the side length exceeding a critical value has
been investigated. The emphasis is put on the cross section shape prediction of the wound-up
geometric configuration when the sidle length is several times the critical length. Conven-
tional analytical models fail to predict the correct shapes of such wound-up configuration. A
simple saturated curvature model is used to predict the cured shape for the large length
laminates. The finite element analysis is also carried out to capture the cured shape. The
comparisons among the experiment, FEM, conventional Rayleigh-Ritz and saturated curva-
ture model show that both the analytical model and finite element method give the accurate
cured shape, while conventional Rayleigh-Ritz model fail to give the correct shape when the
side length of laminates is very longer. The critical value in saturated curvature model is
identified to be the radius of cured cylinder when the curvature saturation occurs. When the
side length exceeds the critical value, the saturated curvature model gives correct cross
section shape.

Acknowledgements This work was supported by National Natural Science Foundation of China (Grant
No.10502016 and 10872058) and the Major State Basic Research Development Program of China (973
Program) under grant No. 2010CB631100.

Extended shape

Wound up shape

E x t e n d e d  sh a p e

Wo u n d  u p  sh a p e

(a) Experimental cured shape (b) Simulated shape by FEM

Fig. 11 Two cured shapes of the laminate with the dimension of 1000×200 mm. (a) Experimental cured
shape. (b) Simulated shape by FEM
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