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Abstract

®

CrossMark

This paper presents intensive studies on the strain rate-, hold time-, and temperature-dependent
cyclic behaviors of amorphous shape memory polymers (SMPs). The cyclic characteristics play
a vital role in the application of SMPs since the materials suffer cyclic loadings commonly in
engineering. A multi-branch fractional derivative model is employed in the paper to investigate
the complicated mechanisms underlying the cyclic behaviors. And a modified Eying model is
incorporated with the fractional derivative model to describe the temperature-dependent yielding
and post-yielding behaviors. A rate-dependent yielding factor is proposed in the study to depict

the influence of strain rates. The validity and adaptability of the model are verified through
comparisons between the simulations and experimental results of two different materials
subjected to different loading conditions. In addition, detailed parameter studies provide
effective suggestions on improving the performance of SMPs under various conditions.

Keywords: shape memory polymers, cyclic tension behaviors, fractional derivative model, rate-

dependent yielding factor

(Some figures may appear in colour only in the online journal)

1. Introduction

In the last decades, shape memory polymers (SMPs) have
gained much attention for its ability to remember one or
several permanent shapes, and recover to them from a tem-
porary shape once some appropriate stimuli such as temper-
ature [1, 2], light [3, 4], or magnetic field [5, 6], are imposed.
Due to their promising applications in biomedical devices [7]
and aerospace structures [8], the thermomechanical behaviors
of SMPs especially thermal-induced SMPs and their com-
posites have been extensively investigated.

4 Authors to whom any correspondence should be addressed.

0964-1726/18,/075050+-10$33.00

In general, there are two kinds of constitutive theories for
thermal-induced SMPs: thermoviscoelastic models and phase
transition models. The first thermoviscoelastic model was
proposed by Tobushi er al [9, 10] in 1996 by introducing a
nonlinear slip element to a three-element Maxwell model.
Researchers have developed many effective models based on
this theory [11-15]. For example, Diani et al [16] employed
the generalized Maxwell model to simulate the viscoelastic
behavior of amorphous SMPs, and the simulation results in a
commercial finite element software of the developed model
agreed well with the experimental shape memory thermo-
mechanical torsion data even in a large deformation regime.
The theory was then applied to model the thermomechanical

© 2018 IOP Publishing Ltd  Printed in the UK
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properties of fiber reinforced SMP composites by Al Azzawi
et al [17] in 2017. Details of implementation in ABAQUS
were given in the paper and the results of different fiber
content all showed good agreement with the experimental
results. A much more effective thermoviscoelastic con-
stitutive model was proposed by Xiao et al [18], which
incorporates several time- and temperature-dependent
mechanisms including viscoelasticity, multiple structure
relaxation, multiple stress relaxation and stress-activated
viscoplastic flow. The models are able to well describe the
thermal-induced nonlinear shape memory effects (SMEs) and
viscoplatic behaviors in the glassy region but are relatively
complicated. On the other side, the phase transition model for
SMPs was firstly proposed by Liu et al [19] in 2006, in which
a switchable phase is hypothesized to spread evenly in the
materials and switch from the rubbery state at high tem-
peratures to the glassy state while the temperature decreases.
This approach also drew considerable attention [20-24] due
to its briefness in understanding the SMEs. Li er al [25]
combined the advantages of phase transition models and
viscoelastic models, and developed a phase transition-based
viscoelastic model to predict the SMEs. However, the so-
called phase is phenomenological in amorphous SMPs and
the transformation rule of the phase is also difficult to well
describe.

While many constitutive models were developed to study
the thermomechanical behaviors such as thermomechanical
cycle behaviors, uniaxial tension or compression behaviors
and cold deformation behaviors of SMPs, less attention has
been paid to their performance when the materials are sub-
jected to cyclic loading conditions. The materials usually
suffer cyclic loadings in engineering, and their cyclic char-
acteristics determine the service life of the specific devices. So
it is very important to investigate the cyclic behaviors under
various conditions. Yu et al [26] utilized a multi-branch linear
Maxwell model to predict the mechanical response of the
Veriflex-Epoxy thermosetting SMPs under cyclic tension at
high temperatures above the glass transition region. The
model is able to well describe the ratchet behaviors and the
strain rate-, hold time- and temperature-dependent cyclic
behaviors of the material at high temperatures but is incapable
at temperatures below or around the glass transition region.
And Pieczyska et al [27] employed a phase transition model
to study the yielding phenomenon of the polyurethane SMPs
subjected to cyclic tension at low temperatures below the
glass transition region. Though the imposed deformation is
small (0.6%), the model is unable to well describe the ratchet
behaviors. In addition, the temperature variation is so small
that it is not necessary to consider phase transition in the
cyclic tension experiments.

In the paper, the fractional derivative theory is utilized to
describe the linear temperature-dependent thermoviscoelastic
behaviors of SMPs. The fractional model is much concise
compared to the nonlinear thermoviscoelastic or phase
transition models, and reduces a lot of parameters compared
to the linear Maxwell model [28]. But the conventional
fractional models are unable to describe the yielding and post-
yielding behaviors below the glass transition region. To settle

this issue, we incorporate the Eying model to describe the
temperature-dependent stress-activated viscoplastic properties
of SMPs. In addition, the experimental results show that the
strain rate also influences the yielding behavior, which has
rarely been considered in existing models. A rate-dependent
yielding factor is proposed in the paper, by which the Eying
model is modified to capture the strain rate-dependent yield-
ing behaviors of the SMPs. The comparisons between the
simulations and the experiments of two different materials
under different loading conditions validate the present model.
Then detailed parameter studies are carried out to investigate
the influences of some factors such as temperature, strain rate,
loading cycle and hold time on the cyclic performance of the
materials. The residual strain ratio is defined to quantitatively
characterize the cyclic performance. Many helpful and inter-
esting results are obtained in the last section.

2. Constitutive model

2.1. Kinematics

Figure 1 shows the multi-branch fractional Maxwell model in
which the ‘spring-pot’ element replaces the conventional
dash-pot [29]. Correspondingly, the constitutive relation of
this element is

o(t) = E'=nD%(t) = ET°D% (1), (1)

where E, n and 7 = n/E are the Young’s modulus, viscosity
and relaxation time, respectively, « is the fractional derivative
parameter, and D“ represents fractional derivative i.e.

D°f (1) = DD f (1), 2

where D denotes differentiation and the operation D®~! can
be obtained by the Riemann-Louiville fractional integral
t—-T1)¢

) Ta =g M4 3)
where I' is the gamma function. And it should be noted that
the fractional derivative parameter « is limited to 0 < a < 1,
and the specific ‘spring-pot’ turns into a simple spring as
o = 0 and a dash-pot as = 1.

As shown in figure 1, the E, branch represents the
equilibrium behavior of the materials. And viscoelastic
behaviors are described by the n non-equilibrium branches, in
which E; is the modulus of the spring and the specific spring-
pot element is represented by E;7;%. Similar to the conven-
tional generalized Maxwell model, the constitutive relation of
the multi-branch fractional Maxwell model can be deduced as
follows. The stress—strain relationship of the ith branch is got

0; = Eje{ = E;T{iD%¢], ()

D (1) =

where ¢f and ¢ are the elastic and viscous strain respectively,
and & 4+ ¢ =¢;. Taking the Laplace transform of
equation (4) and then eliminating the corresponding &° and
g, we have

(1 4 77is%)5; = EiT] s E,. ®)
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Figure 1. [llustration of the multi-branch fractional Maxwell model.

Accumulating the n 4 1 branches and then applying the
inverse Laplace transform, one can obtain the final form of
the constitutive equation of the multi-branch fractional
Maxwell model as

- (Eo-i- O ] ©)

— ¢
1+ 7D
Generally speaking, it is still complicated to describe the
thermoviscoelastic behavior by equation (6). Based on the
Boltzmann superposition principle, the stress—strain relation-
ship is
0 = Y;(0)*de, (7

where Y;(r) is the relaxation modulus of the material and *
represents the convolution operation. And the relaxation
modulus of the present multi-branch fractional Maxwell
model can be expressed as

d)
i=1 1

Yf(t) =Ey+ ZE’f

where f, (7) is the Mittag-Leffler function of the ith branch

> k

X

Jou () kZ::O (1 + ak) ©)

It should be noted that although the Boltzmann super-

position principle is only suitable to small deformation cases

generally, it could be extended to large deformation cases by

decomposing the time interval into very small parts in which
the stresses could be superposed linearly.

2.2. Temperature effect

The relaxation time 7; of the SMP strongly depends on
temperature which is the key to the SME as well as the
temperature-dependent Young’s modulus. Published litera-
ture suggests that the well-established ‘thermo-rheological
simplicity’ principle [30] effectively depicts the temperature-
dependence of relaxation time

7 = 7jar(T), (10)

where 7V is the reference relaxation time, and a;(T) is the

time-temperature superposition shifting factor and can be
described by the William—Lander—Ferry equation [31] above
the reference temperature 7, and by the Arrhenius law [32]
below 7, as

logaT:_L_Tr) T>T,
G+T-T,
AF,.(1 1 ’ (i
Inar = ‘I———| T<T,
ky \T T,

where G, C,, A are material constants, F. and k;, are the
configuration energy and Boltzmann constant, respectively.

2.3. Viscous flow rule

The molecular mechanism of the viscous flow is considered
as overcoming the shear resistance for chain rearrangement.
So the simplified isotropic uniaxial flow rule is

)'\iV == _)\V ,

NEE
where A/ = ¢ + 1 is the extension ratio of plastic shear
deformation gradient of the ith branch and 4" is the viscous
stretch. The Eying model [33] is able to describe the evolution

of 4.
T.
4V =R, —sexp(—)smh[Q5 )
Qs T Ts,

where R, is the rate-dependent yielding factor, s, is the
yielding stress, Q; and B are the activation parameters, and
7 = o /+/3 is the equivalent shear stress. The evolution rule
of s, in the post-yielding strain softening process is

(12)

13)

Sy
5 = h(l - i)vv, 5,(0) = so, (14)
Ss
where & is the yielding variable describing the rate of soft-
ening, s, and sy are the steady and initial values of s,,
respectively. According to the experimental results, we find
that the following form of R, is effective in describing the
strain rate-dependence of the yielding behaviors.
1 + D) &€>¢
) = R (15)
1 E< gy
where D, and g are the material parameters describing the
strain rate-dependence, and ¢, is the quasi-static strain rate-
dependent on specific experiments.

2.4. Parameter determination

The parameters involved in the relaxation modulus Yy (¢) can
be determined by fitting the storage modulus and loss factor
curves from a single DMA temperature sweep experiment at a
constant frequency. It is very efficient, and the number of
branches needed is determined by the specific materials and
the experimental results. The frequency-dependent storage
modulus G’(w), loss modulus G”(w) and loss factor tan 6 (w)
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Figure 2. DMA curves and fitting results of the Veriflex-Epoxy
thermosetting SMP.

are obtained by Fourier transform of equation (6).

n w2eir2i 4z cos(ma; /2)
G'(w) =Y E e — . (16)
o 1+ w4 2wt cos(may /2)
n [ ; 2
G = S°F, w2 7" sin(ma; /2) L an
1+ w4 2wairdi cos(may /2)
tan §(w) = G"(w) /G'(w), (18)

where w is the angular frequency. The curve fitting operations
are carried out by Mathematica based on the least square
principle, and the object function is,
2
— 1] , (19)

w [Ty T [tansT)
fDMA IEZ:] |: G/j 1:| * |: tan (Sj
where T;(j =1 --- m) is the temperature value of the jth
experimental data point, and Gj{, tan ¢; and G'(T), tan 6(T})
are the experimental data and the theoretical values at temp-
erature T;.
The determination of the parameters involved in the
Eying model is very similar to the method developed by Qi

et al [21] or by Westbrook et al [34]. Readers can refer to
these two published papers for details.

3. Results and discussion

The multi-branch fractional derivative model is employed to
predict the strain rate-, hold time-, and temperature-dependent
cyclic behaviors of two different kinds of amorphous SMPs
subjected to cyclic tension loading at high temperatures and
low temperatures, respectively. And the model is imple-
mented by Mathematica.

3.1. The Veriflex-Epoxy thermosetting SMP

Yu et al [26] carried out the DMA experiments at a frequency
of 1 Hz with 0.1% strain amplitude while the temperature
ranges from 413 to 298 K at a heating/cooling rate of
2 K min™! by a DMA tester (Model Q800, TA Instruments,

Table 1. Parameters for the Veriflex-Epoxy thermosetting SMP.

Eo, Ey ~ E4(MPa) i~ 74() a~ ay
0.6, 280.3, 1102.0, 7.0 x 10°, 2.98, 0.84, 0.57,
755.1, 905.7 6480.4, 0.74, 0.18
3.4 x 1073
G, Co(=.K) AR /k(K)  T(K) so, s;(MPa) Qu(K)
13.2,7.5 —18 736 357 70, 35 2800
B(K) D,(s) q ACHD! h(MPa)
4295.4 1.04 x 10* 094 107* 400
1.0
1st Cycle Experiment [26] ----- Prediction
2nd Cycle Experiment [26] ----- Prediction
0.8 10th Cycle Experiment [26] ----- Prediction 3
o /
S g6-
2] .7 2,
(%] < A
o 7
© 0.4+
2 A / 7
= W
0.2 ’ A
0.0 T |' — g = T T T T T K T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6
True Strain

Figure 3. Stress—strain curves (1st, 2nd, 10th) in the cyclic tension
at 393 K.

New Castle, DE, USA). The fitting results are shown in
figure 2 and four branches are adopted here. Compared to the
existing general Maxwell model of 18 branches by Yu et al
[26], the present model reduces 37 parameters to 17, which
greatly improves the calculating efficiency. Table 1 presents
the parameters involved in this case.

Cyclic tension tests were also performed on the DMA
machine. The test temperature was 393K, the loading/
unloading strain rate was 2%s ' in each cycle. And the
samples were firstly stretched to a target strain of 60%
engineering strain, then unloaded till the stress decreased to
zero, and followed by the next cycle immediately. Figure 3
shows the prediction of the stress—strain behaviors in the 10
cycles at 393 K by the multi-branch fractional derivative
model and its comparison with the experimental results. For
the sake of clarity, only the results of the 1st, 2nd and 10th
cycles are plot. It is obvious that the present model captures
the cyclic behaviors at the high temperature accurately. And
the stress—strain curves show the ratchet phenomenon which
could be observed in many polymers subjected to cyclic
loadings.

Figure 4 shows the evolution of two specific parameters
versus cycle numbers, where the stress before unloading is the
largest stress value in each cycle and the residual strain ratio
is defined as the ratio of the residual strain at each cycle to the
maximum strain, i.e., R, = €. /av. The discrepancy between
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Figure 4. Stresses before unloading and residual strain ratios versus
cycle numbers.

the predictions and experimental results is very small
(=~0.04 MPa for o,, and ~4% for R,;). And it is shown that the
largest stress decreases gradually, while the residual strain
ratio increases from 15% to 25% as the number of cycles
increases. The stress—strain curves in figure 3 indicate quasi-
linear properties at the specific temperature, and the residual
strain accumulated in the first cycle is much bigger than the
rest cycles, but the decrease of the maximum stress in each
cycle is almost the same. The relaxation modulus as a func-
tion of time decreases slower and slower as time increases,
which is believed to be the key to the observed phenomena.

Yu et al did not carry out cyclic loading experiments at
low temperatures, but McClung et al [35] did several uniaxial
tension experiments for the same material. Figures 5(a)—(c)
show the comparisons between the predictions and the
experimental results at the strain rates of 10*4, 1073 and
1072, respectively. It is obvious that both the yielding stress
and the yielding strain decrease as the strain rate increases.
And the present model is able to capture the influence of the
strain rate, as well as the yielding and post-yielding behaviors
of the SMP. The cyclic performance at low temperatures is
discussed in the following section.

3.2. The polyurethane SMP

The DMA experiments of the specific material were con-
ducted by Pieczyska et al [36] in a single-frequency of 1 Hz
scanning mode at 2 Kmin~" from 148 to 443 K. The temp-
erature range is extremely large in their experiments. But the
thermomechanical behaviors of the material at extremely low
or high temperatures are not considered in the paper. On the
one hand, it is not common in the engineering. On the other
hand, the glass transition temperature equals 318 K (45 °C),
hence the material is able to accomplish its SMEs from 273 to
373 K. The fitting results for DMA experiments are shown in
figure 6. Three branches are used in this case. It is worth
mentioning that the number of branches is determined by the
specific material, and usually three branches of 14 parameters
are enough.

Pieczyska et al [27] conducted the cyclic tension
experiments for the polyurethane SMP at the room temper-
ature of 295 K and at the strain rates of 1072, 107! and 100,
respectively. The material is rigid at low temperatures. So
very different behaviors are observed in the experiments, and
figures 7(a)—(c) show the comparisons of the stress—strain
curves between the prediction of the present model and the
experimental results. The maximum strain is much small in
this case, but the strain rates are much large. So the present
model captures the rate-dependent yielding and post-yielding
behaviors accurately, but only qualitatively describes the
ratchet phenomenon of the rest cycles. It should be noted that,
for example, in the case of 10° s~ ! strain rate, the first cycle is
accomplished in about 0.08 s while the rest cycles are
accomplished in less than 0.01s. It is difficult to record
enough data accurately, so the experimental error should not
be ignored. In general, the present model is able to well
describe the thermomechanical behaviors of SMPs subjected
to cyclic tension loadings at temperatures above or below the
glass transition temperature.

3.3. Parameter study

The cyclic mechanical properties of SMPs are influenced by
many factors which affect the performance of the materials in
engineering. So several key factors such as strain rates,
temperatures, hold times and cycle numbers are studied
detailedly in this section to provide helpful guidelines for
engineering. The material discussed in the section is the
polyurethane SMP.

The effect of the temperature is the most significant.
Figure 8 plots residual strain ratios R,, versus cycle numbers
at different temperatures ranging from 353 K to 293 K, the
imposed maximum strain is 12%, and the strain rate is
0.1s™". The residual strain accumulates cycle by cycle at any
temperature. But when the temperature is higher or lower
enough than the glass transition temperature, the residual
strain tends to be stable after 10 cycles. At the temperature
very close to 7y, the residual strain ratio increases from 30% to
60% in the first 10 cycles and then increases to 80%.
Obviously, the temperature is of great influence on the resi-
dual strain ratio, R, is less than 20% at high temperatures,
while the imposed strain rarely recovers at 293 K. These
phenomena are due to the particular properties of SMPs. It is
believed that the residual strain ratio is determined by the
temperature-dependent elastic properties of the materials. At
temperatures above T,, the materials behave hyperelastic and
can recover most of the imposed deformation. As temperature
decreases, the viscoplasticity gradually dominates, and the
modulus significantly increases several orders of magnitudes.
As shown in figure 7, plastic flow occurs when the strain
increases to 3% at 295 K. The plastic strain is unable to
recover spontaneously at the same temperature resulting to a
much larger residual strain ratio. And if the materials are
heated freely, the strain can fully recover. That is because the
molecular chain mobility increases significantly above the
glass transition temperature, so the chains spontaneously
recover to equilibrium state. As figure 9 shows, in order to
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Figure 6. DMA curves and fitting results for the polyurethane SMP.

reduce the residual strain ratio, raising temperature is effec-
tive, and the effectiveness decreases when the temperature is
high enough.

Figure 10 shows the predictions of the stress—strain
curves at different strain rates under cyclic tension conditions
at 313 K. The temperature is a little lower than 7, at which
the impact of the strain rate is more obvious. Due to the
decease of the relaxation effect, the stress increases sig-
nificantly with increasing strain rate. The influence of the
strain rate on the residual strain ratio is shown in figure 11.
The temperature is also 313 K in each case. In general, the
residual strain ratio finally increases to 95% regardless of the
strain rate. It indicates that the residual strain is determined by
the elasticity and plasticity of the material. As for SMPs, the
temperature is the key factor to the elastic and plastic prop-
erties, so the residual strain ratios tend to be the same at the
same temperature. However, in the first several cycles, the
influence of the strain rate is also noticeable. The residual
strain ratio decreases about 20% in the first cycle at the strain
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10th cycles.
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Figure 11. Residual strain ratios versus cycle numbers at different
strain rates.

rate of 10725, and increases slower cycle by cycle. It may
be effective to slow down, but the time cost dramatically
increases correspondingly. So it depends on the application
cases in engineering.

Another important impact factor is the hold time, which
means that the material is held for a few seconds after each
cycle before the next one. Figure 12 provides a visualized
image for the influence of the hold time #,,,4. The temperature
is 313K and the strain rate is 0.1 s~ In the first cycle, the
residual strain recovers from 8% to 4.8% during the hold
time. Nevertheless, the unloading process is almost the same
in the next cycle. It indicates that the residual strain recovers
during holding because of the relaxation mechanisms, but the
initial residual strain is determined by the elastic properties of
SMPs which are determined by the temperature. Therefore,
we investigate the influence of hold times versus cycle
numbers at two temperatures. The results are shown in
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Figure 12. Stress—strain curves for different hold times under cyclic
tension conditions.

figures 13(a) and (b), the temperatures are 353 and 313 K, and
the strain rate is 0.1s~'. The difference is obvious at the two
different temperatures. In the 40th cycle, the residual strain
ratio decreases nearly 20% with a 6s hold time at 353 K,
while the ratios are almost the same at 313 K. It is because
that the plasticity of SMPs is small at high temperatures, and
the materials are able to recover their strain gradually. In the
glass transition region, the plasticity accumulates and then
dominates gradually. So the influence of the hold time
decreases gradually. In addition, it should be noted that,
although the residual strain ratio decreases from 20% to 6%
with a 6 s hold time, the time of each cycle increases from 1 to
7s. So it is believed that 0.6 s or 1 s may be the most efficient
option to enhance the performance of the material in
engineering.

4. Conclusions

In the paper, we thoroughly investigate the thermomechanical
behaviors of amorphous SMPs subjected to cyclic tension
loadings under various conditions. The multi-branch frac-
tional derivative model is employed due to its simplicity,
accurateness and adaptability. A rate-dependent yielding
factor is proposed to extend the Eying model to capture the
strain rate-dependent yielding and post-yielding behaviors of
SMPs. Through the comparisons between the predictions by
the present model and the experimental results, the validation
of the model is verified. In general, the following conclusions
can be drawn from the study:

(1) The model is valid for the strain rate-, hold time-, and
temperature-dependent cyclic stress—strain response of
amorphous SMPs such as Veriflex-Epoxy thermosetting
SMPs and polyurethane SMPs. And the model is able to
predict the cyclic behaviors of the materials under
various conditions.
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Figure 13. Residual strain ratios versus cycle numbers for different hold times at (a) 353 and (b) 313 K.

(2) Temperature is the key factor to the cyclic performance
of SMPs. Increasing the temperature above the glass
transition temperature can significantly reduce the
residual strain ratio and enhance the cyclic properties
of the materials.

(3) Strain rates influence the cyclic behaviors of SMPs in
the first few cycles. The stress response as well as the
residual strain ratio increases at faster strain rates.
Reducing strain rates is effective to enhance the
recovery of the materials at first, but the residual strain
ratios increase to the same value finally. Moreover,
slowing down increases the time cost.

(4) The residual strain ratio can be reduced with a hold time
at the end of each cycle. The enhancement of hold time
to the cyclic behaviors at temperatures around the glass
transition temperature is significant at the beginning but
disappears gradually as the number of cycles increases.
However, the influence at high temperatures can be
maintained all through.

(5) It is always effective to enhance the cyclic performance
of SMPs by increasing the temperature, slowing down
the strain rate or adding the hold time. But the most
efficient option of proper values of the temperature,
strain rate and hold time depends on the speciftc cases
in engineering. The present study provides helpful
guidelines for determining the proper values.
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